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Chapter 1
Statistical Decision Theory

In this chapter we review some basic elements of statistical decision theory, pioneered by Abra-
ham Wald, and prove a few fundamental results in the field. We will build up to the complete
class theorem, which equates the class of admissible decision rules with the class of limiting

Bayesian decision rules. Throughout, we let (£2,7,P) be the underlying probability space.

1.1 The Elements of Decision Theory

A statistical decision problem is a game played by the statistician against nature, characterized
by the triple (©,A,L):

© is the parameter space, a set from which nature chooses some value 6. This parameter 6
is unobservable by the statistician. In most cases, we let 9 be a g-algebra on © and work

with the measurable space (©,7).

A is the action space, a set from which the statistician must choose an action a. As above,

we usually work with the measurable space (A,.A), where A is a o-algebra on the set A.

L is the loss, a function L: A x © — Ry such that, L(a,0) is the negative utility felt by the
statistician if she chooses the action a € A and nature chooses the parameter 0 € ©. We

usually require L to be a measurable function on A x ©.

Where this setup differs from the usual game theoretic framework is in the fact that, when
making statistical decisions, the statistician receives some information on nature’s choice of 6
by observing the data. The data is denoted by X, which is treated as a random variable taking
values in some measurable space (E,&).

Let the transition probability kernel p: © x H — [0,1] from (0,9) into (E,€) represent the
possible distributions of the data X; specifically, let 1(6,-) represent the distribution of X under
the parameter 6 € ©. This p is referred to as a statistical model. If O is finite-dimensional, then
we say that the model is parametric; if it is infinite dimensional, then it is non-parametric. In
the special case that p(6,-) is absolutely continuous with respect to, say, the Lebesgue measure

for any 6 € O, we can characterize the model via densities instead of distributions.



The statistician’s goal is then to choose a decision rule, that is, a measurable function ¢ :
E — A, such that his expected (negative) utility is minimized. That is, she wants to choose ¢ in

order to minimize expected loss
R(6,0) = o [L(5(X).0)):= [ L(6(@). 00, dz).

The integral on the right is well-defined and R(J,-) is a non-negative ¥-measurable function
because the integrand is a non-negative measurable function on £@Qv and g is a transition
probability kernel from (0©,7) into (F,€&).

Letting D be the set of all decision rules, the function R:D x © — [0,400] defined above is
called the risk. Specifically, given a decision rule § € D and a parameter § € ©, R(4,0) is the risk
under ¢ given 6. The following are two types of statistical decision problems that we often deal

with:

1. Hypothesis Testing
In this case, the action space is A = {accept,reject}, with A being the discrete o-algebra

on A. Suppose we want to test the hypotheses
Hy:0€0©y against Hi:60¢ 0.

Then, the loss is given as

0 if6eB
L(accept, §) =
1 iff¢0O
and
1 if0e
L(reject,f) = .
0 if6¢0O

The risk given a decision rule § : £ — A is

Py [d(X) =accept] if 6 ¢ Og

R(6,0) =Eg[L(6(X),0)] = .
Py[6(X) =reject] if § € O

In other words, R(d,6) is the probability of a type I error if § € ©¢ and the probability of
a type II error if 6 ¢ ©y.

2. Point Estimation
In this case, the action space is A = 0, so that A = as well. There are many loss functions

that we use in the context of point estimation; if © is a subset of euclidean space, two of



the most popular are the squared loss
Lins(,0) = |5 — 0]
and the absolute loss
Lass(6,0) = 15— 0.
The squared loss leads to risk being equal to the mean squared error:

Ryns(8,0) = Eq|8(X / 16(2) — 02(0, dx).

1.2 Admissibility of Decision Rules

Given a statistical decision problem ((©,%),(A,.A),L) with data X taking values in (E,£) and
statistical model u, our goal is to choose an optimal decision rule § € D. The most straightforward

criterion for optimality we can think of is to find a decision rule § such that
R(6,0) < R(d',0)

for any ¢’ € D and 0 € O. It turns out to be very difficult to find such a decision rule, so we need
to reformulate our criterion of optimality.
We could first start by ruling out some sub-optimal decision rules. One simple criterion we

can think of is to rule out a decision rule § if there exists another decision rule ¢’ such that
R(8',0) < R(4,9)

for any 6 € ©, with the inequality being strict for some 6. Since this means that ¢’ always does at
least as good as ¢, there is no reason to continue using §. We say that, in this case, the decision
rule ¢ is dominated by the decision rule ¢’. A decision rule § € D is said to be admissible if it

is not dominated by any other decision rule.

The criterion of admissibility seems very reasonable, but it can rule out some very intuitive
estimators. The most notable example of this is with the James-Stein estimator, which renders
the sample mean inadmissible as an estimator of the sample mean of a normal distribution.
Let X1,--+, X, be a random sample from the m-dimensional normal distribution N [p,02 - I,,],
where 02 > 0 is known and m > 2. Usually, we use the sample mean X,, = % 1 Xi, to estimate

w; indeed, X,, is also the MLE of y in this case, so it is expected to possess desirable properties.



Consider, however, the James-Stein estimator
ﬂn =|[1-
In their 1961 paper, James and Stein prove that this estimator dominates the sample mean, and

as such that X, is inadmissible when m > 2. Note further how /i, is a Bayesian estimator of 4

given a normal prior. Recall that, under the DGP

X;p~N [u, 021,4

and prior
p~ N [bo, Bol,
the posterior distribution of u given the data Xi,---, X, is given as
n 1 Lrn - 1 n 1 -1
o o o
If bp =0 and

m—2

By = ) 5
X = (m—-2)2

I,

then the posterior mean of y is precisely the James-Stein estimator fi,,; we say that i, shrinks
the estimator to 0 precisely because the prior mean of p is equal to 0 in this specification. Note
how the prior variance in this case depends on the data; this type of estimator, where the prior
hyperparameters are not fixed but rather depend on the data, is called an empirical Bayes es-
timator. In fact, the discovery of the James-Stein estimator actually led to the development of

this class of estimators.

The criterion of admissibility only helps us rule out the most unreasonable decision rules,
and we may still be left with many decision rules even after narrowing our search to admissible
decision rules. To zero in on a single (or a few) optimal decision rules, we can think of the

following criteria:

1. Bayesian Decision Rules
A probability measure 7 on the measurable space (©,1) is referred to as a prior distribu-
tion. A Bayesian decision rule d, given a prior 7 is a decision rule that solves the following
minimization problem:

min 7(6,7) = /@ R(6,0)dr(0)



The integral on the right hand side is well-defiend for any decision rule § € D because
R(4,-) is a non-negative ¥-measurable function. We refer to r(d,7) as the Bayes risk given
the decision rule é under the prior ; it turns out that the Bayes risk is equivalent to the

expected posterior loss.

2. Minimax Rules
We may want to choose decision rules that minimize risk even in the worst-case scenario.

This is formalized by choosing the decision rule that solves the following minimax problem:

min (sup R(9, 9)) .

0€D \ pcO

The property of Bayesian decision rules, in particular, warrant attention.

1.3 Completeness of Bayesian Decision Rules

The bare minimum we require from any decision rule is that it be admissible. Fortunately, it

can easily be shown that any Bayesian decision rule is admissible:

Theorem 1.1 (Admissibility of Bayesian Decision Rules I)
Consider a statistical decision problem ((0,4),(A,.A),L) along with data X taking values in
(E,€) and a statistical model p. Let 7 be a prior distribution on (©,1). If there exists a unique

Bayesian decision rule d, given the prior 7, then ¢, is an admissible decision rule.

Proof) Suppose, for the sake of contradiction, that . is inadmissible. Then, there exists a
6 € D distinct from 6, such that

R(6,6) < R(6,,0)

for any 6 € ©, where the inequality is strict for some 6. Integrating both sides with

respect to m shows us that

/ R(5,0)dr(0) < / R(6-,0)dr (0).
(S €]

Since [g R(0x,0)dn(0) is the minimized Bayes risk by the definition of a Bayesian de-

cision rule, it follows that

/ R(8,0)dn(0) = / R(5.,0)dr (0).
(S (€]

10



The uniquness of §, then tells us that d, = §, which contradicts the fact that § is dis-

tinct from §,. Therefore, §; must be admissible.

Q.E.D.

We can relax the uniqueness assumption by imposing a continuity assumption. This version

of the above result is given as follows:

Theorem 1.2 (Admissibility of Bayesian Decision Rules IT)
Consider a statistical decision problem ((©,9),(A,.A),L) along with data X taking values in
(E,€) and a statistical model p. Suppose O is a subset of some euclidean space R™, and let the
risk funtion R(d,-) be continuous on © for any ¢ € D. Finally, let m be a prior distribution on
(0©,9) such that 7 is absolutely continuous with respect to the Lebesgue measure on © with a
density that is positive everywhere on ©.

If 0-(X) is a Bayesian estimator of 6 given the prior = such that R(0r,6) < +oo for any

0 € O, then ¢, is an admissible decision rule.

Proof) Suppose, for the sake of contradiction, that . is inadmissible. Then, there exists a

6 € D distinct from 4, such that
R(6,0) < R(0,,0)

for any 6 € ©, where the inequality is strict for some 6. R(dr,-) is real-valued on ©, so

R(4,-) is also real-valued on ©.

Integrating both sides with respect to m shows us that

/ R(6,0)dr(6) < / R(5.,0)dr (0).
(C] (C]

Since [g R(0x,0)dn(0) is the minimized Bayes risk by the definition of a Bayesian de-

cision rule, it follows that
/ R(6,0)dr(0) — / R(6+,0)dr (0),
C) S)
which implies
/ (R(6,,8) — R(5,0)) dr(8) = 0.
(S

The integrand 6 +— R(0r,0) — R(9,0) is non-negative by design, so by the vanishing

property of non-negative functions, there exists a set ©g € ¥ such that 7(60y) =1 and

R(6,,0) = R(5,0)

11



for any 6 € Oy.

Choose any 6 € OF, if any exists; by definition, R(d,,0) > R(6,6). Therefore, by the
continuity of R(,-) on O, there exists an n > 0 such that

[(R(6,0) — R(0r,0)) — (R(6,0") — R(6:,0"))| < R(6x,0) — R(6,0)
for any 6’ € © such that |#' — 60| < n. By implication, if |§' — 6| <7, then
R(5,0") — R(6,,0") > 0,
that is, the open ball B(6,n) C ©§. It follows that
0 <m(B(6,n)) <m(Op),

which contradicts the fact that 7(©f) = 0. Therefore, §, must be admissible.

Q.E.D.

It is a remarkable result that we can actually assert that the converse holds true as well
under certain assumptions; that is, under certain conditions any admissible decision rule must
be a Bayesian decision rule given some prior distribution. For the sake of simplicity, we prove

this result for finite parameter spaces only.

Theorem 1.3 (Complete Class Theorem I)
Consider a statistical decision problem ((©,9),(A,.A),L) along with data X taking values in
(E,€) and a statistical model p. Assume the following:

i) © is a finite set {01, -+ ,0.,}.

ii) A is a nonempty convex subset of some euclidean space R?, and A the corresponding Borel

o-algebra.
iii) L(-,0) is a convex function for any 6 € O.
iv) There exists some decision rule g € D with finite risk, that is, R(dg,0) < +oo for any 6 € O.

Then, for any admissible decision rule §*, there exists a probability distribution 7 = (my,--- , 7)) €

[0,1]™ on © such that ¢* is a Bayesian decision rule given prior equal to 7.

Proof) First, define the set S C R as

S:{TElea(SED, R(&,gj)STj \V/lgjgm},

12



as the set of vectors that dominate a certain set of risks associated with some decision
rule § € D. S is non-empty, since by assumption there exists a decision rule dy € D with
finite risk. Furthermore, S is convex; for any r,s € S and X € [0,1], there exist 6,,05 € D
such that R(d,,0;) = r; and R(s,0;) = s; for any 1 < j <n. Defning § as

5(z) = A-0r(@) + (1= \) - 0 ()

for any z € E, 6 € D because it is measurable with respect to € and A. For any 1 < j <m,
by the convexity of L(-,0;), we can see that

R(5.0) = [ L3(2),6,)u(6.d)
<A /L (6, dz) + (1 )\)-/EL(és(a;),Hj)u(G,d:c)

=X-R(6,,0;)+ (1= )\)- R(5,0;)
<A+ (1= N)s;.

It follows that Ar+ (1 —\)s € S, with the dominated decision rule being the convex

combination ¢ of §, and ds.

Let 6* € D be an admissible decision rule, and define
r* = (R(6%,01), - ,R(6%,0m)) .

Since R(0%,60;) < R(d¢,0;) for any 1 < j < m by the definition of admissibility, so it
follows that r* € R™. Furthermore, r* € S by definition.

Now define
Q" ={reR™|r<r*}.

This is clearly a non-empty and convex set. In addition, @* and S are disjoint. To see
this, choose any r € Q*, so that r; <7} for any 1 < j <m. Suppose r € S. Then there
exists a § € D such that R(0,0;) <r; for any 1 < j <m, so that

R(0,05) <rj=R(6",0;) forany 1<j<m

This contradicts the admissibiltiy of 6*, so r ¢ S.

So far, we have shown that Q* and S are non-empty convex sets such that Q*NS = (.
Therefore, by the separating hyperplane theorem, there exists a non-zero v € R™ such
that

13



for any x € Q* and y € S. Letting {r,}ncn, be defined as r, =r*— % -1 € Q*, where

L € R™ is a vector of ones, we can see that, for any y € S,
v’rn <

for any n € N,. Since r, — r* as n — 0o, taking limits on both sides shows us that
v'r* <y

Furthermore, since r* € S, v’z < v'r* for any x € Q*. Putting these results together, we

can see that

forany x € Q* and y € S.

Note that v must be non-negative valued; to see this, suppose v; < 0 for some 1 < j <n,
and choose some 7 € Q*. Suppose v'r = v'r*. Then, letting e; be the jth standard basis

vector of R™, r—e; € Q" as well, so that
V'(r—ej) =v'r+|v;| = 0" +alv;| > "1,

a contradiction. On the other hand, if v'r < v'r*, then defining € = v'r* —v'r > 0, we

can see that r — ‘12)—6_‘6]- € Q* and therefore
J

€
v <r — Hej> =v'r+2e=0"r"4+¢e>v'r*
vj
which results in another contradiction. It follows that v € R"", so we can define

1
W:TUGRT,

> j=1Yj
where the elements of 7 are non-negative and sum to 1.

Finally, we show that 7 is the prior distribution on © that we are looking for. This

follows by noting that
'r* <n'r

for any r € S. For any decision rule § € D, letting r; = R(4,0;) for any 1 < j <m, if
rj = +oo for any 1 < j < m, then we trivially have
m

Z?Tj R((S*,Gj) =7r* < Z’/Tj R((S,QJ)

Jj=1 Jj=1

14



Suppose that r € R™. We can also see that

Z?Tj-R(d*,ej) :7T/7“* §7TI7“= Zﬂj-T’j = Zﬂj-R((S,@j)
7=1 j=1 j=1

in this case. In other words,
m m
. * L) — 1 .. .
ij R(6*,0;) min ij R(5,0),
7j=1 7j=1
so that ¢* is a Bayesian decision rule under the prior distribution 7.

Q.E.D.
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1.4 The Sufficiency Principle

The use of sufficient statistics is another way to narrow down our search for admissible decision
rules. We begin by defining and discussing the properties of conditional expectations with respect
to an arbitrary probability measure.

Let (E,&, ) be some probability space. Completely analogously to how we define the condi-
tional expectation of random variables with respect to some o-algebra, we define the conditional
expectation of the non-negative measurable function f € £, with respect to the sub o-algebra

F of £ as the non-negative function f € F, such that

/fd,u:/fd,u for any A € F.
A A

We already know that the following properties hold, from the results we derived for the condi-

tional expectation of non-negative random variables:

e For any f € &4, the set of all conditional expectations of f with respect to F is an equiv-
alence class of functions that are equal p-almost everywhere. The representative of this

class, as well as the class itself, is denoted by p(f | F).
o For any f € &y, the set u(f | F) of conditional expectations of f is non-empty.

o (Projection Property)
For any f € &y and h e Fy,

[ fndn= [ (s | i d

+ (Monotonicity)
For any f,g € &4 such that f <g p-a.e.,

p(f|F)<ulglF).

o (Linearity)
For any functions f,g € £, and a € Ry,

plaf+g|F)=a-p(f [ F)+ulg|F).
o (Conditional Determinism)
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For any f e &y and h e Fy,

u(fh | F) = plf [ F)h,

where the equivalence is again p-a.e.

o (Tower Property)
Let G be a sub o-algebra of € such that F C G. Then, for any f € &,

p(f | F)=pp(f | F)1G)=u(p(f9)|F).

We say that a real-valued £-measurable function f: E — R is conditionally p-integrable given

Fif u(f* | F) and p(f~ | F) are finite g-almost everywhere. In this case, we define

p(f | F)=p(f 1 F) = pu(f~ | F).

Note that, if f is p-integrable, then f is conditionally p-integrable given any sub o-algebra of £.
The set of all functions that are conditionally u-integrable given F is a linear subspace of the set
of all functions from F to R, and all the above properties generalize to conditional expectations
involving conditionally u-integrable functions.

Finally, a vector-valued £-measurable function f: E — RF is said to be conditionally u-
integrable given F if each of its components fi,---, fr are conditionally u-integrable given F.

The following theorem holds for conditionally integrable vector valued functions:

o (Jensen’s Inequality)
For any convex measurable function g : R¥ - R and f : E — RF such that go f and f are
conditionally p-integrable given F,

9(u(f 1 F)) <ulg(f) | F)  p—almost everywhere.

Now let (©,1) be the parameter space, X the data taking values in the measurable space
(E,E), and p the corresponding statistical model. Let (F,F) be another measurable space and
T : E — F a measurable mapping. We call any such function T a statistic. Denote by T the
sub o-algebra of £ generated by the statistic T, that is,

oT ={T7Y(H)| H € F}.

Fix any 6 € ©; suppose this is the true parameter value so that 1(6,-) becomes the distribution
of X.Forany A€ &, P(X € A|T(X)) is measurable relative to the o-algebra generated by T'(X).
By the Doob-Dynkin lemma, it follows that there exists some F-measurable function f4 ¢ such
that P(X € A|T(X)) = fapoT(X).

17



We let the conditional expectation of any function f € £, with respect to u(0,-) given oT
be denoted by pg(f | T). Then, for any H € F,

/ ) po(La | T)dp(8,-) = u(@, ANT *(H)) (Definition of the Conditional Expectation)
T-1(H)

=E | L1 Irooen)

=E[P(X' € A|T(X)) [rx)em)]

:/ (fA’eoT)d,u.

T-1(H)
Since both pg(I4 | T) and fa 90T are oT-measurable non-negative functions, it follows that
po(Ia|T) = fapoT p—ae.
In other words,
po(Ia | T)o X = fagoT(X)=P(X € A|T(X)).

Note that, in general, the conditional probability of {X € A} given the statistic T'(X) depends

on the parameter 6.

We say that T' € £/F is a sufficient statistic for the model p if, for any A € &, there exists
some 14 € F4 such that

po(Ia | T) =0T

for any 6 € ©. In other words, T is a sufficient statistic if the conditional probabilities of X
given T'(X) do not depend on . The following theorem illustrates the importance of sufficient

statistics for decision theory:

Theorem 1.4 (Rao-Blackwell Theorem)

Consider a statistical decision problem ((©,9),(A,.A),L) along with data X taking values in
(E,€) and a statistical model p. Let (F,F) be a measurable space and T € £/F a sufficient
statistic for u. Suppose that A = R¥ and A = B(R¥), and that L(-,6) is a convex function for
any 6 € ©. Then, for any decision rule 6 € D such that R(d,0) < +oo and [ |d(x)|u(0,dx) < +o0
for 1 <i<k and 0 € ©, there exists a function §* : F' — A that is measurable relative to F and
A such that:

i) For any 0 € O, we have

0FoT =pg(d|T)
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ii) The risk under 0* o T is never greater than that under 4:

R(6*oT,0) < R(0,0) for any 6§ € ©.

Proof) By the definition of sufficiency, for any 1 <14 < k there exists some v; € F such that
po(di | T) = pioT.
Define
0 (t) = (Wr(t), -+ hi(t))
for any t € F. Then, §* is measurable relative to F and B(R¥), and immediately satisfies
0 0T =pg(0|T)

for any 6 € ©. It remains to show that R(6*oT,-) < R(J,-) on O.

To this end, choose any 6 € © and note that the assumptions R(6,6) < +oo and
S 10(2)| (0, dx) < 400 imply that L(d,6) and 0 are p(6,-)-integrable. As such, L(0,6)
and 0 are conditionally (0, -)-integrable given o7, and

L(6"oT,0) = L(po(d | T),0) < po (L(6,0) | T)
1(6,)-a.e. by Jensen’s inequality. It follows that
R(5% o T,0) = /E L(5*(T(x)),0) (6, dz)
< [ no(L(3.0) | T)du(6.)
= /EL(é, 0)du(0,-) (Definition of Conditional Expectation)
— R(5,0).

This holds for any 8 € ©, so the proof is complete.

Q.E.D.

The Rao-Blackwell theorem shows us that, under convex loss functions, we can always improve
upon an existing decision rule by taking its conditional expectation with respect to a sufficient

statistic. In other words, we can reduce our search for admissible decision rules by searching
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for functions of sufficient statistics. This is a powerful simplification if the statistical model of
interest admits a particularly simple sufficient statistic.

The search for sufficient statistics can be facilitated by means of the factorization theorem.
First, we present a preliminary lemma. We say that two collections II and = of probability mea-
sures on some measurable space (E,E) are equivalent if, for any A € £, v(A) =0 for any v € IT

implies that A(A) =0 for any A € =, and vice versa.

Lemma 1.5 Let (E,£) be a measurable space and p a o-finite measure on that space. If II is
a collection of probability measures on (F,£) that are absolutely continuous with respect to p,

then there exists an at most countable subset of Il such that II and Iy are equivalent.

Proof) We first define the following collection of probability measures on (F,E):
(0.9} o
M:{Zcipi‘{a}ieN+CHa CiZOVi, ZCZ':1}.
i=1 i=1
Note that M contains the collection II, and that every measure in M is also absolutely
continuous with respect to p. Furthermore, M is also clearly a convex set.

We also define the following collection of £-measurable sets:

C:{Cee|3QeM s.t. u(AmCm{gff>o}>:u(AmC) VAcE, Q(C)>o}.

The sets in C are called equivalence sets for the class M and the o-finte measure p for

the following reason. Choose any C' € £ and ) € M such that

M(AmCm{gff >0}> = w(ANC)

for any A € € and Q(C) > 0. Choose any A € £ such that Q(ANC) =0. Then,

on(AmC):/ 9,

Anc O

99 1.
AmCm{%w} ou

By the vanishing property for non-negative functions, it follows that

9Q x (x)=0
o AnCm{%M}}

for any = € Ey, where Ej € € satisfies u(E§) = 0. Suppose that EyN (A ncn {g—g > 0}) #*
(). Then, for any z € EgN (AﬂCﬁ {?‘Tg > O}), we must have g—g(a:) =0, which is a con-

tradiction. By implication,

Aﬁ()m{gi2 >0} C Eg,
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so that

oQ
W(ANC) = p (AmCm {% > 0}) —0.
In other words, if Q(ANC) =0 for any A € &, then u(ANC) = 0; the trace of pon C is
absolutely continuous with respect to the trace of @ on C. The converse is automatically
true because Q << u, so it follows that the trace of () on C' and the corresponding trace
of p are equivalent. Therefore, for each C' € C there exists a measure @ € M such that

C is a non-null set on which @ and p are equivalent.
We continue to investigate the properties of C by studying the types of sets that are

contained in C:

— Support of any Measure in M
For any Q € M and B € &£, any set C = Bﬂ{% > 0} such that Q(C) > 0 is

contained in C with corresponding measure @, since

u(AmCm{gff >0}> = W(ANC)

for any A € £ by the definition of C. In particular,

1:Q(E):Q<{Z§>O})+Q<{gﬁzo}>
({72 >0}) >0

implies that {% > O} € C for any Q € M.

— Closedness under Finite Unions of Disjoint Sets
Choose any disjoint Cy,Cy € C. Then, for each i = 1,2 there exists some Q; € M
such that

0Q;
=u(ANC; A
% >0}) W(ANC;) VYAeé&

u(AmCm{

and Q;(C;) > 0. Defining @ = %Q1 + %Qg € M, the support of @) is exactly the

union of the supports ()1 and Qs: since

0Q 100 100,
op 2 0p 2 0p

on some Ey € € such that u(E§) =0, % >0 on Ej if and only if either af% >0
or %%2 > 0 on Ey. In other words,

{5 >0bnE= ({52 >0}u{52>0})nEs
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Therefore, for any ¢ = 1,2 and A € £,

w(ANC) = (AmCm{%% o})

Su(AﬂCiﬂ{gff >0}) < u(ANCGy),

so that

W(ANGC;) = <Am0 m{gff })

This shows us that @ is equivalent to u on C; and Cs. Letting C' = Cy U (o, it
follows that

M(AmCm{aaff>o}>: KAmCm{aQ }) (Amcgm{gg 0})}
:M(Amom 8—6’2 ) (Amc2m{gi)>0})
=p(ANC1)+pu(ANC2) = u(ANC),

where we used finite additivity alongside the fact that Cy NCy = (). Finally,

Q(ClUCQ):% 1(01U02)+%Q2(C1U02)
> SQi(C1)+5Qa(Ca) >,

so that @ is equivalent to u on C; C € C by definition.

Suppose that Q* is a measure in M that is maximally equivalent to u, that is, @* and p
are equivalent on C* € C, where p(C*) > u(C) for any C € C. Then, it must intuitively
be the case that Q" dominates any probability measure ) in M, since any @ € M will
be equivalent to p on a subset of E that is smaller than C* in terms of pu-measure.
Formally, choose any @ € M and let Q*(A) =0 for some A € £. Then, u(ANC*) =0
because p and Q* are equivalent on C*, and Q(ANC™*) =0 follows from the fact that
Q << p. Furthermore,

. 9Q ) / oQ
ANCH) Ny =—=0; | = —du=0.
Finally, if

Q(AQ(C*)CQ{(ZZQ >0}> >0,
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then AN(C*)°N {g—g > O} € C and therefore so is

c*u (Am(c*)cm{gg > 0}>7

since this is a union of two disjoint sets in C. It follows from finite additivity that

uleru(aneyn{Ge > 0})| =ue+u(an@yn{Ge > 0}) > e,

since Q << pand Q (Aﬂ (C*)en {% > O}) > (0 implies that p (Aﬂ (Cc*)en {% > O}) >
0 as well. This contradicts the fact that u(C*) > p(C) for any C € C, so it must be the

case that

Q(Am(c*)cm{gi2 >0}> =0,

and we have

Q(A)=Q(AnCH)+Q (Aﬂ(C*)Cﬂ{‘ZCj =o}> +Q (Am(c*)m{z/cf > o}) =0.

This holds for any A € € such that Q*(A4) =0, so Q << Q*.

It remains to construct this maximally equivalent measure Q*. To this end, define

o =supu(C) € [0,1],
CceC

and let {C;}ien, be a sequence in C such that p(C;) / a. Suppose that {Q;}ien, is a
sequence of measures in M such that each C; is an equivalence set for Q;. Let ¢f =27

for each i € N, and define

Q* = icf@i e M.

=1

Defining

— +0Qi
¢ = Zc:‘ S
o o

by the MCT for series we can see that

Q*(4) = f;c;f@m) . i Lo (%2 1) au

Z/A<icf%%>du=/flq*du

=1
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for any A € &, so that

0
q = 9Q p-almost everywhere.
o
Defining C* = |J;2, C; € €, we can see that p(C;) < pu(C*) for any ¢ € N4, so that
a < p(C*). Furthermore, ¢*(z) > 0 if and only if %%(x) > 0 for at least one i € Ny, so
that

{q >0}Lij{8u >0}.
For any A € £, we now have

WANC A =0}) < 3 u(ANCin {g" = 0})
=1

giu@m@m{%% :0}>

i=1

by countable subadditivity. For any ¢ € Ny, the fact that Q; (AOCZ- N {88% = O}) =0
implies that

" (Amcim{%% = 0}> =0
as well because ); and p are equivalent on C;. Therefore,
p(ANC* N{g"=0}) =0
and
ANC*) =p(ANC*N{g* =0} ) +pn(ANC*N{¢" >0}) =pu(ANC*N{¢* > 0}).

This holds for any A € £, and

QC") =3 6QUC) 2 ) >0
so by definition C* € C. This establishes that (C*) < a, so that

u(C*)=a>p(C) forany C eC.

Q" is the desired dominating measure because (Q* and p are equivalent on C*.

Finally, because Q* € M there exists a sequence { P, };en, C Il and a sequence {¢;}icn,
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of non-negative reals with sum equal to 1 such that

o
Q"= ZCsz
=1

Define IIy = {P;}ien, . Clearly, if, for some A € £, P(A) =0 for any P € II, then
P;(A) =0 for any i € Ny. Conversely, suppose, for some A € £, that P;(A) =0 for
any i € N;. Then, Q*(A) =0, so that Q(A) =0 for any @ € M. Since II C M, it fol-
lows that P(A) =0 for any P € IT as well. This establishes that IT and IIy are equivalent.

Q.E.D.

Now we can prove the following factorization theorem, whose general form is due to Halmos
and Savage (the above lemma is also part of their contribution, but the proof is taken from

Lehmann). The proof of the factorization theorem presented below is due to Kagan.

Theorem 1.6 (Factorization Theorem)

Let (0,1) be the parameter space, and X the data taking values in the measurable space (E,E)
with corresponding statistical model p. Let (F,F) be a measurable space and T : F — F a
statistic for p. Suppose there exist some o-finite measure A on (E, &) such that p(6,-) << A for
any 6 € ©. Then, T is sufficient for p if and only if there exists a function r € £; and a collection
{ho}pco of F-measurable non-negative functions such that, for each 0 € ©,

8”(97') _
o (&) =r(@)he(T(x))

for any A-almost every z € E.

Proof) Let Il={u(0,-) | 6 € ©}. By the preceding lemma, there exists a sequence {6; };cn, of pa-
rameters such that the countable collection of probability measures Ilo = {x(6;,-) }ien,
is equivalent to II. Choose any sequence {c;}ien, of non-negative real numbers such

that >°°; ¢; =1, and define the probability measure
Q= Zciﬂ(eiv )
i=1

Note that @ << A, and that, if Q(A) =0 for some A € £, then u(h;, A) =0 for any i € N4
and therefore 1(0, A) =0 for any 6 € ©. Equivalently, we can say that u(f,-) << Q@ for
any 6 € ©. Because @) is a probability measure and thus finite, it follows from the
Radon-Nikodym theorem that there exists a Radon-Nikodym derivative %5") that is

Q-almost surely unique for each 0 € ©.
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Necessity

Suppose that T is a sufficient statistic for pu. Then, by definition, for any A € £ there
exists a function ¢4 € F such that

po(Ia | T) =1paoT
for any 6 € ©. Note that, since
p(0,ANTH) = [ (T Fros ) a0, = [ (| )@,
E T-1(H)

for any 6 € © and H € F by the definition of conditional expectations, it follows that

QANT Y(H)) = icm(@i,AﬁT_l(H)) = ici </T1(H) po(1a | T)du(&,-))

=1
_zq ( Ly WA T)(0 >>

= [ . (@aeT)Q
T—(H)
for any H € F as well. By definition, it follows that
QUa|T)=v40T

as well. Now we can see that, for any 0 € O,

/ o, )dQ =u(h,A) (Definition of RN Derivative)
A 0Q
= / wo(Ia | T)du(0,-) (Law of Iterated Expectations)
E
:/ (YaoT)du(0,-) (Definition of 1 4)
E
= / g0 T )dQ (Expression of Integral using RN Derivative)
= / (ha0T)-Q ( Ma(Q ) | T) dQ (Projection Property)
E

- [auam)-Q (22 1) aq
_/ ([ Q< w0, ) |T) |T> dQ (Conditional Determinism)

= / Is-Q ( 6,-) | T) dqQ (Law of Iterated Expectations)
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(e

This equation holds for any A € &£, so it follows that

-a( )

Q-almost surely. Define r: E — [0,+00] as

L
oM

and by the Doob-Dynkin lemma there exists a function hg € F; such that

ou(d,-) | T> .

hgoT:Q( 3G

Then, for any A € £,
/A AN = (0, 4)
_ /A TR
_ / (hgoT)dQ
A
:/(hgoT)an)\:/(hgoT)r dA.
A A

EX

Therefore,

for M-a.e. x € F.

Sufficiency

Now suppose that there exists a function r € £; and a collection {hg}gco of F-

measurable non-negative functions such that, for each 6 € ©,

oA

(x) = r(x)ho(T(z))

for any A-almost every x € F. We want to show that T is a sufficient statistic for u.
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We can immediately see that the factorization above implies

an

X A=Q(A ZCZM 0;,A)

()

=1

_ch</ (ho, OTTd)\)

- / KZ Cihéh) OTl rd\ (MCT for Series)
AL\iz1

for any A € €. Therefore, defining the function G =>772 ¢;hg, € F4,

0Q

BN =(GoT)r

A-almost everywhere.

Now fix 6 € ©. Since

Op(0,) _ ou(0,-) 0Q _ ou(d,)
o 0Q oA oQ

(hgoT)r = X (GoT)r

A-almost everywhere, it is not unreasonable to suspect that the quotient (hgoT)r/(Go

ou(o,
d

T)r will be Q-a.e. equal to the derivative Q')‘ Formally, define gy : F' — [0,+00] as

hg

96 = G (I(O +00) OG)

Note that

trivially. Furthermore,

2Q

d)\d)\ Q(F)=1<+00

implies, by the finiteness property for non-negative functions, that

Q ({(Zi\? :+oo}> =0.

As such,

Q({fli) ¢ (0, —|—oo)}> 0.
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Let Ey € € be chosen so that A(E§) =0 and

3#(9")

oQ

for any = € Ey. For any z € EgN{(GoT)r € (0,+00)}, we can see that

(T @))r(o) = (527 @) G0 )

8“(07‘)
oQ

where the value on the right hand side is well-defined because G(T'(x)) € (0,+00) if
G(T(x))r(x) € (0,400). Because

(z) = go(T(2)),

QU(GoT)r ¢ 0400} UE) <@ ({72 ¢ (0.+0)} ) + @(ER) 0.

we can see that

oQ

=gooT

@-almost surely.

For any A€ & and H € F,

pO,ANTNH) = [ (goT)dQ
ANT—1(H)

— [, QUalgoT)| T)dQ
T-1(H)

(Definition of Conditional Expectation)

= / QUIa|T)(ggoT)dqQ (Conditional Determinism )
T-1(H)

= [, QUAIT)du(s.)
T-1(H)
As such, Q(I4 | T) is a version of the conditional probability of A given oT":
po(Ia|T)=Q(IA[T)

wu(0,-)-a.e. By the Doob-Dynkin lemma, there exists a function ¥4 € Fy such that
QA |T)=1va0T, so that

po(Ia|T)=1paoT

1(0,-)-a.e. This holds for any 6§ € ©, and we can find such a function 14 for any set
A € &, so by definition T is sufficient for p.
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Q.E.D.

The factorization theorem has the following implication for statistical inference. Suppose we
believe in the sufficiency principle, which tells us that we should draw the same conclusion for two
statistical problems with the same sufficient statistic. Formally, consider two statistical decision
making problems with the same parameter space, action space and loss function, but with
possibly different statistical models. The sufficiency principle dictates that, if these two models
admit sufficient statistics that have the same value given some realized data, the statistician
must arrive at the same decision in both problems. In the case of convex loss functions, the
Rao-Blackwell theorem tells us that we should always condition on sufficient statistics to avoid
working with inadmissible decision rules, so the sufficiency principle is defensible on grounds of
admissibility.

Consider now two statistical decision making problems with the same parameter space, action
space and loss function ((©,4),(A,.A), L) and statistical models p1, o on the data space (E,E).
Assume both models are dominated by the same o-finite measure A on (F,£). Suppose now
that the realized data in an experiment is given by the deterministic value z € E. The likelihood
principle dictates that, if the likelihoods for the two models at this x are proportional to one

another, that is,

8M1 (97 ) (x> _ kal@(g? ) (x>
O\ O\
for any 6 € ©, then the two problems should arrive at the same decision.

Through the factorization theorem, we can easily see that the likelihood principle implies
the sufficiency principle. Suppose the models p1, o admit the sufficient statistics T7,7>. By
the factorization theorem, there exist non-negative measurable functions r1,79 and collections
{ho.1}oco,{ho2}oco of non-negative measurable functions such that

fori=1,2,0 €0 and x € E. Now let = € E be the realized data in an experiment, and suppose
Ti(x) =Ty(z) =t. Then,

%(x) =7i(x)he,q(t)

for any 6 € © and i = 1,2, so that
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Chapter 2

Hypothesis Testing and Set

Estimation

In this chapter we delve into the theory on hypothesis testing and set estimation. Point esti-
mation, which requires heavy asymptotic machinery, will be addressed in later chapters, with a

separate focus on frequentist and Bayesian methods.

2.1 Hypothesis Testing

As we mentioned in the chapter on decision theory, hypothesis tests are statistical decision
problems described by ((©,%), A, L) where the action space is given by A = {accept,reject}. Let
X be the data taking values in the measurable space (E,£), and p the corresponding statistical

model, and consider testing the null hypothesis
Hy:0€ 0,
against the alternative
Hy:60¢ 0,
where ©g is some measurable subset of ©. The loss function in this case is in general given by

0 iffeB 1 iffeO
L(accept,0) = ,  L(reject,0) = )
1 if0¢O 0 iff¢ 0O

Then, the risk associated with a decision rule 0 : & — A, which we call a test of Hy against H,
is
Py [0(X) =reject] if 6 € Og
R(6,0) = Eg [L(5(X),0)] = :
Py [6(X) = accept] if 0 ¢ ©g
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2.1.1 Core Concepts of Hypothesis Testing

Below we introduce some important concepts related to hypothesis tests.

Rejection Region

Type I and II Errors

Power of a Test

Size of a Test

When we identify accept =0 and reject =1, any test § : E — A is a mapping
from the data space E to {0,1}, and therefore § can be written as an indicator

function for some set R € &, that is,
d(z) =Ir(z) forany ze€E.

In other words, under the test d, we choose to reject the null if the data is
contained in the set R C E. This is why we call R the rejection region associ-
ated with the test 6.

Given a test § : F — A with rejection region R € £, the risk associated with ¢

can be written as

Py[X € R] if0€0Og
Py[X ¢ R] if ¢ ©O,.

R(5,0) =

When 6 € O, the probability Py[X € R] is the probability of a type I error
under 6, that is, the probability of falsely rejecting a true null. On the other
hand, if 6 ¢ O, then Py [X ¢ R] is the probability of a type II error under 6,
that is, the probability of not rejecting a false null. The goal of the statistician
is to find a test § that minimizes the risk R(d,0), that is, a test that minimizes

the probability of the associated type I and II errors.

A related concept is the power of a test under some 6 ¢ ©p, which is defined

Po[X € R =1-PFy[X ¢ R],

which is the probability of rejecting a false null; it is inversely proportional to

the probability of a type II error under 6.

In an ideal world, we could find a test ¢ that minimizes the probability of
both type I and type II errors. However, there exists a tradeoff between the
probability of type I and II errors; the more likely we are to reject the null
under 6 ¢ O, thus reducing the probability of type II errors, the more likely
we are to reject it under 6 € ©g as well, which raises the probability of a type

I error.
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Significance Level

Power Function

UMP Tests

Usually, type I errors are taken to be more serious than type II errors. There-
fore, we would like to bound the probability of a type I error. A useful object
in this case is the size of a test; the size of a test § with rejection region R is
defined as

sup Py [X € R],
[ISCH

that is, the maximum probability of rejecting the null when the null is true.

Returning to our original objective, we want to consider tests that bound the
probability of type I errors at a certain level. A test § with rejection region R

is said to have significance level « if the size of § does not exceed «, that is, if
Py [X € R] <«

for any 6 € Oy.

Among tests with the same significance level, that is, tests whose type I error
probabilities are bounded at the same level, we want to search for the test
under which the probability of type II errors are minimized. A useful object
in this case is the power function; the power function 85:© — [0,1] of a test

0 with rejection region R is defined as
Bs(0) =Py [X € R = (0, R)

for any 6 € ©. We call 5 the power function of the test & because (s5(0) is
precisely the power of the test under any 6 ¢ ©(. Note also that

sup fs(6)
[ASSH

is the size of the test 4.

Among different tests with the same significance level «, we ideally want to
find tests that maximize the power function on Of; in other words, we want
to find a test § with significance level « such that, for any other test ¢ with

significance level «,

Bs(0) > B4(0)

for any 0 ¢ ©¢. These types of tests are called uniformly most powerful (UMP)

tests.
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Unbiasedness

P-value

In most cases, it is difficult to find a test that is uniformly most powerful across
all values of ©f. It is therefore customary to impose additional restrictions on
the kinds of tests that we are interested in, and try to find UMP tests among
the tests that satisfy these additional restrictions. One reasonable criterion is
to restrict our attention to unbiased tests. A test ¢ with significance level « is

said to be unbiased if

Bs(0) > o

for any 6 ¢ ©¢. In other words, in an unbiased test the probability of rejection
when the null is false is at least as high as the probability of rejection when

the null is true.

The p-value is way other than the power function to characterize the properties
of a test. Consider a collection { R }ae(0,1) Of nested rejection regions, that is,
a collection of £-measurale sets such that R, C R, whenever a < o’. Let J,
be the test with rejection region R,. Then, the p-value associated with the

sequence of tests {da }ae(0,1) is the function ¢ : E'— [0,1] defined as
¢(z) =inf{a € (0,1) | z € Ry},

for any = € E. Heuristically, we can interpret ¢(X) as the smallest significance

level under which we still reject the null hypothesis.
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2.1.2 Uniformly Most Powerful Tests

Remarkably, for certain null and alternative hypotheses, there exist UMP tests; this is the content
of the Neyman-Pearson lemma and its generalization, the Karlin-Rubin theorem. We consider
the following setting. Let ((©,%),A,L) be our statistical decision problem, where A = {0,1},
with 0 representing acceptance and 1 representing rejection. Let X be the data taking values in
the measurable space (E,E), and p the corresponding statistical model, which as usual we take
as a transition probability kernel from (0©,7) into (E,£). Suppose in addition that there exists
a o-finite measure v on (E,€) such that, for any 6 € O, the distribution p(6,-) of the data is

absolutely continuous with respect to v:
w(d,) <<wv for any 6 € ©.

By the Radon-Nikodym theorem, this implies that there exists some non-negative function
f:Ex© —[0,+00] such that f(-|6) is £-measurable and

p(0.4) = [ f@] 0)dute)

for any 6 € © and A € £. We assume that f is real-valued and £ @ J-measurable.
This is the setting we work with in most applications, where E is assumed to be a subset of
some euclidean space and v the Lebesgue or counting measure on that euclidean space. f(z | 6)

is then interpreted as the density of the data given the parameter 6.

Suppose that © = {6p,0;}, so that there are only two parameters of interest, and consider
testing the null Hy : 0 = 6 against the alternative Hy : § = 61. In this case, the Neyman-Pearson

lemma shows that there exists a simple UMP test based on the likelihood ratio:

Theorem 2.1 (Neyman-Pearson Lemma)
Let © = {6p,0;} and consider testing the null Hy: § = 0y against the alternative H; : 0 = 6. Let

a € (0,1) be a predetermined significance level. Then, the test 6* with rejection region
R ={zeE|f(z[61)>Af(x]|6)},

where A > 0 is chosen so that fs«(0p) = «, is a UMP test among tests with the same significance

level.

Proof) Choose any test § with rejection region R € £ and significance level .. By definition,

Bs5(0o) = p(fo, R) < .

Now define the function g: F — R as
g9(x) =[0"(x) =0(2)] [f (x| 61) = Af(z | bo)]
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for any = € E. Since §*,9 are indicator functions of £-measurable sets, and f(- | 601), f(- |
0y) are E-measurable non-negative real functions, g is also £-measurable. In addition, g
is a non-negative valued function. To see this, we consider two cases. Suppose first that
f(z|601) >Af(x]|6p) for some x € E. Then, since 6*(z) =1 > é(x), by definition g(z) > 0.
On the other hand, if f(z | 601) < Af(x|6p) for some x € E, then §*(z) =0 < d(x), so
that g(z), being the product of two non-positive terms, is non-negative. In any case,

g(x) >0 for any z € E.

By the monotonicity and linearity of integration,
0< [ gdv= [ 15°() = 6@ 7w | 00) = A (| )] d(a)
= [ 8" @] o1)du(a) - /5( )7 61)do()
)\{/5* f(x|0p)dv(z /6 f(x|0p)dv(x)
= Bs=(61) — Bs(01) — A[Bs+(60) — Bs(61)]
= B5+(01) — B5(01) — Ao — B5(61)] -
Since the test 0 has significance level o and A > 0,

Ala—B5(61)] = 0,

which implies that

0< /Egdv < Bs=(61) — B5(01),

or equivalently,

Bs=(61) > B5(61)-

This shows us that ¢* is the uniformly most powerful test.

Q.E.D.

This lemma shows us that for simple hypotheses where Oy is a singleton, there exists a UMP
test formulated in terms of the likelihood ratio. It is even more remarkable that, under the right

conditions, this is the only UMP test up to almost sure equivalence.

36



Theorem 2.2 (Ungqgiueness of the NP Test)
Let © = {6p,0:1} and consider testing the null Hy : § = 6 against the alternative H; : 0 = 6;. Let

a € (0,1) be a predetermined significance level, and suppose there exists a Neyman-Pearson test
VP with rejection region

RNP —{zc E|f(z|61)>\f(z]6p)},

where A > 0 is chosen to satisfy Bsnr(6g) = . Suppose that:
i) The critical value A is chosen so that A > 0.

ii) The set
A={z e E|f(z|0)=Xf(z]6b0)}

is a negligible set under both p(6y,-) and p(61,-)

Then, for any UMP test 6* of Hy against H; with significance level a,
Py [6°(X) = 6"P(X)] =1
for 6 = 6y, 6.
Proof) Let 6* be a UMP test for Hy against H; with significance level a. We first show that

§* must have size equal to a. To see this, note that, since V% is a UMP test for Hy

against H; with size «, we must have

B+ (90) <a=fsnp (90)
Bs<(01) = Bsne (01).

Therefore, from what we showed in the last theorem,

0 < Bsvp(01) = Bs<(01) — ABsvr (6o) — Bs(00)]
= —Aa—Bs(00)],

or equivalently,
Aa— Bs+(6p)] < 0.

Since A > 0 by assumption, we must have S+« (0y) = v, that is, 6* has size a.

Now we show that 6* must equal 6VF with probability 1. As in the previous theorem,
g(x) = [V (2) = 6*(@)] [f(z | 01) = Af(x | 00)] > 0,
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for any z € E, while the integral of g with respect to v is given as

/Egdv = Bsnp (61) — Bs<(01) — A[Bsnp (6o) — Bs+(60)] = 0.

Therefore, by the vanishing property for non-negative functions, there exists an Ey € £
such that v(E§) =0 and

(677 (2) = 8*(2)| [ (@] 01) = Af (x| 60)] = 0
for any = € Ey. Define F1 = EygN A°. We consider two cases:

Case 1: z € RNPNnE,;
If v € RNP the f(z|61) > Af(x | 6p), it follows that

NP(z)—6*(x)=0
This establishes that

RNPNE, c{ze BV (z)=6"(z)}NE;.

Case 2: v € E;N(RNP)e
Since ¢ RN we have f(x | 61) < Af(x|60), and since z € By C A¢, it follows
that f(z | 61) < Af(z | 6p). Again, since = € Fy, this implies that 6V (z) —
d*(x) =0, so that

(RVPYnE) c{z e E| 6V (z) =6*(x)} NE).

We have thus shown that
Ey={zec F|"P(z)=6"(2)}NE;.

For any 6 € ©, both A and Ef§ are negligible sets under pn(,-), so Ef = AU Ef is also
negligible under (0, -). It follows that, for any 6 € ©,

Py [6(X) = NP (X)| = (0, {6" = "IN Bx) + (0, {5" = 6V} BY)
w0, {6* = "IN E)

M(Q,El) =1

Q.E.D.
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While the Neyman-Pearson lemma is only stated for simple hypotheses, where the parameter
space consists only of two points, it is possible to accomodate composite one-way hypotheses.
Specifically, for © C R, it is possible to extend the above result for testing hypotheses of the form
Hy: 0 <6y against Hy : 0 > 6y. In this case, we require that the densities satisfy an additional

property:

MLR Property Let © C R. The densities {f(- | 0) | § € O} are said to satisfy the monotone
likelihood ratio (MLR) property in the statistic 7'(X) if there exists a measur-
able function T : E — R such that, for any 6y,0; € © such that 6y < 61, there

exists an increasing function i : R — R, such that

Fl8) oo
P60y~ @)

for any z € E.

If the statistical model p admits a family of densities {f(-| @) | # € ©} with respect to the o-finite
measure v on (E,E) that satisfy the MLR property, then we can formulate a generalization of

the Neyman-Pearson lemma as follows:

Theorem 2.3 (Karlin-Rubin Theorem)
Let © =R and let ¥ be the associated Borel o-algebra on . Suppose {f(-|0) | 0 € ©} satisfies
the MLR property in the statistic 7'(X).

Consider testing Hg : 0 < 0y against Hy : 0 > 6. Let 6* be a test with rejection region R*
defined as

R ={z e E|T(z)>\}

for some A € R chosen so that (s« (6p) = a € (0,1). Then, the power function S« is an increasing

function on O, and §* is a uniformly powerful test with significance level a.

Proof) 6* has an Increasing Power Function

We first show that Bs- is an increasing function on ©. Choose any 8,0, € © such that
0y < ;. Then, by the MLR property, there exists an increasing function h: R — R
such that

f@ldy o
Fa a0y )

for any z € E. If x € R*, then T'(z) > A and the monotonicity of h shows us that

f@|61) > k- f(z|by),
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where k£ = h()). On the other hand, if x ¢ R*, then T'(z) < A and
f(x]01) <k-f(z|fo).

Define & = f5+(fp) and ¢ : E — [0,1] as ¢(z) = & for any x € E. Then, we can easily see
that

(0% (@) = ¢(@)] [ £ ] 61) k- (| 0)] 2 0
for any x € E; therefore,
0< /E [0 (@) = ¢(@)] [ £ | 61) k- (| )] dv(w)
= B+ (01) — &~k | B5+ (0o) — &] = B5+ (1) — &
It follows that
Bs+(00) = @ < Bs+(61).
This shows us that Ss« is an increasing function on ©. Consequently,
Bs+(0) < B+ (00) =

for any 6 < 6y, so that 6* is a test of level a.

6% is a UMP Test

Let 0 be any test with rejection region R € £ and significance level a. Choose any
01 > 0p. Then, by the MLR property, there exists an increasing function h: R — R
such that

for any z € E. If x € R*, then T'(z) > A, so that
f(@ [ 0r) = (T () f(x [ 00) > k- f(x|bo),
where k= h(\) > 0. On the other hand, if x ¢ R*, then T'(x) < X and similarly we get
f(x]61) <k-f(z]6bo).
As in the proof of the Neyman-Pearson lemma, note that this implies
[0"(x) = ()] [f(x | 61) — k- f(x | 60)] =0
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for any z € E. Integrating both sides with respect to v now yields

0< [ 15" @ =@ (S| 0) ~ k-S| 60)]do(a)

= Bs«(61) — Bs(01) — k[Bs= (60) — Bs(6o)]
= Bs+(01) — B5(01) — k[ — B5(00)] < Bs<(01) — B5(01).

Therefore,
B5(01) < Bs(61),

and since this holds for any 6, € ©1, §* is a uniformly most powerful test of Hy against

H, with significance level a.

Q.E.D.

As an application of the Karlin-Rubin theorem, consider a normally distributed random
sample X1,---, X, ~ N [u,aQ], where £ is unknown but ¢? is known. Suppose we want to test

the null hypothesis
Ho:p < po
against the alternative
Hy:p> po.
The likelihood ratio for two different values pg, 1 € R in this case is given as
i) (LS (=)
[z | po) 20° =
1 n
—eXP< 202;( Ml—ﬂo)fU))
n p—po [
22
= exp <_M(M1 —ng) + s (Z%)) -

=1

If p1 > po, then the right hand side is an increasing function of the sample mean T(X) =
" 1 X;, so that {f(-| ) | u € R} possesses the MLR property in X,,. It follows that a UMP

test of Hy against H; is the test * with rejection region
R ={z € E|T(z)>\}
for some A € R such that
Py, [X € R =«
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Since

where Z ~ N'[0,1], it follows that we must choose A € R so that it satisfies
A— Mo)
1-0 =
(Svm) ==

where @ is the standard normal distribution function. Letting z;_,, be the critical value satisfying

D(z1_0)=1—q,

it follows that the test that rejects the null hypothesis if

Xn_,U/O
o/v/n

whcih is just the standard z-test, is a uniformly most powerful test of Hy against H; with sig-

> 21—a;

nificance level .
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2.1.3 Asymptotic Tests and Consistency

In many cases, we are interested in asymptotic tests, since the finite sample properties of many
test statistics are unknown. In this case, an additional criterion called consistency comes in
handy when evaluating hypothesis tests. We first present a general framework for asymptotic
statistical problems that will arise repeatedly throughout the remainder of the text, and then

introduce some concepts related to the consistency of asymptotic tests.

Formally, consider a statistical decision problem ((0,4),A,L), where A ={0,1} and (©,9)
is our parameter space. The point of divergence from the finite-sample problem comes in the
form of the data, which is not given as a random variable but rather as a stochastic process.
Specifically, we let {X;};en, be our data, where each X; takes values in the measurable space
(E,&). The T-observation sample XT = (X1, -+, X7) is then a random vector taking values in
the product space (E,&)7.

For any T' € N, we assume that there exists a transition probability kernel pp from (0,9)
into (E,€)T that represents the statistical model for the T-observation sample. That is, for
any 6 € ©, ur(0,-) is the distribution of X7, Usually, we assume that there exists some sort of
ET ® F-measurable density fr of ur with respect to some o-finite measure on (E,£)7, as in the
finite-sample case above. This will come in handy when we study maximum likelihood methods

below. As usual, we define
By [(X7.0)] = [ f(a.0)ur(6.d)
ET
forany T € Ny, 0 €0, and f € (ET Q).

A test of the null hypothesis Hy: 0 € ©¢ against H; : 6 ¢ ©p is now given as a sequence
§={0r}ren, of measurable functions, where each 7 maps ET into {0,1} and has corresponding

rejection regeion Ry € ET. For any «a € (0,1), we say that J is an asymptotic level a test if

limsup sup Py [XT € RT} <a.
T—oo 0€0g
In other words, in asymptotic level « tests, the probability of incurring a type I error does not

exceed « in the limit.

An asymptotic level o test 6 = {<5T}T€N+ is said to be consistent under the alternative
Hy:0 =0 ¢ O if the probability of rejection under ¢ approaches 1 as the sample size goes to
infinity. This is what we mean when we say that a test has power against a specific alternative;
if the true parameter equals the value 0, in the alternative hypothesis, the test can tell that the
null is false as we gather more and more sample information.

Formally, ¢ is a consistent test under the alternative Hy : 6 =601 ¢ Oy if

liminf Py, (X" e Rr| =1.
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A closely related concept is that of divergence in probability. A sequence of real random
variables {Y7}7recn, is said to diverge in probability to +oo if, for any M >0,
liminf P (Y7 > M) =1.
T—o00
Likewise, {Y7}7en, diverges in probability to —oo if, for any M <0,
liminf P(Yr < M) =1.

T—o0

The following is a sufficient condition for divergence in probability:

Lemma 2.4 (Conditions for Divergence in Probability)

Let {Yr}ren . be a sequence of real random variables. The following hold true:

i) Let {ar}ren . a sequence of real numbers that increases to +occ. If there exists some € > 0
such that

lim P(Yr >e€) =1,

T—o0

then the sequence {arYr}ren, diverges in probability to +oo.

ii) Suppose there exist sequences {X7}ren, and {Zr}ren, of real random variables such
that X7 = O,(1) as T'— oo, Zr diverges in probability to +o00, and Y7 = X7+ Z7. Then,
Y7 diverges in probability to +oc.
Proof) i) Fix any M >0 and ¢ > 0. By assumption, there exists an N € N, such that
1-P(Yr>¢€)<d and ar> %
for any 7' > N. Since
{weQ|Yr(w)>et C{weQ|arYr(w) > M}
for any T'> N, it follows that
P(arYr > M) >P(Yr >¢€) >1-9,
or equivalently,

1—P(arYr > M) <9,
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for any T'> N. Such an N exists for any > 0, so by definition
lim IP)(CLTYT > M) =1.
T—o00

This in turn holds for any M > 0, so we have our desired result.

ii) Choose any € >0 and M > 0. By the definition of boundedness in probability,
there exists an Ng € Ny and a K > 0 such that

P (X7 < —K) <P(|X7| > K) < % for any T > Nj.

Likewise, by the definition of divergence in probability to 400, there exists an

N € N4 such that N > Ny and

P(Zr<M+K)< for any T'> N.

€
2
Forany T € Ny, Yr=Xpr+ Zr < M and X7 > —K imply
Ir<M-Xpr<M+K,
so that, for any T'> N,
PYr<M)=PHYr <M}n{Xyr>-K}H+P{Yr <M}n{Xr<—-K})
§P<ZT§M+K)+P(XT<—K)<§+§=6.
Such an N € N, exists for any € > 0, so
lim P(Yr <M)=0,
T—o00
or equivalently,

lim P(Yy > M) =1.
T—o00

This in turn holds for any M > 0, so Yr diverges in probability to +oc.

Q.E.D.
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To see how divergence in probability is useful for determining the consistency of asymptotic tests,
consider an asymptotic level « test 6 = {dr}ren . that is based on the sequence of real-valued test
statistics {Wr(XT)}ren,, as is usually the case. Assume furthermore that the T-observation

rejection region is given as
Ry ={z € ET | Wr(z) > ¢}
for some critical value ¢ > 0 that is invariant to the sample size. Then,
Py [XT € RT] =P, [WT(XT) > c]

for any 0 € © and T € N4, so that the test is consistent against the alternative Hy : 0 =60, ¢ ©
if

liminf P, [WT(XT) > c} —1.
T—o0

Since {Wr(XT)}ren . is a sequence of real random variables, a sufficient condition for consis-
tency is for {Wr(XT)}ren . to diverge in probability to +oco when the true parameter is 6,
that is,

liminf pr (01, {2 € BT | Wr(z) > }| =1.
T—00

Indeed, for all but a select few cases, this is how we verify the consistency of asymptotic tests

of interest.

46



2.2 Confidence Sets

A statistical decision problem closely related to hypothesis testing is described by ((©,1), A, L),
where the action space A is given as A = 2©, that is, as the collection of subsets of the parameter
space. In this case, we are estimating the unknown parameter of interest not through a single
point in the parameter space, as in point estimation, but as a set of values in the parameter
space. This type of problem is called set estimation, and letting X be the data taking values
in a measurable space (F,£) with statistical model u, the decision rules 0 : E — A are called
confidence sets.

Confidence sets can equivalently be seen, not as functions from E to 29, but as correspon-
dences from F to ©. As in the case of point estimation, we must impose measurability conditions
on confidence sets for the treatments below to be sensible. To this end, we let (0,p) be a com-
plete and separable metric space, and define the collection of confidence sets D as the collection

of all correspondences C': E — © such that:

1. Are non-empty and closed valued.

2. For any 0 € O,
CH0):={z € E|0cC(x)}

is a non-empty and closed set.

The second condition is analogous to the definition of measurability for functions, and is required
for the coverage probability of confidence sets to be well-defined.

Given the set estimation problem, let C': E'— © be a confidence set. Let g(6) be our param-
eter of interest. The probability

Po[g(8) € C(X)] = u(X € C™1(g(6)),0)

is called the coverage probability of C'(X) at the parameter 6 € ©; note that this value is well-
defined by our definition of measurability.

We say that the confidence set C' for the parameter g() has confidence level 1 —a if
. S 1—a
infPslg(6) € C(X)]21-a

In this case, C(X) is called a confidence set with level 1— a.
There is a close relationship between confidence sets of level 1 —a and hypothesis tests with
significance level a. Indeed, this is how most confidence sets are recovered; as inversions of test

statistics.
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Theorem 2.5 (Test Inversion Theorem)

Let (0,p) and (E,d) be complete and separable metric spaces with corresponding Borel o-
algebras ¥ and £. For any confidence set C': E — O of level 1 — «, define the correspondence
N:©—F as

N@O)=C10)={z e E|0eCa)}

for any 6 € ©. Then, N is a measurable correspondence, that is, it is a non-empty closed valued
correspondence such that N~ (z) = {0 € © | x € N(0)} is a closed subset of ©. Furthermore, for
any 0y € ©, N ()¢ is the rejection region for a level « test of Hy : 6 = 0 against the alternative
Hy:0#6,.

Conversely, let there be a measurable correspondence N : © — E such that, for any 6y € O,
N(60p)¢ is the rejection region of a level « test of the null Hy : § = 6y against the alternative
Hj : 0 +# 6y. Then, the correspondence C : E — O defined as

Cx)=N1'z)={#cO|2eN@®H)} e

for any z € E is a level 1 — « confidence set.

Proof) Confidence Set — Hypothesis Test

First, suppose that C': E — O is a confidence set with level 1 —«a, and define the
correspondence N : © — F as

N@O) =CY0):={zcFE|0cC(z)}

for any 6 € ©. Since C~1(f) is non-empty and closed for any § € © by the measurability
of C', N is a non-empty and closed valued correspondence. Now fix x € F and consider

the inverse image
Nl z)={0cO|2ec N(@®H)}.

It is easy to see that N~!(z) = C(x). If € C(x), then z € N () by definition, so that 0 €
N~1(z); on the other hand, if § € N~!(z), then € N () and thus 6 € C(z). Since C(x)

is non-empty and closed, so is N~!(x), which makes N a measurable correspondence.

Now choose any 6y € O, and let §y be a test for Hy against H; with rejection region
N (60p)¢. We now have

Py, [X € N(00)°] = Py, | X € C~(80)"]
=1-Pg, [X €C(B)] <1-(1-a)=a,

where the inequality follows becauase C' is a level 1 — « confidence set. This shows us
that N (6p)¢ is the rejection region for a level « test of Hy: 6 = 0y against Hy : 6 # 6.
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Hypothesis Test —Confidence Set

Conversely, suppose that N : © — E is a measurable correspondence such that, for any
0o € ©, N(6p)¢ is the rejection region of a level a test of the null Hy: g(0) = g(6p)
against the alternative Hj : g(0) # g(6p). Define C': E — © as

C(x)=N"Yz):={0cO|zeN(@®))}

for any « € E. That C is a measurable correspondence follows in much the same way
as in the previous direction by noting that C~1(#) = N(6) for any 6 € ©. Thus, we only

show that C is a level 1 — « confidence set.

To this end, note that
Pgo [X S N(GO)C] <a«a

for any 0y € O, since N (6p)€ is the rejection region of a level « test of Hy : 0 = 6 against
Hy : 0 +# 6. Since

C~1(60) = N(60),
we have

Py, [0 € C(X)] =Py, [X € C7}(00)]
:]P)go [X S N(Go)] = 1—P90 [X S N(@o)c] >1—a.

“lf ]P)e 9( e X > 1 —

and C becomes a level 1 — « confidence set.

Q.E.D.

This theorem demonstrates how the problem of constructing a confidence set is in many ways
the dual of hypothesis testing. Given a confidence set C': E — O, the correspondence N : © —» F
defined as N () = C~1(0) for any 6 € © is thus referred to as the dual acceptance regions of C;
likewise, given the acceptance regions N, the corresponding confidence set C' is called the dual

confidence set of N.
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2.2.1 Evaluating Confidence Sets

So far, we have not yet talked about the third component of a set estimation problem, the loss
function. Consider a set estimation problem characterized by ((©,4),2°, L) with data X taking
values in the measurable space (F,£) with statistical model p. When O is a subspace of some
euclidean space R¢ and ¥ is the corresponding Borel o-algebra, the loss function L penalizes the
length, or more generally, volume, of confidence sets under consideration. Formally, we restrict

our attention to confidence sets C : E — © such that the mapping

(9,1‘) — 1071(9) (:L')

is measurable with respect to the product o-algebra on © x E; denote the collection of such
confidence sets by D. This is a technical assumption meant to facilitate the upcoming analysis,
and is usually satisfied by confidence intervals and confidence sets in euclidean space.

Letting A be the Lebesgue measure on R?, the loss function L : ¢ — R is defined as

for any C' € 9. That is, the loss given a measurable set C' in the parameter space is simply the
volume of that set with respect to the Lebesgue measure. The risk associated with a confidence

set C' € D then becomes the expected volume
R(C.0) =Eg [L(C(X))]

of C for any parameter 6 € ©. Letting N : © — E be the dual acceptance region of C, for any
0o € O let dp, be the test for Hy : § = 6y against H; : 6 # 6y with rejection region N (6y)¢. Then,

since we can write
LX) = [ I (X)do = [ (1=00(X)) b,

where the integral form follows from the assumed measurability for confidence sets in D, an

applicaiton of Fubini’s theorem shows us that

R(C.60) = Bay ILCOX)) = [ ([ (1= 0(a))d0 ) 0, 0)

= / (1—Bo(00))do
o

for any 6y € ©, where By : © — [0,1] is the power function corresponding to the test dg. In other
words, there is a close relationship between the risk associated with a confidence set and the
power function of the hypothesis tests that are dual to it. We can exploit this relationship to

find optimal confidence sets:
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Theorem 2.6 (Pratt’s Theorem)

Let (0,p) and (E,d) be complete and separable metric spaces with corresponding Borel o-

algebras ¢ and €. Assume in addition that © is a subset of some euclidean space R?. Let C* € D

be a level 1 — « confidence set with dual acceptance regions N* : © — E. Fix some 0, € O.
Suppose that, for any 6y # 61, the test d; with rejection region N *(00)¢ is a UMP level «

test of Hy: 0 =0y against Hj : = 61, and that the risk R(C*,0;) is finite. Then, C* achieves

the minimum expected volume under #; among confidence sets with level 1 — ¢, that is, for any

confidence set C' € D with level 1 —q,

R(C",01) = Eyg, [L(C™(X))] < Ey, [L(C(X))] = R(C,01).

Proof) Let C be a level 1 —« confidence set in D, and let N : © — E be its dual acceptance
region. For any 6y € O, define dy, as the test for Hy : 0 = 6y against H; : 0 # 6y with
rejection region N(0p)¢. By the test inversion theorem, each dg, has level a. For any

Ao # 61, by assumption,

Bo, (01) < Bg, (01),

where By, and [ are the power functions of the tests dg, and dg . By the remark

preceding the statement of the theorem,

R(C*,0,) = /@(1—55(91))619
and

R(C.00) = [ (1= Bal0)a0.

We showed above that (;(01) > By(61) almost for Lebesgue-almost every 6 € ©.

If R(C,0,) = oo, then the theorem follows trivially. Suppose R(C,6;) < +00. Since
R(C*,01) < 400 as well by assumption, we have

R(C,01) — R(C*,01) = /e (B5(61) — Bo(61)) d0 > 0,

which shows us that

R(C™,61) < R(C,61).

Q.E.D.
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Chapter 3

The Asymptotics of Extremum

Estimators

3.1 Existence of Extremum Estimators

We consider the following basic setting. Let {Y;}:cz be an n-dimensional time series that rep-
resents the data available to us; we understand Y; to include both the dependent variable of
interest alongside any exogenous variables or instruments. Let the parameter of interest be 6,
which takes values in an arbitrary metric space (©,d). This allows us to not only take real valued
vectors as our parameters, but also (if needed) functions and more abstract mathematical ob-
jects as parameters as well. Our goal is to estimate 0; one general way of doing so is to consider
extremum estimators, or estimators that are found as solutions to optimization problems.

The idea is to find, as the estimator of 0, a value that minimizes some loss function. Generally,
we consider objective functions of the form @ : Q2 x © — R, where Q(-,0) is dependent on the data
in some arbitrary manner, with the only restriction being that Q(-,0) must be a real random

variable. The extremum estimator is then found as the function 6 :  — © such that

0(w) = argmax Q(w,0)
0cO
for any w € €.

Two problems immediately present themselves. First, there may be w € € for which the
maximizer does not exist; in this case, we want 0 to exist almost surely at least asymptotically
as the sample size T — oco. Second, even if 0 exists on Q in a sufficiently tractable manner, it
may not be measurable. There are theorems that show how requiring ) to be continuous in 6
allows us to find a measurable extremum estimator, but here we take a different approach.

In most applications, we search for a sequence {éT}Te N, of estimators, where each Or de-
pends only on the data up to the Tth observation. In the case of time series, where using only
the information available up to a certain period of time is important, this becomes an important
consideration. Therefore, instead of specifying the objective function in an abstract manner as

above, we could think of objective functions of the form Q7 : R*” x © — R. In this case, letting
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A

01 (y) be the solution to the problem

max Qr(y,0)

for any y € R*7, éT(Yl, -+, Y7) becomes the extremum estimator such that éT(Yl(w), <, Yr(w))

solves the maximization problem

Igleaé( Qr(Y1(w), -+, Yr(w),0)

for any w € . This formulation makes clear the dependence of the extremum estimator on the
first T' sample observations Y7,---,Yr, and reduces the problem of the measurability of the ex-
tremum estimator to establishing the measurability of the function . The following theorem

establishes sufficient conditions for this to be the case:

Theorem 3.1 (Existence and Measurability of Extremum Estimators)

Let {Y;}iez be a sequence of random variables taking values in the measurable space (E,E),
where F is a topological space and £ the corresponding Borel o-algebra. Furthermore, let (©,d)
be a compact metric space, and Q7 : ET x © — R a continuous function on ET x ©. Then, there

exists a Borel measurable function éT : ET — O such that

Qr(Yi, -, Yr | Or(Y1,---,Y7)) :Ieneaé(QT(Yla'“ Y7 |0).

If, in addition, © is a non-empty convex subset of some euclidean space R™ and Qr(y1,---,yr | -)
is a strictly concave function on © for any (yi,---,yr) € ET, then fr is a continuous function
on ET.

Proof) The result follows from a simple application of Berge’s maximum theorem. Define the
correspondence I': ET — © as I'(y) = © for any y € ET. Then, T is a non-empty, compact
valued and continuous correspondence, and we can now consider the maximization

problem

0
pnax Qr(y,0)

for any y € ET. Defining the value function v : E7 — [—00,400] of this problem as

v(y) = sup Qr(y,0)
o€l (y)

and the correspondence of maximizers G : ET — © as

G(y) ={0eT(y) | Qr(y,0) = v(y)}

for any y € ET, Berge’s maximum theorem now tells us that v is real valued and
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continuous, and that G is a non-empty compact valued and upper hemicontinuous cor-
respondence. Since © is a complete and separable metric space (all compact spaces
are complete and separable) and G is a non-empty closed valued and upper hemicon-
tinuous correpsondence, the measurable selection theorem now shows us that there
exists a Borel measurable function 67 : ET — © such that O7(y) € G(y) for any y € ET.
Therefore, for any y € ET,

0 = 0
Qr(y,0r(y)) Igleaé(QT(y; )
and since the random vector (Y7,---,Y7) takes values in E7,

Qr(Yi,+, Yy | 0r(Ya, -, Yr)) = maxQr(Y, -+, Yr | 0)

everywhere on the sample space €.

Suppose in addition that © is a non-empty convex subset of R™ and that the mapping
0+ Qr(y | 0) is strictly concave for any y € ET. Then, the correspondence G of maxi-
mizers is single-valued; to see this, suppose G(y) is not single-valued for some y € ET,
so that there exist distinct 61,0 € G(y) such that 1 # 6. Then, choosing A =1 € (0,1),

by strict concavity
AQr(y [01)+(1=NQr(y | b2) <Qr(y | A1+ (1—A)b2),
where A1 + (1 — \)f, € © by the convexity of ©. Furthermore, since 601,05 € G(y),
Qr(y[61) =Qr(y | 02) = v(y),
so we have
v(y) <Qr(y [ A1+ (1—A)f2).

This contradicts the definition of the value function, so it must be the case that G(y)
contains at most one element; G is non-empty valued, so G(y) is a singleton, and since
this holds for any y € ET, G is single-valued. We saw above from Berge’s theorem that G
is upper hemicontinuous. As such, letting 67 : ET — © be chosen so that G(y) = {07 (y)}

for any y € ET, O7 is a continuous function on ET that satisfies

Qr(y | 0r(y)) =v(y)

for any y € ET.

Q.E.D.
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The measurability of the extremum estimator follows because éT(H,--- ,Y7) is the com-
position of two measurable functions and measurability is preserved across compositions. The
measurabiltiy of the extremum estimator is generally not a concern, since, as noted in Newey and
Macfadden (1994), if the maximizer is non-measurable then we can usually take the underlying
probability measure to be an outer measure, which can assign values to any subset of the sample
space and therefore allows us to circumvent the measurability concern. However, in some cases
the properties of the underyling probability space is very important, for instance when we are
dealing with time series data and want to interpret o-algebras on €2 as representing the flow of
information over time. In this case, ensuring that the extremum estimator is measurable with
respect to a certain o-algebra proves essential, and it is in these contexts that the theorem above
shines.

Note also that the above result ensures that the extremum estimator éT(Yl,--- JY7) is a
global maximizer of the objective function everywhere on the sample space, which is a very
storng result that follows from the very strong assumptions that we imposed on the objective
function (continuity) and the parameter space (0). It is possible to relax these assumptions and
obtain more general results; for instance, as in the general case, we can take the objective func-
tion to be a measurable function on Q x © instead of a continuous function on ET x ©, or we can
impose conditions other than compactness on O that ensures the (almost sure) existence of a
solution to the maximization problem. For the moment, however, we work under these generally

innocuous assumptions.
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3.2 Uniform Convergence in Probability

Newey and Macfadden (1994) furnish sufficient conditions for any extremum estimator to be
consistent and asymptotic normality for the parameter of interest. One of the core conditions is
uniform convergence in probability. The exposition in this section is based on Newey (1991).

Formally, let (©,1) some measurable space. We consider sequences of stochastic processes
{Q7(0)}oco with index set © and common state space (E,E).

Note that we do not require @ to be a random function taking values in the space of real
functions on O, since this is stronger than necessary. In general, there does not exist a random
function corresponding to a stochastic process, and vice versa'. In the special case that © is a
compact topological space, (E,€) is a euclidean space and {Q7(0)}gce has continuous paths,
there exists a unique random function Q7', taking values in the continuous function space C(0, F)
with the supremum norm, corresponding to {Qr(0)}gco.

Let (E,d) be a metric space and &£ the associated Borel o-algebra. In this case, a sequence
{{Q7(0)}oco }ren, of real valued stochastic processes in (F,&) is said to converge uniformly in

probability to some stochastic process {Q(0)}gco, also in (E,E), if

1) For any T € Ny,

sup d(Qr(0),Q(0))

0cO

is a well-defined non-negative random variable, and

2) The supremum converges in probability to 0, that is,

sup d(Qr(0),Q(0)) % 0.
6O

We now study the two conditions above in turn.

LA stochastic process corresponding to a random function @) taking values in the space Fg_, g is defined as
the process {q(0)}pco with state spce (E,&) such that ¢() is the mapping w — [Q(w)](0).

Conversely, a random function corresponding to a stochastic process {¢(#)}yco with state space (E,E) is the
mapping Q : Q — Fo_, g such that Q(w) is the mapping 0 — [¢(0)](w).
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3.2.1 The Measurability Problem

The measurability condition is cumbersome to verify in every context, since the supremum can
be taken over an uncountable set. Fortunately, there exist simple sufficient conditions that en-

sure the measurability of the supremum above.

Lemma 3.2 Let (©,7) be a topological space and (E,d) a metric space, with corresponding
Borel o-algebras ¢ and €. Consider two stochastic processes {Q(0)}oco and {S(0)}gco with
state space (F,£). If © and E are separable, that is, if it they have countable dense subsets, and
{Q(0)}oco and {S(0)}pco have continuous paths, then

sup d(Q(0),5(0))
0cO

is a non-negative random variable.

Proof) First, the separability of (F,d) tells us that, for any 6 € ©, the distance

is a non-negative random variable. Furthermore, given any w € §2, because the map-
pings d: E? — R and 0 — ([Q(0)](w),[S()](w)) are continuous (the processes @ and
S have continuous paths), the mapping 6 — [X(6)](w) is continuous. In other words,

{X(0)}geco is a stochastic process taking values in [0,+oc] with continuous paths.

Now define the mapping Y : 2 — [0, 400] as
Y =sup d(Q(0),S5(0)) =sup X ().
0cO 0cO

Let ©g be a countable dense subset of ©. By definition,

Yo = sup X(0) <supX(#)=Y.
[ZSISH) ISC]
Suppose, for some w € €2, that
Yo(w) <Y (w).
Then, there exists a 0* € ©\ ©¢ such that

Yo(w) < [X(07))(w).

Let € = [X(6%)](w) — Yo(w) > 0. By the continuity of the paths of {X(0)}gco, there
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exists a neighborhood U around 6* such that
[[X(09))(w) = [X(O)](w)| <,
and in particular
Yo(w) < [X(0)](w)
for any 6 € U. Since O is dense in ©, there must exist a #/ € UN E; by implication,

Yo(w) = sup [X(0)](w) < [X(0')](w).
[ASISH
This contradicts the definition of the supremum as an upper bound, so it must be the
case that Yo =Y everywhere on (2. Finally, since ©g is countable, and measurability is

preserved across countable supremums, Y; and as such Y is a random variable.

Q.E.D.

In light of the preceding lemma, we can now reformulate uniform convergence in probability
in terms of stochastic processes on separable metric spaces with continuous paths on separable
topological spaces. Formally, letting (©,7) be a separable topological space and (E,d) a sepa-
rable metric space, we say that a sequence {{Q7(0)}gco}recn, of stochastic processes taking
values in F with continuous paths converges uniformly in probability to some stochastic process

{Q(0)}yco, also in E with continuous paths, if

sup d(Qr(0),Q(0)) & 0.

0cO

o8



3.2.2 Characterization of Uniform Convergence in Probability

Now that we have dealt with the measurability problem, we want to search for necessary and
sufficient conditions for uniform convergence in probability. Let (0,v) be a measurable space
and (F,d) a metric space. We abstract from measurability issues at this time.

Recall that, given a sequence {f,}nen, on the continuous function space C(E,F), where
(E,p) is a compact metric space and F'=R" or C, {f,}nen, has a uniformly convergent subse-
quence if and only if {f,}nen, is pointwise bounded and uniformly equicontinuous on E; this
is the content of the Arzela-Ascoli theorem. Here, we say { f, }nen, is uniformly equicontinuous

if, for any € > 0 there exists a § > 0 such that

sup  sup | fn(z) — fu(y)] <e.
neNy p(z,y)<é
Similarly, it turns out that a sequence {{Q7(0)}sco }Ten, of stochastic processes to conver-
gence uniformly in probability if and only if it converges pointwise and is stochastically equicon-
tinuous, given that © is compact. We say {{Q1(0)}oco}ren, is stochastically equicontinous
if:

For any 6 € © and €, > 0, there exists a constant N(e,7), a sequence of non-negative
random variables {Ar(e,n)}ren, , and a neighborhood U(6,¢€,m) of § such that, for any
T = N(en)

P(A7(e,n) >€) <7
and

sup  d(Qr(0),Qr(0")) < Ar(e,n).
0'eU(0,e,n)

The formal characterization of uniform convergence in probability is given below. It makes clever
use of the assumed compactness of the parameter space and reduces the problem of uniform
convergence over a (possibly) uncountable parameter space to that of pointwise convergence

over a finite number of parameters.

99



Theorem 3.3 (Characterization of Uniform Convergence in Probability)
Let (©,7) be a topological space and (E,d) a metric space, with corresponding Borel o-algebras
¥ and &. Let {{Q7(0)}oco }ren, be a sequence of stochastic processes taking values in E, and

{Qr}ren, asequence of (non-random) functions from © to E. Assume the following:

i) For any T' € Ny,

sup d(Qr(8),Q7(0))

0cO

is a non-negative random variable.
ii) © is compact.
iii) {Q7}ren, is equicontinuous on ©.

Then,

sup d(Qr(0),Qr(0)) 50
6cO

if and only if {{Q7(0)}sco }Ten, is stochastically equicontinuous and
d(Qr(9),Qr(6)) =0

pointwise for any 6 € ©.

Proof) Define Rr(6) = d(Qr(6),Q7(0)) for any T € N and 6 € ©. We first prove a preliminary

result, namely that

{{Q7(0)}oco }ren, is stochastically equicontinuous if and only if {{R7(0) }oco }ren,

is stochastically equicontinuous.

Proof of Preliminary Result

First, suppose that {{Q7(0)}eco }Ten, is stochastically equicontinuous. Then, by def-
inition, for any €,7 > 0 and 6 € © there exists a constant N(e/2,7), a sequence of
non-negative random variable {Ar(e/2,7)}7recn, , and a neighborhood U(6,€/2,n) of 0
such that, for any T'> N(e,n)

P <AT(6/2,77) > ;) <

and

sup  d(Qr(9),Qr(0)) < Ar(e/2,m).
0eU(0.6/2,)
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By the equicontinuity of {QT}T€N+7 for any 6 € © there exists a neighborhood V' (0,¢/2,n) C
U(0,€¢/2,m) of O such that

sup sup  d(Qr(0),Qr()) < 5.
TENL '€V (0,¢/2,m)

Now fix T'> N(e/2,n). Since
[Re(6) = Rr(0)] = |d(Qr(0),Qr(8)) — d(Qr(6),Qr(9")
< d(Qr(6),Q7(0")) +d(Qr(0),Qr(0"))

for any 6,0’ € ©, we can see that

sup  |Rp(0)—Rr(0)| < sup  d(Qr(9),Qr(¢)+ sup  d(Qr(F),Qr(d))
0'cV(0,¢/2.1) 0'cV(0,e/2,m) 0'cU(0,¢/2,m)

< Ar(e/2.m)+3.
In addition,
P (AT(G/Q,n) TR e) —P(Ap(e/2.m) > €/2) <.
As such, {{R7(0)}gco }Ten, can be seen to be stochastically equicontinuous by setting

Alr(en) = Ar(e/2,0) + 3,
N'(e,n) = N(e/2,m)
U’(G,e,n) =V (0,¢,1m)

for any ¢,n >0 and 6 € O.

Conversely, suppose {{R7(0)}sco }Ten, is stochastically equicontinuous. Then, for any
e,n >0 and 0 € O, there exists a constant N(e/2,n) € N4, a sequence of non-negative
random variables {A7(e/2,m)}ren,, and a neighborhood U(#,€/2,n) around 6 such
that, for any T'> N(e/2,n),

P (AT(6/2777) > ;) <
and

sup  |Rp(9) — Rp(0)] < Ar(e/2,m).
0'cU(0,e/2,m)

The equicontinuity of {Q7}ren . again tells us that there exists a neighborhood V'(,¢€,m) C
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U(0,¢/2,m) of O such that

~ ~ €
sup sup  d(Qr(0),Q7(0)) < 5
TeNL 0'eV(0,e,m)

As above, fix T'> N(€e/2,n). Then,
A(Qr(9),Qr(9)) < |d(Qr(8),Qr(9)) — d(Qr(8), Qr(6")| +d(Qr(9),Qr(9))
=|Rp(0) — Rp(0")|+d(Qr(9),Qr(6))

for any 6,0’ € ©, so that

sup  d(Qr(0),Qr(¢) <  sup  |Rp(d)—Rp(¢)|+ sup  d(Qr(6),Qr(d))
0'eV(0,e,m) 0'eU(0,e/2,m) 0'eV(0,e,m)

< Ar(e/2m)+ 5.
Since
P(Ar(e/2n)+ 5 > ¢) =P(Ar(e/2n) > ¢/2) <1,

as above {{Q7(0)}sco }Ten, is stochastically equicontinuous under the values

€
A/T<6777> = AT(€/27T]> + 57

N'(e,n) = N(e/2,n)
U'0,e,m) =V (0,¢,7m)

for any ¢,n >0 and 6 € O.

Equicontinuity & Pointwise Convergence — Uniform Con-
vergence

Suppose {{Q1(0)}oco }Ten, is stochastically equicontinuous and

d(Qr(0),Qr(0)) 2 0

as T — oo for any 8 € ©. Choose any § > 0; we want to show that
lim P (sup d(Qr(9),Qr(0)) > 5) =0.
T—o00 PcO

By what we just proved above, {{R7(0)}¢co }Ten, is also stohastically equicontinuous,

so that, for any n > 0 and 6 € O, there exists a constant N(6/2,n) € N4, a sequence of
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non-negative random variables {AT(5/2,T])}TGN+ and a neighborhood U(6,5/2,7) of 6
such that, for any T'> N(§/2,7),

1)
P (AT(5/2777) > 2) <
and

sup |RT(¢9) — RT(G/)‘ < AT((s/Q,T]).
0'eU(0,6/2,m)

Consider the open cover {U(6,6/2,n)}gco of ©. By the compactness of O, there exists

a finite subcover

{U(0176/2777)7"' 7U(9J75/2777)}

of ©. If

NGRS

Rr(0;) <

for any 1 < j < J, then for any 6 € O, since § € U(6;,0/2,n) for some 1 < j <J by the

fact that the above finite collection covers ©, and we have

Rr(0) < Rr(0;) + |Rr(0) — Rr(6;)]
< Rr(0;)+  sup |Rr(6) — Rr(0)]

0'cU(0,6/2.m)
It follows that

)
supRr(0) < =+ Ar(d/2,n).
9co 2

If, in addition, Ap(d6/2,n) < %, we can see that

Therefore,

By implication,

P (supRT(H) > (5) <
0cO

3P (RT(ej) > g) +P (AT(6/2,77) > g) .
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For any T'> N(6/2,7),

and Rrp(6;) 20 for any 1 < j < J, so taking T'— co on both sides shows us that

limsup P (sup Rr(6) > 5) <.
T—o0 0cO

Finally, this holds for any n > 0, so it follows that
lim P (supRT(é?) > 5) =0,
T—o0 0cO

which is exactly the desired result.

Uniform Convergence — Equicontinuity & Pointwise Con-
vergence

Now suppose that

sup Ry (6) 2 0.
0O

Pointwise convergence follows trivially, since Rp(6') < supycg Rr(0) for any 0’ € ©.
To show equicontinuity, it suffices, in light of the preliminary result, to show that
{{Rr(9)}oco }Ten. is stochastically equicontinuous. Choose any €, > 0 and 6 € ©. By
the definition of convergence in probability, there exists an N(e,n) € Ny such that

P <supRT(9) > 26) <.
0co

for any T'> N(e,n). Define

Ar(e,n) =2-sup Rp(0)
6cO

U(f,¢e,m) = 0O.
Then, for any T' > N(e,n), we have

P (Ar(en) >€) <n,
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and

sup  |Rp(0) — Rr(0')] < 2-sup Rr(0') < Ar(e,n).
0’cU(6,¢e,m) 0'cO

This holds for any €, >0 and 0 € ©, so by definition {{R7(f)}¢co }Ten, is stochasti-

cally equicontinuous.

Q.E.D.

In light of the lemma on measurability, we immediately have the following corollary:

Corollary to Theorem 3.3 Let (O, 7) be a separable topological space and (E,d) a separable
metric space, with corresponding Borel o-algebras ¥ and £. Let {{Q7(0) }oco }en, be a sequence
of stochastic processes with continuous paths taking values in F/, and {QT}TG N, a sequence of

(non-random) functions from © to E. Assume the following:
i) © is compact.

ii) {Qr}ren, is equicontinuous on ©.

Then,

sup d(Qr(6),Qr(6)) 50
0cO

if and only if {{Q7(0)}sco }Ten, is stochastically equicontinuous and
d(Qr(6),Qr(0)) >0

pointwise for any 6 € ©.

Proof) Since {Qr}ren . is equicontinuous on O, it follows trivially that each Qr is continuous
on ©, so that we can treat {{Q7(0)}seco}ren, as a sequence of degenerate stochastic
processes with continuous paths. Under the separability of © and F, along with the
continuity of the paths of the stochastic processes in question, we noted in the lemma
above that

sup d(Qr(0),Qr(0))

0cO

is a non-negative random variable for any 7' € N . The rest of the corollary then follows

from the preceding characterization theorem.

Q.E.D.
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3.2.3 Uniform Weak Laws of Large Numbers

We can apply the characterization theorem above to obtain sufficient conditions for uniform
weak law of large numbers. Let {Y;}icz be a sequence of random variables taking values in
(E,E) and {g;}ten, a sequence of real matrix-valued functions on E x ©. We say that {g; }sen,
satisfies a uniform WLLN if

T T

%th(yiﬁ) —;ZE[%(Ytﬁ)]H 0,

t=1 t=1

sup
0cO

where the expectations are well-defined and the term on the left hand side is a non-negative ran-
dom variable. We furnish sufficient conditions for a more general version of the uniform WLLN
to hold below, one that is more suited for non-i.i.d. data that are often encountered in the time

series literature.

Theorem 3.4 (Uniform WLLN)
Let (©,p) and (E,d) be separable metric spaces, with corresponding Borel o-algebras ¥ and €.

Let {Y;}iez be a sequence of random variables taking values in E, and {g;}/en, a sequence of

RmXTL

functions from F X © to . Assume the following:

i) © is compact.
ii) g: 0 — R™*" is a continuous function on O.

iii) There exists a sequence {b; };en, of real non-negative measurable functions on £ such that

1 I
szt(yt) =0,(1) asT — oo.
t=1

iv) g; is Lipschitz in the following sense: there exists a measurable function h: Ry — Ry that

is continuous at 0 such that h(0) =0 and, for any t € Ny,

l9¢(y,0) — ge(y,0")|| < be(y)-h(p(0,6"))

for any (y,0),(y,0') € E x O.

v) We have pointwise convergence:

1 T
t=1

as T — oo pointwise for any 6 € ©.
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Then, we have the uniform WLLN

sup 0.

0coO

th (Y2,0) —g(0)]| =

Proof) We define the sequence {{Q7(0)}sco}ren, of stochastic processes taking values in
R™ ™ as

L T
= ngt(ytﬁ)
t=1

for any T € Ni and 6 € ©. The Lipschitz condition on each g, shows us that each
{Q7(0)}sco has continuous paths. Similarly, define the sequence {Br}recn, of non-

negative random variables as

1z
==Y bi(Yr).
=
Finally, we define the sequence {Q7}7ren . of non-random functions on © as

for any 7€ N4 and 6 € O. Since g is a continuous function on the compcat set O,
it is uniformly continuous on ©; and it follows that {Qr}7c N, is an equicontinuous

sequence of functions on ©.

In light of the corollary to the characterization theorem, the desired result will follow
if we can show that {{Q7(0)}sco}ren, is stochastically equicontinuous. We first rely
on the Lipschitz property to see that, for any T'€ N, and 6,6’ € ©,

1Qr(0) - Qr(0)]| < — ZHgt Y:,0) — g:(Y1,0")]|

(zm> 0(0.0)) = Br-h(p(6.0')).

By assumption, { Br }ren, is Op(1), so that, for any €,1 > 0, there exists an N(e,n) € N4
and an m(e,n) > 0 such that

P(Bp >m(e,n)-€) <n

67



for any T'> N (e,n) by the definition of boundedness in probability. Furthermore, by the
continuity of h at 0, there exists a d(e,n) > 0 such that h(d) < 5——— for any |d| < d(e,n).

2m(e,n)
Setting
Br
Ar(e,n) =
O = e
and
U(ea €, 77) = Bp(97 5(67 77))7
we can now see that, for any 7' > N(e,n),
P(Ar(e,n) >€) <n
and
sup  [Qr(0) = Qr(0)]| < = < Ag(ern).
0'eU(0,e,n) Qm(evn)

This holds for any €,7 >0 and 6 € ©, so by definition {{Q7(0)}sco }Ten, is stochas-
tically equicontinuous. We can see from the Lipschitz property that each {Q7(0)}gco

also has continuous paths, so by the corollary to the characterization theorem,

sup HQT(H) - QT(9)H 50,

which is equivalent to the claim that

sup 2.

1T
=) gt(Yy,0)—g(0
sup T;t(t )—g(0)

Q.E.D.

68



3.3 The Basic Consistency and Asymptotic Normality Theo-
rems
Based on the concept of uniform convergence in probability, we can now present the general

conditions for the consistency of extremum estimators:

Theorem 3.5 (The Basic Consistency Theorem)

Let (©,d) be a separable metric space, and {{QT(Q)}QE@}TE N, a sequence of real stochastic
processes with index set ©. Let {Qo(0) }sco be a real valued but non-stochastic process. Suppose
we have a sequence of extremum estimators {éT}Te N4, Where each éT is found as a solution to

the maximization problem

max Qr(0).

Assume that the following conditions hold:
i) © is a compact space.
ii) Qo is uniquely maximized at some 6y in the interior of ©.
iii) Qo is continuous on ©.

iv) {{QT(H)}QEQ}TGN+ converges uniformly in probability to @, that is,

sup|Qr(6) — Qo(6)| 5 0.
0O

Then, {éT}Te N, is consistent for fp, that is,

or 2 0,.

Proof Choose any € > 0. For any T' € N, since Or is the maximizer of QT on 6,

Qr(0r) > Qr(fr) — = > Qr(6o) — g

everywhere on ). Meanwhile, the uniform consistency result tells us that

Tlggo]?(’QT(éT)—Qo(éT)‘ > ;) =0

and

Jim P (‘QT(QO) —Qo(eo)‘ > > =0.
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Consider the event

Hr ={Qo(0r) > Qo(6) — €}

Since
A A A € A € A A A €
{Qr(0r) > Qr(00) — 5} 1 {Qr(00) > Qo(00) — 5} {Qo(0r) > Qr(6r) — 5
is contained in H, and the probability of this intersection increases to 1 as T' — oo, we
have
P (Hr) =P (Qo(0r) > Qo(0h) —€) — 1
as T'— oo.

Now choose any open ball U = B;(6y,0) around 6y; we can find such a § > 0 because
fp is in the interior of ©. Define ©* = ©NU¢; being a closed subset of a compact set,
©* is also compact. By the continuity of (), the extreme value theorem tells us that

there exists some 6* € ©* such that

Qo(e*) — max Qo(e)

fco*

Since 6* ¢ U, we have 0* # 6y. Qo is uniquely maximized at 6y, so we must have
Qo(0o) > Qo(6*). Defining € = Qo(0y) — Qo(0*) > 0, it follows that, if § € © satisfies

Qo(0) > Qo(bo) — e,

or equiavlently, Qo(0) > Q(6*), then we must have 6§ € U. In other words, for any ¢ > 0

small enough,
{Qo(fr) > Qo(6o) — €} C {d(0r,00) < 0},
so that
P (Qo(0r) > Qo(6) — €) <P (d(dr,60) < 9)
for any T' € N,. Taking T'— oo on both sides now shows us that

lim P (d(éT,eo) < 5) =1.

T—oo

It follows by definition that



Q.E.D.

Like the basic consistency theorem, we first furnish very general sufficient conditions for
asymptotic normality, and then apply it to obtain the asymptotic distribution of GMM estima-

tors and other extremum estimators. First, we require a preliminary lemma:

Lemma 3.6 (Inversion at the Limit)
Let {X7}7ren, be a sequence of n-dimensional random vectors, and {Wr}ren, a sequence of
n X n matrices. Suppose that there exists an n-dimensional random vector Y and a nonrandom,

nonsingular n x n matrix W such that

Yr=Wr - Xp 57
W B w.

Then,

Xr S wly,

Proof) Note initially that, because {Y7}ren, converges in distribution, it is bounded in prob-

ability, or Op(1). The claim above will follow from Slutsky’s theorem if
Yr—W-Xr 5o,

since in this case the fact that Y7 4y implies that W - X Ly by the first version of

Slutsky’s theorem, and by the second version of Slutsky’s theorem, we will have

Xr 4wy,

onXn
Choose any e > 0. Because the set of invertible n X n matrices R is an open set

with respect to the metric induced by the trace norm, there exists a d; > 0 such that
onxn

AeR for any A € R™*™ such that

|A—W] <.

onxn
Furthermore, since matrix inversion is a continuous operation on R | there exists a
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onXn
d2 > 0 such that, for any A€ R such that |A—W|| < o,
HA_l —W_IH <e.

It follows that, putting 6 = min(d;,d2) > 0, for any A € R™*" such that ||[A—W| <,

A1 exists and
[ <e
In particular, for such A,
a7 = am =wt o=t < e w2,

On the other hand, the fact that Y7 = O,(1) implies that there exists an M > 0 and
N € Ny such that, for any T'> N,

P(|YT| >M) <e€

Fix any n > 0. Then, for T'> N,

P(Yr =W -Xp|>n) =P{[Yr =W - Xr| >n}0{|[Wr - W| < 6})
+P{[Wr- Xp —W - Xp| > n} 0 {[|Wr —W|| > 6})

<B({|[z.—w-wit| vl > nf o (iwr - <))

+P([[Wr —W|[>9)

<p({Iwr-wi- w7 > L ntwe-wi< )
(

P([Yz| > M) +P([|[Wr — W] > d)

<P <{”WT W||>m}ﬂ{||WTW||§5}>
+P(|Yr| > M)+P(|Wpr—W| > )

Since W — W = 0,(1), taking T"— oo on both sides yields

limsupP(|Yr—W-Xp|>n) <e

T—o0
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This holds for any € > 0, so we can see that
lim P(|Yr—W . Xp|>n)=0,
T—00

and because n > 0 was chosen arbitrarily, Yy —W - Xp 2 o.

Q.E.D.

Now we are ready to prove the basic asymptotic normality result. It relies on the observation
that, if the objective function is differentiable, then any extremum estimator is actually the zero
of the gradient of the objective function. A mean value expansion of the gradient of the objective
function then allows us to recover the asymptotic distribution of the extremum estimator. Below
we state the general result for zero estimators, that is, the class of estimators that are obtained

as the solution to some system of equations.

Theorem 3.7 (Basic Asymptotic Normality Theorem)

Let © be a non-empty convex subset of R, and {Y;}+cz a sequence of random variables taking
values in the separable metric space (F,d) with corresponding Borel o-algebra £. Let {GT}TG Ny
be a sequence of m-dimensional continuous functions where each Gy is defined on ET x ©.
Suppose we have a sequence of zero estimators {éT()ﬁ, -+, Y1) }ren, , where each éT(Eﬁ, -~ Y7)

is the unique solution to the equation
Gr(Yis-,Yr [ 0r(Yi,-, Y1) = O
Suppose that the following conditions hold:

i) The zero estimator is consistent for the true parameter:

(Y1, Yr) B 6.

ii) 6y € ©°, that is, the true parameter value lies in the interior of the parameter space.
iii) G is continuously differentiable with respect to # on ©°.

iv) For some positive definite matrix X(6y) € R™*"™,

VT -Gr(Yi,--, Yz | 6) % N'[0,5(6)].
v) There exists a matrix-valued function H : © — R™*™ that is continuous and non-singular
at 6y, and is uniformly consistent for the Jacobian of Gr with respect to 6:

OGr(Y1,-- Y7 |0)
a0

2.

sup —H(0)

fco°
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Then, éT(Yl, -+, Yp) is asymptotically normal with rate of convergence T2
VT [0r(Y1, -+, Yr) = 05| 5 N[0, H(80) ' 5(60) H (60)' |
Furthermore, O7(Y7,---,Yr) has the asymptotic expansion

VT [0r(Y1, -+, Yr) = 09| = —H(00) VT Gr(Yi, -, Yr [ 09) + 0p(1).

Proof) Interiority of the Zero Estimator

0o lies in the interior of ©, so there exists an € > 0 such that B(fy,e) C ©. Since Or is

consistent for 6y, by definition
IP’(‘@}—H’ <€) —1
as T — oo; denoting
Ar ={we Q| lp(w) € ©°},

since {w € Q | ‘éT (w) — 0’ < €} C Ap, we can claim that the probability of Ap goes to
1 as T'— oo. This is also equivalent to saying that the indicator 14, converges to 1 in

probability. Define
07 =0r-Tap+60-Ia;,

for any T'€ Ny; {07}ren, is a sequence of random variables taking values in ©° such
that 6 5 6y.

Mean Value Expansion of the Zero Function

Note that the ith component C;'T,,- of Gr is a continuously differentiable real valued
function whose gradient we denote by VgCAJT,i(y,G) for any (y,0) € ET x ©°. By the

stochastic mean value theorem,
Cri(Yi, - Yo | 05) = Gri(Yi, -, Yo | 60) + VeGra(Y, - Yr | 09 (6% —0),
where

105 — 00| < 165~ 60,
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Taking T'— oo on both sides of the inequality above shows us that

This holds for any 1 <14 < m, so we can combine the results we have obtained so far to
see that

VQGT,l(Ylv'“ 7YT ’ é’%l))/
GT(}/D7YT|0;):GT(YD7YT|90)+ (9’}:_90)
VoGrm(Yi,-, Yr |07

Hrp
= Gr(Yi,,Yr | 00) + Lap Hr - (00 —00).
Rearragning terms and pre-multiplying by /T shows us that

Lay Hr VT 0 = 0o) = =VT-Gr(Yi, - Y | 00) + VT - Gr (Y1, Yr | 07).

Asymptotic Behavior of Components of Mean Value Expansion
We study each term in the mean value expansion in turn:

1. IATI:IT
For any 1 <7< m,

OGr(Y1,---,Yr | 6)
00

—H(0)|,

‘V@GTJ‘(Yl,“- ,YT ‘ ééz)) —Hz(ég))‘ S Gsu@p
e o

where H;(0) is the ith row of H(6) for any 6 € ©°. The right hand side goes to 0
in probability as T'— oo, while

Hi(0) & Hi(6o)

by the fact that 0~(Ti) 2 0y and the continuity of H at 6, so putting these results

together, we have
VoGri(Vi,--, Yr | 05)) B Hy(6).
This holds for any 1 <i <m, so
Hr % H(6p).
Finally, since 14, 21 and convergence in probability is preserved under arithmetic
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operations,

Ia Hr 5 H(6p).

2. VT-Gp(Y1,--,Yr | 63)
Observe that

Gr(Vi,--- Y7 |07) = Loy - Go(Ya,--- Y7 | Op) + Lac - Gr(Ya, -+, Y7 | o)
= (1=1Ia,)-Gr(Y1,-- Y7 | 60)

by the assumption that
Gr(Yi, Y7 | 01) = O
By the asymptotic normality assumption,
VT-Gr(Yr,--,Yr | p) = Op(1)
while 1 — 14, = 0,(1), which implies that

VT -Gr(Yi,--, Y | 05) = (1—1a,)-VTGr(Y1,---, Y7 | §0) = 0p(1).

3. VT-Gr(Y1,---,Yr | 6p)

This term is equal to
\/TGA!T(YD 7Yrt | 90)

by the definition of Gr.

Inverting at the Limit

Therefore, we can see that

Ly Hr VT [0 — 0] = =VT-Gr(Yi, -+, Y | 05) + 0,(1)
4 N[0,2(60)] .

by Slutsky’s theorem. Finally, by the inversion lemma, we have

VT [0 — 60 5 N [0, H(60) ™ S(00) H (65) "]
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Asymptotic Expansion of 07

We just proved that /T [éT - 00} = Op(1), and because
HIATI:IT - H(GO)H 5o,
it follows that
H(00) VT [0r 0| = Lap Hr -v/T [0r = 0] = 0,(1)-
By implication,
H(00) VT [0 — 0] = —VT-Gr(Yi,+, Yr | 09) +0,(1),
and premultiplying both sides by H(fy)~! yields

VT [0r = 09| = —H(600) VT Gr(Yi, -+, Yr | 9) + 0,(1).

Q.E.D.
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3.4 The Asymptotics of GMM Estimation

Generalized method of moments (GMM) is a semi-parametric estimation method that extends
classical method of moments estimation. It is a method that estimates a finite number of pa-
rameters by minimizing the sample analogue of a set of population moment conditions that are

assumed to hold.

3.4.1 A Motivating Example

To motivate the use of GMM, consider the following example. Suppose we have a random sample
X1, -+, X, drawn from the Poisson distribution with parameter A > 0. One way to estimate the
parameter A is by finding the value of A that maximizes the joint likelihood of Xi,---, X,; this

is the maximum likelihood estimator of A, and it is given as the sample mean

. 1
AMLE = *ZXz'-
ni

Another way to estimate A is through the method of moments. Since A is the mean of a Poisson
distribution with parameter A, it follows that the sample observations satisfy the population

moment condition
E[X;] = A.

The sample analogue of this moment condition is given as

1 n
ﬁizlei—)\:O;

therefore, by the analogy principle, the method of moments estimator of A is given as

« 1&
A ==X,
nia

which in this case is the same as the MLE of .
However, the above moment condition is not the only one that we might use. Since the
variance of a Poisson random variable with parameter A is also equal to A\, we might consider

the moment condition
E|X?| -E[X,* =

The sample analogue of this moment condition is

1 13\’
ZX2—(ZXi> —A=0,
ni:l ' nz’:l
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but the method of moments estimator Ay does not satisfy this equation. Since both population
moment conditions are valid, what do we do in this case?

Here is where the generalized part of GMM comes into play. Suppose we choose some weight
w € (0,1) that represents the weight that we give to the first moment condition. In this case, we

want to make the weighted average

:w<ii§;){i—)\> +(1- w( ZX2 <71L§:1Xi>2—)\)2

of the two moment conditions as close to 0 as possible. The greater w, the more importance we
are assigning to matching the first moment condition. The value of A that minimizes the above
weighted average is called the GMM estimator of A.

Letting S\GM m be the GMM estimator of A, note that the first order condition for minimiza-
tion tells us that

A - 2
f%?(giwﬂ: ( ZX AGMM>—21 “’( ZXQ <;§X> _XGMM):O’

=1

solving which we obtain
1 1 1\
AGMM =W (ZXZ> +(1—w) |:ZX22— (ZXZ> ] .
s iz iz

Note how the resulting GMM estimator of A is a weighted average of the sample mean, which
matches the first moment condition, and the sample variance, which matches the second moment

condition.

3.4.2 A General Framework and Regularity Assumptions

To formalize the setting, let the parameter space © be a subset of the euclidean m-space R™, and

suppose the sample {Y; };cz takes values in the separable metric space (F,d) with corresponding

Borel o-algebra £. Suppose there exists a sequence of functions {g; }ez that maps E x © into
k¥ such that

E[g:(Y2,0)] = Okx1

for any t € Z. The sample analogue of this population moment condition is

1T
fzgt(Ytag) = Okx1-
t=1
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We want to find the value of 6 that solves this equation; if such a value exists, then it is the
classical method of moments estimator of 6.

If £ < m, that is, if there are more parameters of interest than moment conditions, then in
general there does not exist a solution to the above system of equations; therefore, for a method
of moments estimator to exist, it must be the case that k > m, so that there are at least as many
moment conditions as there are parameters.

If kK > m, then it could also be the case that there is no solution to the above system of
equations. However, the problem in this case is quite different from the case k < m; in the case
k > m, we could simply choose m moment conditions at random and find the method of moments
estimator of # that solves the chosen moment conditions. As such, the problem here is not one
of insufficient information. It is one where there is too much information, and where we require
a guide to help us choose which pieces of information to include in our estimator of 6.

In general, when k > m, we determine which moment conditions to value above the others
by choosing a sequence of positive semidefinite weighting matrices {Wr}ren, . Given a sample

of size T', then, we choose the value of # that maximizes the quadratic form

1 z ' 1z
p— tY;ﬁae W T tYVt79
(T;g( )> T<T;g( ))

with respect to 6. Here, W determines the weight that is assigned to each moment condition,
that is, which information to include and which to discard when constructing the GMM estima-
tor of 6.

Going forward, we will make the following regularity assumptions:

G1 : The Sample and Parameter Space
Let {Y;}+ez be a sample taking values in the separable metric space (E,d) with correspond-
ing Borel o-algebra £. Furthermore, let the parameter space © be a non-empty convex and
compact subset of R™. The true parameter 6, is assumed to be contained in the interior

©° of the parameter space.

G2 : Moment Conditions and Weighting Matrices
Suppose that there exists a sequence of functions {g; };cz on E x © into R*¥*1, where k > m,

such that E[g;(Y;,60)] is well-defined and time invariant for any 6 € ©, and

E [g:(Y:,00)] = Orxa1

for any t € Z. We call the functions g; moment functions.

Let there exist a sequence of continuous functions {Wrp}ren ., Where each Wy is defined

on ET and maps into the set of all positive semidefinite k x k matrices. We assume that
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there exists some positive definite non-random matrix W € R¥** such that

Wr (Y1, ,Yr) 5 W.

G3 : Continuity Properties of the Moment Functions

We assume that the functions {g; }+cz satisfy the following conditions:

— Consistency of Sample Moments

Defining ¢g: © — R* as
9(0) = E[g:(Yz,0)]
for any 6 € ©, g(-) is continuous on O and
1 T
t=1

pointwise for any 6 € ©.

— Lipschitz Continuity
There exists a measurable function h: Ry — R, that is continuous at 0 with h(0) =0

and a sequence {b;}¢cn, of non-negative measurable functions on £ such that
1 & )
lebt(Yt) =0,(1) asT — o0
t—

and

|9¢(y,0) — 9¢(y,7)| < be(y) - (10 =)

for any y € E and 0,y € O. In addition, g; is continuous on £ x O.

Note that, by Holder’s inequality,

I=

2

1Tby< 1TbY2
f; t(Ye) < f; (Y1) ]

so that &S/ b(Y;) = Op(1) as well.

G4 : Identification Condition
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Note that g(fy) = Orx1 because of the population moment conditions. We assume that

9(0) # Opa if 0 # 6.

These are the four properties that ensure the consistency of the GMM estimator, should it exist.
In particular, the identification condition, while seemingly innocuous, is the most important
assumption, since it characterizes the true parameter and makes it clear what our estimator is

estimating.

3.4.3 Consistency of the GMM Estimator and Identification

Here we show that the GMM estimator exists and is consistent for the true parameter, if it

exists. We also shed some more light on the exact meaning of the identification assumption.

Theorem 3.8 (Existence and Consistency of GMM Estimator)
Suppose that assumptions G1 to G4 hold. Then, there exists a sequence of functions {éT}Te Ny

such that each Or is maps E7 into © and éT(Yl, -++,Yr) solves the minimization problem

/
1< 1<
in| — Y:,0) | Wr(Yy,---,Y, — Y, 0) .
gélél <T ;gt( ty )) T( 1 ; T) (T ;gt( ty ))
In addition, éT(Yl,m ,Y7) is consistent for the true parameter, that is,

Or(Y1,---, Y1) 2 6.

Proof) Existence

We first establish that the GMM estimators exist. For any T'€ N, define Or:ETx0—
R as

!/

R 1 1<
Qr(yr, -, yr|0)=— (ngt(yt79)> Wr(yi,--+.yr) (T th(yt,9)> :
t=1 t=1

for any (y1,---,yr,0) € ET x ©. By the assumed continuity of g; and Wr, Qr is a
continuous function on ET x ©. Furthermore, since compact spaces are complete and
separable, © is a complete and separable space under the euclidean metric, so that, by

theorem 3.1, there exists a Borel meaurable function 61 : ET — O such that
Qr(Vi,--,Yr | Op(Y1,--- 7)) = I;leagQT(%“' Y7 |0).

It follows by definition that éT(Yl, -+, Y7) is the GMM estimator given a sample of size
T’; without ambiguity, we denote A7 for the GMM estimator and Wy for the random
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matrix Wp(Yy,---,Yr) going forward.

Consistency

To prove that the GMM estimators are consistent for the true parameter 6y, define the

sequence of stochastic processes {{Q1(0)}geo }ren . as

A 1T ! 1T
t=1 t=1

for any 6 € ©. Note that, by assumption, g(y,-) is continuous on © for any y € E, so
that {Q7(#)}gco is a stochastic process with continuous paths.

Now define the limiting objective function Qg : © — R as

Qo(0) = —g(8) Wy(0)

for any 6 € ©; it is continuous on © by the continuity of g. Since g(#) = Oy if and
only if 8 = g, and W is a positive definite matrix, (g is uniquely maximized at 6. In

addition, by assumption

L T
ngt(ytﬁ) % g(0)
t=1

pointwise for any 6 € O, g is a continuous function on O, and there exists a sequence
{bi}1e N, of real non-negative measurable functions on E and a measurable function
h:Ry — R, such that

— h is continuous at 0 with ~(0) =0,
— 7 Xim1be(Yy) = Op(1) and

— Each ¢; is Lipschitz in the sense that

19¢(y,0) — 9¢(y,7)| < be(y) - (10 =)

for any ,v€ © and y € F.

By the uniform WLLN,

| T
> ge(Y1,0) — g(6)

t=1

sup 2.

0cO

=l

For any 0 € ©,

A

T ! T
Qr(0) —Qo(0) = — (;Z&(Kﬁ)) Wr (;th(ﬁﬁ)) +9(0)Wg(0)
=1 t=1
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so we have
1 & ’
Qr(6) = Qo(0)| < | 7 > 9u(¥e.6) = g(8) - (IWr =W+ W)
t=1

+2MIHWH z%n,— ‘

T
+mmmLM@—Wﬂ;zh@am—mﬂ
t=1

+lg(O) W —W].

By the continuity of g on ©, supycg |g(0)| < 400, so it follows from the uniform WLLN
derived above and the fact that ||[W7y —W|| = o0p(1) that

21(0) = Qo(0)] > 0

sup
0co

We have thus seen that:

— O is compact
— (o is a continuous function on ©
— (o is uniquely maximized at 6

— Qr converges uniformly to Qo:

sup
0cO

21(0) = Qo(0)| 20
Therefore, by the basic consistency theorem, Or 2 6.

Q.E.D.
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3.4.4 Asymptotic Distribution of the GMM Estimator

To obtain the asymptotic distribution of the GMM estimator, we make use of the basic asymp-

totic normality theorem above. To do so, we must make some additional regularity assumptions:

G5 : Smoothness of Moment Functions
We assume that for each t € Z and y € E, ¢,(y,-) is continuously differentiable on 0, and
define Gy : E x ©° — RFXm a4

09+(y,0)

Gt(yag) = 89

for any (y,0) € E x ©°. Furthermore, we assume that

— Limiting Moment Derivative

There exists a continuous function G : © — RF*™ that satisfies

T
Z 1(Y2,0) = G(0)

for any 6 € ©° and supycgo [|G(8)|| < +00. Denote G(6p) = Go, and assume Gy has

rank m.

— Lipschitz Continuity
There exists a measurable function H : Ry — R that is continuous at 0 with A(0) =0

and a sequence {B;}icn, of non-negative measurable functions on E such that

T
Z p(1) as T — oo

’ﬂ \

and

1G+(y,0) = Gie(y, VIl < Bily) - H(|6 =)

for any y € F, 8,7 € ©°. (G is also continuous on £ x O.

G6 : MDS Errors
We assume that there exists some § > 0 such that {g;(Y;,00)}+ez is an L?>T-bounded MDS

with respect to some filtration F. In addition, let

1 T
T th(Y;HHO)gt(Y;HeO)/ £> Ea
t=1
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where Y is a k x k positive definite matrix.

G7 : Strict Convexity of Objective Function
For any T'€ N and (y1,---,yr) € ET, assume that the mapping

/

1 & 1L
= (T ;%(%ﬁ)) Wr(y1,---,yr) <T ;gt(yt,9)> )

is strictly convex on ©.

By the MDS CLT, assumption G6 implies that

\Fth Yi,00) % N [Opx1, 3.
In addition, the strict convexity of the objective function in the parameter 6 ensures that the
function 67 : ET — © is continuous.

Under our current assumptions, we can now establish the asymptotic normality of the GMM

estimator:
Theorem 3.9 (Asymptotic Normality of GMM Estimator)

Suppose that assumptions G1 to G7 hold, and assume that there exists a sequence of GMM
estimators {@T(Yl, -+, Y1) }ren, such that each éT()ﬁ, -+, Yp) solves the minimization problem

1z ' 1z
min (T ;%(Eﬁ)) Wr (T ;%(ﬁﬁ)) .

Suppose that each O takes values in the interior ©° of the parameter space. Then, 0}(Yh -~ Y7)

is asymptotically normal with the following asymptotic distribution:
VT [0r(Yr,+ Y1) = 00] 5 N [Omsct, (GoWGo) T GuW W Go(GyW Go) ™|

Furthermore, éT(H, -+, Y7) is asymptotically linear in the following sense:

VT [0r(Ya, -, Yr) = 0] = —(GoW Go) ' Gy \/»th Y;,600) +0p(1).

Proof) We just established that, under assumptions G6 and G7, each Or: ET — O is a contin-

uous function on ET, and

T
TZ Y,5790)—>N[Ok><1, ]
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We also assumed in the claim of the theorem that éT takes values in ©°.
Define the function @T ETxO = R™ as

/
. LT
Gr(yi,-,yr|0)= < ZGt ye, Or(y1,- ',yT))> Wr(y1,--,yr) (T th(yt79)>
=1

for any (y1,---,yr) € ET and § € ©. Due to the continuity of all the functions involved,

Gr is continuous on ET x ©. Tt is also differentiable with derivative given by

/

8éT(y17"'7yT‘9) 1 4
89 == ZGt ytveT(yla : 7yT)) WT(ylf'. 7yT) TZGt(ybe)
t=1

t 1

for any (y1,---,yr) € ET and 6 € ©°; again, this is continuous on E7 x ©°, so Gr is
continuously differentiable with respect to 6 on ©°. Going forward, we denote Or for
éT(Yl, -, Yp) and Wy for Wp(Y7,---,Yr) without ambiguity.

By the first order conditions for minimization,

/
Gr(Y1, -, Yr | 0r) = < ZGt (Y1,07) ) < th Y;,0r) ) Omx1,

so that éT is the zero estimator with zero function G’T.

The existence of a continuous limiting function for %Zle Gt(Y:,0) and the Lipschitz
continuity assumption now tells us, via the uniform WLLN, that

ZGt Y;‘/a 0)

sup
fc°

It follows that

T
Z (Y:,0r) — G(0r)

and by the continuity of G and the continuous mapping theorem, we have
G(0r) 2 G(6o) = Go.

Putting these results together, we have

1< R
TZGt(Yt,GT) 2 G
t=1
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This result, in conjunction with assumption G6 and Slutsky’s theorem, now shows us

that

/
. 1 1 &
VT -Gr(Y,,Yr | 6p) = ( > Gi(Yi,0r) ) Wr (th(ﬁﬁo))
=1 VT

4 GOW X N [Opx1, 5] = N [Omx1, GaWEW G] .

From the previous theorem, we know that éT exists and is consistent for 6y under G1
to G4. Furthermore, by assumption 6y € ©°, and because G¢(y,-) and g(y,-) are con-
tinuous functions on ©°. We have just seen that Gr is continuously differentiable with

respect to 6 on ©°.

Finally, since

A /
oG (Y1,---,Yr|0) 1z
T( 1 5 T ’ G/ WG(9 < ZGt }/t’@T ) WT <T;Gt(y%,9)> —G()WG(O)

/

< ZGt (Yz,07) — Go)

t=1

T
+GoW (}Zatm,e) —G(@))
t=1

+ Gl (W — ( Zat Y..0) 0))

/

( > "GV, 0r) - G0> W-G(6)

t=1

+Go(Wr —W)G(9)

!/

(ZGth,HT) ) (ZGth, 9))

t=1

for any 6 € ©° and supgego ||G(0)|| < +00 by assumption, it follows that

OGr(Y1,--- Y7 |0)

D,
20 = 0.

sup
0cO°

— GoWG(6)

Therefore, by the basic asymptotic normality theorem, we can conclude that

VT [0r(Y1, -+, Y1) = 0] 5 N [Omsct, (GoWGo) ' GoW W Go(GoW Go) ™',
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and that éT(Yl, -+, Y7) has the asymptotic expansion
VT [0r 00| = —(GeWG(60)) ™ VT Gr (Y1, Yr | 6) +0p(1).

We saw above that

1 T
fZGt(YZ,HO)—GO 5 Okxem
t=1

and Wp 2 W, while % Z?:l 9+(Y1,60) = Op(1), so

. 1 &
VTGr (Y1, Yr | 0p) — GgW (\/T ;%(YtﬁO))

1 <& , 1 Z
(T;Gt(yt,@o)> Wr — GoW (\ﬁ;gt(ift,@g)) =o0p(1).

It follows that

\/T [éT —90} = —(G6WG0)_1 . \/TGT(Yl, L Yr | 90) —i—Op(l)

1 I
—= > 9t(Ye,00) +0p(1).

=—(GaWGo)'GLW
( 0 0) 0 \/thl

Q.E.D.
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3.4.5 Efficient GMM Estimation

For the remainder of the section on GMM estimation we give general treatments of several top-
ics that we will cover again when studying GMM estimation of linear regression models with
instrumental variables. The first of these is the topic of efficient GMM estimation, that is, the
search for the optimal asymptotic weighting matrix W. We first present some requisite lemmas,

that are also of independent interest.

Lemma 3.10 (Simultaneous Diagonalization of Positive Definite Matrices)

Let A, B € R¥*F be symmetric matrices such that A is positive definite and B is positive semidef-

kak kak

inite. Then, there exists a non-singular P € and a diagonal matrix D € with non-

negative diagonal entries such that
A=PP and B=PDP.

In addition, P'P has the same set of eigenvalues as A, and the diagonal elements of D are

solutions to the eigenvalue equation
det(B—X-A) =0,

or equivalently, the eigenvalues of A_%BA_%', where A2 is the Cholesky factor of A.

Proof) To see this, let A= A1D;A] be the 01"1thog0nal diagonalization of A (which exists by the
principal axis theorem). Defining D{ as the diagonal matrix whose diagonal elements
are the square roots of the eigenvalues of A, DI% D%/ =D and D% is nonsingular because
A is positive definite. Defining C' = AlDl%, it follows that A = CC".

Since C~'B(C")~! is a positive semidefinite matrix, it has eigendecomposition
C™1B(C")™' = AyDAY,

where A is an orthogonal matrix and D collects the eigenvalues of C~*B(C’)~!, which
are all non-negative valued by the positive semidefiniteness of C~1B(C’)~!. Defining

P = CAy, we can immediately see that
B = (CA3)D2(CA3) = PDy P/,
and that

PP’ = CA N, C' = CC' = A,
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To establish the claims about the eigenvalues of P’ P, note that

1 1
PP= AIQC/CAQ = 12D12 AllAl Dy Ay = A/2D1A2.
~——
Iy,

As such, the characteristic polynomial of P'P is given by
Chp/p()\) = det(P'P— A Ik) = det(A,QDlAQ —A -Ik) = det(D1 X Ik),

where we used the fact that As is orthogonal to justify the last equality. Thus, P'P

shares the same eigenvalues as D and therefore A.

Finally, the final claim can be seen by first making the observation that the diagonal
elements of D are exactly equal to its eigenvalues. The characteristic polynomial of D

is given as
2 2
chp(A) = det(D = A+ I) = det(P~")"- det(PDP' — X- PP') = det (P~!) " det(B — AA),

so the eigenvalues of D are exactly the solutions to the equation det(B—\-A)=0.

Q.E.D.

Lemma 3.11 (Evaluating Positive Definiteness of Matrix Differences)

Let A, B € RF** be positive definite matrices. Then, the following are equivalent:
i) A— B is positive (semi)definite.
ii) B~!— A~! is positive (semi)definite.

iii) The solutions to the equation det(B — \-A) =0, which are all real positive valued, have

modulus less than (or equal to ) 1.

kak

Proof) By the preceding lemma, there exists a non-singular P € and a diagonal matrix

D € RF¥*¥ with non-negative diagonal entries such that
A=PP" and B=PDP.

Since B is positive definite, the diagonal elements of D are all positive; otherwise, B
has reduced rank, which contradicts is positive definiteness. We saw above that the
diagonal elements of D are the solutions to the equation det(B — \-A) = 0; thus, the
solutions to the equation det(B — A- A) =0 are all positive. Let Ay >--- > A\ > 0 be the

diagonal elements of D.
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The difference A — B can now be written as

1—X - 0
A-B=P(I,—-D)P' =P : : P
0 1—Xg
Therefore, for any non-zero a € R¥,
1—X - 0
o(A-B)a=d'P : : Pa> <1 — max )\7;> . |P’oz|2,
1<i<k
0 N

where P’'«v is non-zero because P’ is non-singular and « is non-zero. It follows that

A — B is positive (semi)definite if and only if

1>(2) 1H<1?<Xk)\i'

Similarly,

1 2
B 1-AHa> < min — — 1> : ‘P_la’ .
1<i<k \;

We can thus see that B~! — A~! is positive (semi)definite if and only if

1
in — > (>)1
i, 7 G

which is equivalent to the inequality

This establishes the claim.

Q.E.D.
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Theorem 3.12 (Optimal Asymptotic Weighting Matrix)
Suppose that assumptions G1 to G7 hold, and let {W7}ren, be a sequence of positive definite
valued k x k random matrices that converge to 7! in probability. Let {é;()};pg N, be a sequence

of continuous functions taking values in ©° such that é}(Yl, -+, Yr) solves the problem

1 (1
min (T t;gt(ﬁﬁ)) Wi (T ;gt(Ytﬁ)>
everywhere on €). It then follows that
VT 031+, Yr) = 09] 5 N[Ot (GoX71Go) ™!,

and OA}(Yl,--' ,Y7) is asymptotically efficient among the class of asymptotically normal GMM

estimators.

Proof) This statement follows directly from theorem 3.9 except for the part where we assert
that é}(Yl, .-+, Yr) is asymptotically efficient. This will be established if we can show
that

(GoW Go) L GWEWGo(GoWGo) ™t — (Gh271Gp) !

is positive semidefinite for any positive definite k x k matrix W. In light of lemma 3.11,

this follows if and only if
M= G2 G — (GLWGo) (GoWEW Go) ™ H(GHW Go)

is positive semidefinite. To this end, denote by L € R¥*¥ the Cholesky factor of ¥ 71,
and note that ¥ = (LL')~! = L=YL~!. Then, we can decompose M as

M = GyL Iy = L' WGo(GoW L™V L™ W Go) ' GyW L] L'Go
= GyL | —S(8'8)7' 8| L'Gy,
where we define S = L™1W Gy. It follows from standard results that the residual maker
Ms=1I;,—S8(S'S)" 'S’ is symmetric and idempotent; matrices of this form play a huge

role in linear regression models, but we defer this discussion to later chapters. Now we

can write "M as
M =GyLMsL'Gy = (GyLMs)(G,LMs)',
so that M is clearly positive semidefinite. This completes our proof.

Q.E.D.
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The above theorem shows us that the efficient GMM estimator can be computed by finding
an appropriate sequence of positive definite valued random matrices {W7}ren, that converges
in probability to ¥~!. This is equivalent to searching for a consistent estimator of X. A natural

estimator is
T A
Z }Q70T Y17 7YT))gt(}/279>jk"(}/17 7YT))/7

since é}(Yl, .-+, Yr) is consistent for 5. However, this results in a bit of circular logic; to construct
$r, we need to use the efficient GMM estimator, but 37 is also used in the construction of the
efficient GMM estimator. To circumvent this difficulty, we make use of the fact that any GMM
estimator under assumptions G1 to G4 is consistent for 8y. Therefore, a natural approach is to
first obtain a GMM estimator under some arbitrary weighting matrix, using the estimator thus
obtained to construct f]T, and then using fIT to obtain the efficient GMM estimator. This is
called feasible efficient GMM estimation.

We show below that 37 is consistent for & for any consistent estimator Or plugged into 6 in

the above formula:

Theorem 3.13 (Feasible Efficient GMM Estimation)
Suppose that assumptions G1 to G7 hold, and let 61 be some consistent estimator of 6. Then,

we have

1< R R
=7 > 9t(Yi.00)g (Y, 07) 5 %
t=1

ZGt Yy, 07) % Go.
T=

Proof) In light of assumption G6, we need only show that

Ar —ZT—*ZQt (Y2,600)9¢(Yz,00)" = O
=

To this end, we decompose A as

T
Z(gt (Y2, 0)9¢(Vi, 0r)' = 9:(Y2,00)g¢ (Y, 60))

'ﬂ \

Ly [(gt (¥, 07) = 9:(¥i,00) ) (9 (¥e,Or) — 92 (¥, 60) )

t=

N \

+9u(¥i,60) (90(¥5,0r) — (%, 600)) + (9 (VeoBr) — (i, 60)) gm,eo)’] .
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By assumption G3,

|90 (Y3, 0r) = 91 (Y2,00)| < be(¥) - (|0 — 60 ).

for any 1 <t <T. Since h is continuous at 0 with h(0) =0, we can see that, for any

€ > 0, there exists an 1 > 0 such that
h(d) <e
for any 0 < d < 7. It follows that
(i~ > < (>}
for any T' € N.. Taking T'— oo on both sides yields
Tlgagop(h(}éT—eo\) >€) =0,
so that

h(|0r — o)) % 0
Now we can bound ||Ar|| above as
1< R 2 22 R
IA2l < 737 |e(¥i.0r) = 96(¥is00)| + 7 > 19 (¥i,00)| - |90 Ve, B) = 9u(Yi, )|
t=1 t=1
1 T
< (Tth(Yt)Q> ‘HT 90‘ ( Z|gt Y1,00)1b:(Y?) ) ’QT 90‘)

t=1

1 T 2 N 2
< (szm )h(\eT—eob
t=1

( Z’gt Y;,60)| ) ( thY}, > (‘éT_HO),

where the final inequality follows from the Cauchy-Schwarz inequality for finite sums.

By assumption,

1
Tth(Yt)Q—Op(l) as T'— o0
t=1
and
1 & 1 &
= gt (Ye,00) ] = tr | = g¢(¥2,00)9:(Yz,60) Op(1)
= =



as well. This indicates that
A7 < Op(1) - 0p(1) +Op(1) - 05(1) = 0p(1),

or in other words that Ay = Oy, which completes the proof for the first statement.

The second statement can also be proven in a similar manner. Define

1 & N i
Dp == Gi(Y1,0r)— = > _Gi(Yr,0),
Tt:l Tt:l
so that
1< R
|7l < 2 Y- [ GulYi0r) — Gu(¥i.60)|.
t=1

By assumption G5, we have

HGt(Yt,éT) —Gt(Yt,@o)H < Bt(Yt)'H(‘éT — b)),

where H : Ry — R is continuous at 0 and H(0) = 0. By the same reasoning as above
with h(-),

H(\éT—QO])Ao.

Furthermore, by assumption %Zthl By(Y:) = Op(1). It follows that

T
|Dr|| < (;ZBAY») H(|r —0]) = Op(1)0p(1) = 0,(1),
t=1

which is exactly our desired result.

Q.E.D.
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3.4.6 Inference and Weak Identification

Let O7(-) be a continuous function on ET such that@p(Y7,---,Y7) is a consistent estimator for
0y, and define

Sr(0;y" th Y1,0) ¢ (ye,0)’

for any y* = (y1,---,yr) € ET and # € ©. We saw from the preceding result that f]T(éT(YT);YT) N

Y; now we can define é}(yl, -+, yr) as the solution to the problem

/ T
1
ggg < Egt yt, ) T T( 7 ) (T;:lgt(yt, ))

for any y* = (y1,---,yr) € ET. Under our assumptions, é}() is a continuous function on ET
and 9}(}/1, -+, Y7) is the feasible efficient GMM estimator with asymptotic distribution

JT {éa:(yh... Yr) —90] LYY [Omxl,(G()z*Go)*l} ,

given that é%() takes values in ©°. Our goal is to make inferences about the parameter 6y using

this result.

Confidence Sets for 6

We focus on confidence sets as a means of conducting statistical inferences about 6y. A natural
means of constructing confidence sets around 6 is to make use of the Wald-type statistic defined

as

A

Wr(0:y") =T [05:s™) — 0] Vi (85 ):™) " [B57) — 6]

for any y” € ET and 6 € ©, where we define

LT
=7 > Gi(y,9)
t=1

N N N N —1
Vr(0:y") = (Gr(05y" ) Sr(0;y")Gr(0:97))

for any (y7,0) € ET x ©°. Note that Wy(:) is a continuous function on © x ET due to the
continuity of % (-), G¢(-) and g;(-).

From the previous result, we can see that

Vr (03" )iy") 5 (Go=~'Go) ™!
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and therefore
Wr(o:YT) 5 x2,.

Given some « € (0,1), letting ¢q1_,, be the 1 —a quantile of the chi squared distribution with m

degrees of freedom,
: T 1
Thm IP’(WT(HO,Y ) < Q1—a) =1l-«

by the Portmanteau theorem and the fact that the chi-squared distribution function is every-
where continuous.

This suggests that we can define the correspondence C,, : ET — O as

Crn(yt,-yr)={0€ 0 | Wr(0;y1,--- ,yr) < qi—a}

for any y? € ET. We will verify that C, is a measurable correspondence and therefore that it is

a well-defined confidence set:

1. C}, is non-empty closed valued
Choose any y” € ET. Because W, (-;y7) is continuous on O, defining the mapping w : © —
Ry as w(-) = W,(-;yT), it follows that w(-) is continuous and therefore that

Co(y") =w™'([0,q1-a])

is a closed subset of ©.

The non-emptiness of C,,(y”) follows from the fact that
Wi (075" );y") =0,
so that 0%(yT) € C,, (y7).
2. C1(0) is closed valued

Now choose any 0 € ©. Defining w: ET — R as w(-) = W,(0;-), we can see that w(-) is a

continuous function on ET and therefore that
ClO)={y" cET|0eCu(y")} ={y" €E" |w(y") < qi—a} =0 ([0,q1-0a])

is a closed subset of ET.

By definition, C), is a measurable correspondence and therefore a well-defined confidence set.

Furthermore, C), has the desired asymptotic coverage probability:

P (90 € Cn(YT)) =P (Wn(QO;YT) < ql_a) Sl-a
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as T — oo. If m =1, then the sets C,,(y”) will take the form of a closed interval; on the other
hand, if m > 1, then C,, will be ellipsoid-valued.

Weak Identification-Robust Confidence Sets

The approximate confidence set constructed above relies on the asymptotic result
VT [05(Ye, -, Yr) = 00| 5 N[Ot (GH2 1 Go) 7Y

which in turn relies on the fact that Gy € R¥*™ is a matrix of full rank m. A problem arises
when Gy is only barely full rank, that is, when its smallest non-zero eigenvalue is close to 0.
There are means of formalizing the notion that G is “almost” reduced rank; one way of going
about this is through local-to-zero approximations, where we assume that the smallest non-zero
eigenvalue of Gg converges to 0 at a rate % This framework will be discussed further in the
section on weak instruments, but for now, we will be content to just mention that, if Gy is
close to a reduced rank matrix, then é}(Yl, -+, Yr) will converge very slowly to its asymptotic
distribution, undermining the accuracy of the asymptotic approximation above. This is called
the problem of weak identification.

Weak identification implies that the confidence set C, constructed above will also perform
poorly in finite samples, often producing coverage probabilities much smaller than 1 — « for
small T'. As such, we want to construct confidence sets that are robust to weak identification, or
in other words, confidence sets based on test statistics whose asymptotic distributions are valid
approximations to their finite sample distributions even under weak identification.

Clearly, the key to this is to search for test statistics that do not involve Gy or its sample
analogue TZT %
efficient GMM objective function defined as

It turns out that we have a very simple statistic at hand: namely, the

! T
JU 11
Qr(y" |0) ( th Y, 0 ) Xr (GT(yT)éyT) (ngt(yt,9)>
t=1
for any (y” | §) € © x ET. From assumption G6 we can conclude that

T
TZ ¢(Y2,00) % N[Ok, B,

so that

(fZ w@) Sp(Br(vTyYT) 1<f2 W@)%Xh
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It follows that, if we define Jp: © x ET - Ry as
Jr(0:y") =-T-Qr(y" | 6)
for any (6,y7) € © x ET, then
Tr(00;YT) % X3,

Note that the function Qr(-) does not make use of the functions {Gi(-)}ten, at all, and as
such, the above asymptotic approximation is valid regardless of whether identification is weak
or strong.

We can now define the correspondence C2%: ET — © as
C;?R(yT) ={0€O| jT(Q;yT) <qi-a},

where q1_, is the 1 — « quantile of the chi-squared distribution with k degrees of freedom. The
measurability of C;?R follows from the continuity properties of Jp(-) in the same manner as the
measurability of C,, follows from the continuity of Wr(-), so CA% is a valid confidence set for
fo. Furthermore, by the Portmanteau theorem we have

lim P (90 € C’fR(YT)) = lim P (jT(HO;YT) < ql,a> =1-aq,

T—o0 T—o0
so that C;;‘R has the desired approximate coverage rate.

The confidence set CA% is called the weak identification-robust confidence set, or the Anderson-

Rubin confidence set, after the statisticians who first developed this method of inference for the

linear regression model with endogenous regressors.
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3.4.7 Testing for Overidentification

In the case k > m, we have more moment conditions than parameters. This suggests that, given a
subset of m moment conditions, the parameters continue to be identified. As such, given a subset
of m moment conditions, we could test for the validity of the remaining & —m moment conditions
by first estimating the model using the m moment conditions that are chosen beforehand, and
then investigating whether the sample analogue of the remaining moment conditions are close
enough to 0. These types of tests are called tests for overidentification.

Formally, suppose that assumptions G1 to G7 hold with the exception of the identification
condition, and that k > m. We want to test the null hypothesis

Hy : E[g:(Y2,00)] = Okxa
against the alternative
Hy :E[g(Y:,60)] = Okxa.

Let {Wr}ren, be a sequence of continuous & x k positive definite valued functions such that
Wr(YT) B 21 for some positive definite k x k matrix W as in assumption G2. Suppose that
this convergence holds regardless of whether the null or alternative hypotheses hold true.

Let 07(-) be a continuous function from ET to ©° such that O7(y”) is the solution to the

problem
T !/
gleiél (Tg (yt,0 ) Wr(y ( th Yt, 0 )
for any y* = (y1,---,yr) € ET. We proved above that éT(YT) has asymptotic distribution
VT 0533, Y) =00 5 N[O, (G2 71Go) 7]
making it the efficient GMM estimator.

We will consider the J-statistic defined as follows. First, define J7: © x ET = R, as

T 1 &
) <\/Tt§::lgt(yt,9)>

/

Tr(0;y") =-T-Qr(y" | 0) = ( th (ye,0 )

for any (0,y?) € © x ET. The J-statistic is then given as

! T
jT(éT(YT);YT):<\/>thY270T( ))) ( Z (Y3, 07(Y )).

Below we show that J7(07(YT); YT) has an asymptotic chi-squared distribution under the null,
but this time with reduced degrees of freedom. The proof involves a simple second order Taylor

expansion:
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Theorem 3.14 (Asymptotic Properties of J Statistic)

Suppose that assumptions G1 to G7 hold with the exception of the identification condition, and
that k> m. Let éT : ET — ©° be the continuous function constructed above, with the J statistic
defined as

/

Tr(fr(YT)YT) = ( fzgt (Y, 6p(Y >>> Wr(yT) ( fzgt Yt,eT<YT>>>

t=1

Then, under the null Hy,

Tr(br(YT); YTy 4 3

k—m-

Proof) Suppose Hy holds, so that the moment conditions are all valid. Then, assumptions G1
to G7 hold.

As suggested in the remark before the theorem, we start by making a second order

Taylor expansion. For any y’ € ET, we can expand J7(6p;Y ") around éT(yT) as
Tr(00:y") = TrOr(y")sy") + VoTrOry");y") (00— br(y"))

0*Tr(0ry"):y") 4
690"

+ %(éT(yT) —6o)’

where O7(-) is a function such that

Or(y') — 90’ < ‘éT(yt) - 90‘-

The measurability of éT() follows from the usual application of Berge’s theorem to-
gether with the measurable selection theorem. We now proceed by gradually simplifying

this expression.

Dealing with the First Derivative

Since

!/

VoTr(0r(y")iy") = (fZGt v Or(y ))) Wr(y") (%Z%(%ﬁﬂf))) = Okx1

by the first order condition for minimization, and

!/

2 0 TN., T
%6 jT(gig(;?é,):y ) _ ( ZGt e, 0r(y ))) Wr(y ( ZGt ye, 01 (y )))

t=1 t=1
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by definition, our expansion simplifies to

Tr(O0sy") = Fr(Or (" )iy") + [VTOr(y") —00)| Go=71Go [VT(Or(y") - bo)]

)

+ [VT(r(s™) ~00)] [1 O Tr(bry"):y

T 5000’ - G()E_lGO] {ﬁ(éT(yT) - 90)}

for any 3! € ET.

Since O7(YT) B 6y, we can see that O7(YT) 2 6y as well, and as such

10> Jr(Or(Y");Y7T)
T 9006’

2 ain1a,.

On the other hand, the asymptotic normality of the GMM estimator indicates that
VT (07 (y") —6g) = O,(1) as T — co. As such,

NACIVEREY

= JT(Q();YT) — [\/T(éT(YT) — HQ)YGE)E_IGO [\/T(éT(YT) — 90)} +0p(1).

Dealing with J7(0y;Y7)
Jr(00;YT) can be expanded as

3\
3\

ZTj Y;,eo>> wr(y™T) (

TIr(00;YT) = (

T
Z Yt,90>

<f§ Yt»90> <1TZT:gt(Yt790)>
( inﬁo),[WT(YT ﬁ( ng,eo>

since W (Y1) — %71 =0,(1) and % S 9:(Yi,00) = Op(1) by assumption, it follows
that

T ! T
Tr(fr(yT);YT) = (wZ Yt,90> (&thm,e@
t= t=1
— VT (r(Y") ~00)] Go=2Go [VT(Br(Y") ~ 0)] +0,(1).
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Dealing with VT [0r(Y7) -]

Finally, we use the fact that éT(YT) is asymptotically linear in the following sense:

T
VT [éT(YT) —90} = —(GL2 LGy tGpet < Z (Y,00) > +0p(1).
This shows us that

! T
Tr(0r(y Ty, yT) = ( 9:(Y,0 > »! <1 9:(Y3,0 ))
T \/72 t t,Y0 \/thzl t t,00

T ! T
- (;T ;gtm,eo)) [T =T Go(Gowen) T Gz (;T ;gt(m,eo)> +op(1).

T /
Z ww)z Go(Gox ™1 Go) Gt 2‘1< th n,eo>+op 1)

t:l

3/~

Limiting Distribution of the J Statistic

Defining the matrix
V=" -271Gy(GiWGy) T GyET,

and letting L € R¥** be the Cholesky factor of 71, we can see that
V = L|I— L'Go(GyLL'Go) ' Gy L| I/

The matrix in the middle is the residual maker corresponding to the k x m matrix
S = L'Gy. This matrix, denoted Mg, is known to be symmetric and idempotent. By
results that will be proven later on (see lemma 4.2 and lemma 4.3), Mg has eigenvalues

that equal either 0 or 1, and its rank is equal to its trace:
tr(Ms) =k —tr((S'S)"18'S) = k—m.
Furthermore, for any Z ~ N'[0,1],
Z'MsZ ~x3_,..

The J statistic can now be written as

!/

T 1 T
Z Yt,90> <L/ﬁzgt(}g,eo)>+op(1),

t=1

TJr(@r(YT);vTy = (

3\
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where

1 T
L'ﬁth(Yt,Go) 4 N[O, FLTVLTIL] = N [0,1].
t=1

Therefore,
Trr(Y")Y") 5 2 MsZ ~ i,

where Z ~ N[0,1].

Q.E.D.
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3.5 The Asymptotics of Maximum Likelihood Methods

Another important class of models to which we can apply the general asymptotic results are

those making use of maximum likelihood methods. The setting is as follows:

M1 : The Data Generating Process
Suppose {Y;}icz is a sample taking values in the separable metric space (E,d) with cor-
responding Borel o-algebra £. As usual, let the parameter space © be a subset of the
euclidean space R™, with corresponding Borel g-algebra 1. Crucially, note that the sup-

port E of each sample observation does not depend on the parameter 6.

Let {ur}ren, be a sequence of statistical models corresponding to the sample {Y;}icz.
Specifically, for any T' € Ny, up is a transition probability kernel from (©,4) into (E,€&)
such that pr(6,-) is the distribution of (Y7,---,Yr) when the parameter is 6 € ©. We want
to work with densities instead of distributions. To this end, let {A7}ren and { fr}ren, be
sequences of measures and functions such that, for any T' € Ny, Ar is a o-finite measure
on (E,&)T and fr: ET x© — Ry, is a ET @¥-measurable function that satisfies

/A Fr(y | 0)dAr(y) = (0, A)

for any (6, A) € © x ET. Usually, A is taken to be the product of T' Lebesgue and counting
measures on F, which correspond to continuous and discrete random variables, respec-

tively.

The log-likelihood is defined as the sequence of functions {l7}7r¢cn, such that I is a ET Q-
measurable function defined as

I7(y | 8) =log fr(y| @) for any (y,0) € ET x ©.

The maximum likelihood estimator (MLE) of 6 is then defined as the maximizer of the log-

likelihood with respect to the parameter 6.
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3.5.1 The Gibbs Inequality and Motivating ML Estimation

Similarly to GMM estimation, there is a simple population moment inequality that motivates
ML estimation. The inequality, attributed to Gibbs, tells us that the expected log likelihood is
maximized at the true parameter value given that an appropriate identification condition holds.
This serves as the inspiration for ML estimation, where we estimate the true parameter by max-

imizing the sample analogue of the expected log-likelihood.

Theorem 3.15 (Gibbs Inequality)
Suppose that {Y; }+ez is a sample generated according to the DGP in assumption M1. Then, for
any 6,0y € © such that I7(- | 0) and (- | 6p) are integrable with respect to ur(6o,-), we have

/ long(yW)uT(Ho,dy)S/ log fr(y | 6o) pr (6o, dy).
ET E‘T

If, in addition, f7(y | 60) = fr(y | 6o) for Ar-a.e. y € ET implies # = 6, then the above inequality
holds as an equality if and only if 6 = 6.

Proof) Choose any 60,0y € © such that I7(- | ) and Ir(- | ) are integrable with respect to
pr(0,-). For any T € Ny and 6 € O, define the function h: ET — R, | as

_ fry10)

M) = 50 16

for any y € ET; h is clearly £7-measurable. Furthermore, the integral of h with respect

to pr(bo,-) is well-defined by the positivity of h, and given as
L@ @o.dn) = [ o] 6)axe(y) = ur(6.E7) = 1.
ET ET

Since the log function is strictly concave on (0,400), pur(6o,-) is a probability measure

on (E,E)T, and [gr h(y)pr(0o,dy) € (0,+00), it follows from Jensen’s inequality that

[, Josh(wr(6o,dy) <1og ([ hwur(ta.dy) ) =log(1) =o.

The term on the left hand side can be expanded as

/Tlogh(y)uT(Go,dy)Z/T[long(y!9)*10ng(y|00)]uT(00,dy)
E E

=/ long(yW)uT(Ho,dy)—/ log fr(y | 6o)pr (6o, dy),
ET ET

where the final equality follows from the linearity of integration for integrable functions

(this is where the integrability assumption comes in). Therefore,

[ 0w 2y | )z (6o, dy) < [ 108 fr(y | So)er 6o, dy)
ET ET
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and we have established our desired inequality.

To prove that fy uniquely maximizes the above integral under the additional assump-
tion, note that the above inequality holds as an equality if and only if Jensen’s inequality
holds as an equality. Since the log function is strictly concave, this is only the case if
the function h(y) is equal to some constant k € (0,+00) for ur(fy,-)-a.e. y € ET. By

implication,

fr(y|0) =k fr(y|6o)

for pr(0o,-)-a.e. y € ET. Let the equality hold for any y € A € ET, where ur (6, A) = 1.
Then,

0= pr(to, 4% = [ fr(y|00)dAr(»)
implies by the vanishing property for non-negative functions that
fr(y|60) Lac(y)=0

for any y € B € T, where A\p(B¢) =0. If y € BN A, then fr(y | 6) = 0 for this y, which
contradicts our assumption that fr is always positive valued. Therefore, BN A=), or

equivalently, A° C B¢, and by the monotonicity of measures,
0 < Ap(A°) < Ap(B°) =0,
which implies that Ar(A€) = 0. We have just shown that

fr(y|0)=Fk- fr(y|6o)

for Ar-a.e. y € ET.

Integrating both sides with respect to Ay shows us that k=1, so that

fr(y|0)= fr(y| o).

for Ap-a.e. y € ET. By the identification assumption, this implies that 6 = 6.

Q.E.D.

In terms of population moments, the above theorem tells us the following: letting 6y € © be the

true parameter, if the expectation of lp(Yy,---,,Yr | 0) exists in R for any 7€ N4 and 0 € O,
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and

fr(y|01)=fr(y|02) for Ap-ae. ye€ ET

implies 01 = 05 for any T' € N, then 6 is the unique maximizer of the mapping
1
0 E [TZT(Yl,--. Yr10)].

Therefore, a reasonable way to estimate 6y is to find the value that maximizes the sample ana-
logue of E [%ZT(Y},--- Y7 | 9)}, which in this case is simply the integrand %ZT(Yt,--- Y | 0)

itself. This shows us how the Gibbs inequality helps motivate maximum likelihood methods.

3.5.2 Identification, Existence and Consistency

Even aside from providing a motivation for ML estimation using population moments, the Gibbs
inequality connects the intuitive notion of identification and its mathematical formalization.
Intuitively, we would expect a parameter to be identified if there exists a one-to-one mapping
between parameters and data, so that the same DGP cannot follow from different parameters.
This is what the first condition implies. On the other hand, in the mathematical sense, the
parameter 6 is identified if some function of population moments is uniquely maximized at the
true parameter; recall the identification condition for GMM estimation. The Gibbs inequality
shows us that, if the intuitive notion of identificaiton holds, then so does the its mathematical
counterpart.

One complication arises at this point. From the basic consistency theorem, we require that
the true parameter uniquely maximizes some limit of the sequence of objective functions. In the
Kullback-Leibler inequality, we have only shown that the true parameter uniquely maximizes
the expectation of the objective function itself; we have yet to discuss any limit of a sequence of
objective functions in any meaningful capacity.

As such, we must assume an identification condition that ensures the true parameter contin-
ues to be well-identified in the limit. To this end, we take inspiration from the Gibbs inequality,

which in its simplest form states that the true parameter 6y is the unique maximizer of the

mapping
1
00— TZT(YL ,YT ‘ 9)

given the intuitive identification criterion. Suppose our sample is of size T" and we have the re-
alized observations y € ET. If a law of large numbers-type result holds, we can expect the realized
sample moment %ZT(y | 8) to not be too far off from its population counterpart E [%ZT(Yl, Y | 0)} )
and as such, we can expect Ip(y | ) to be larger than lp(y | §) for any 6 # 6. Since the log-
likelhood represents the information we have on the paramter of interest given our data, it
is reasonable to assume that, the larger the sample size, the more acutely we will be able to

identify 6y from looking at the log-likelihood. In our context, this indicates that the difference
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Ir(y | 6p) —Ilr(y | @) should become larger and larger as T' grows larger. This suggests that the

appropriate asymptotic identification condition is to require I7(y | 6p) —Ir(y | ) to diverge to

+00 at the limit for any possible realized sample y € ET.

Below, we present the model assumptions that formalize the above intuition:

M2

M3

M4

: Parameter Space
© is a convex subset of R™. There exists a non-empty, convex and compact subset ©q of

© that is contained in the interior ©° of the parameter space and

sup Ir(y | 0) < sup Ir(y | 0)
ST 0eBg

for any y € E7. In addition, the true parameter 6y is contained in ©y.

: Regularity Conditions for Log-Likelihood
For any T € N, the function I7 is continuous on ET x ©, and that I7(y | -) is a strictly

concave function on O for any y € ET.

: Asymptotic Identification Condition
For any € > 0, such that B(6y,€)°N Oy # 0, there exists a number K (e) > 0 such that

1
lim IP’( sup  —

lT }/17'”7YT 0 _lT }/1,"’,YT 90 S—KE :17
T—oo HEG\B(HO,E)JT{ ( 19) ( | )} ()>

where we put the supremum over an empty set equal to —oo, as is customary. Note that,
as long as B(6p,€)°NOg # ), the mapping

y—  sup iy 10)~1r(y | 60)]

1
0co\B(0o,e) VT

is equivalent to the mapping

1
y— s —=|lr(y[0)~lr(y | 60)]
9eB(00.c)n00 VT

in light of assumption M2. This mapping is continuous on E7 by Berge’s maximum theorem
because it is the value function corresponding to a maximization problem of a continuous

function over a non-empty compact set, so that the statement above is well-defined.

The rate VT at which the difference 7 (Y3, -, Y7 | 0) —I7(Y1,---, Y7 | 6p) grows to +oo comes

from the CLT, which shows us that, under certain regularity conditions, sums of random variables

are Op(\/T ), or diverge at the rate V/T. Since log-likelihoods can be expressed as sums of random
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variables if the data are i.i.d. or when they exhibit limited dependence, as in autoregressive
models, the rate /T of divergence applies for the log-likelihoods of most models of interest.
Below we show that the assumptions we made so far are sufficient to establish the existence

and consistency of ML estimators:

Theorem 3.16 (Existence and Consistency of ML Estimator)
Suppose that assumptions M1 to M4 hold. Then, there exists a sequence of continuous functions
{HAT}TGN+ such that each Or maps E7 into ©g C ©° and éT(Yl,--- ,Y7) is a solution to the

problem

Ir(Yy,--- .Y | O
max r(Y1,---,Yr | 0)

everywhere on 2. In addition, éT(Yl, -+, Yr) is consistent for the true parameter, that is,

Or(Y1,---, Y1) 2 6.

Proof) Existence

Establishing the existence of the ML estimator is routine at this point. Fix T € N;.
Define Iy : ET — ©p — R as the restriction of Ip to ET x ©. Since O is a compact
subset of euclidean space, E7 is a metric space under the product metric d’, and Ir
is a continuous function on ET x @, by theorem 3.1 there exists a Borel measurable
function O7 : ET — ©y such that

N

Or(y) € argmax iT(y | 0)
[ASSH

for any y € ET. Furthermore, because fT(y | -) is strictly concave on the non-empty
convex set O for any y € ET, theorem 3.1 tells us that fr is a continuous function on
ET. It remains to establish that 67(y) maximizes l7(y | 0) with respect to 6 over the

entire parameter space, not just Oy.

Fix y € ET. By design,

Ir(y | Or(y)) = sup Ir(y | 0) > lr(y | 0)
[ASISH

for any 6’ € ©¢. On the other hand, by assumption,

lr(y | 07 (y)) = sup lr(y | 0) > sup Ir(y | 6) > lp(y | 0')
0€©g €O

for any 0" € ©f as well, so it follows that

Ir(y | Or(y)) > Ir(y | 0)
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for any 6 € ©¢. Therefore,

Ir(y | Or(y)) = max Ir(y | 0).

Consistency

Unlike in the GMM caes, we cannot rely on the basic consistency theorem because
we have not assume that the scaled log-likelihood converges uniformly in probability
to some limiting objective function. However, thanks to the asymptotic identification
condition, the proof for the onsistency of the ML estimators remains relatively simple.

Choose any € > 0; we want to show that

lim P (|0r(Yi,-+, Yr) — 60| > €) =0,

T—00

or equivalently,

lim pp (6’0, {ye ET| ‘éT(?/)—Ho‘ > 6}) =

T—o00

Suppose that ’éT(y) —90’ > ¢ for some T € Ny and y € ET. Then, because O7(y) €
©pN B(hy,€)¢, it follows that, by the asymptotic identification condition, there exists a
K > 0 such that

lim pr | 6, Sy € ET sup  —=|lr(y |0)—Ilr(y | 60)| > K} | =0.
e (o € £ 1 s i 1) 1100100 > <K )

By the definition of the ML estimator,

lr(y | 07(y)) > lr(y | 60),

and because 07 (y) € ©\ B(6,€), we have

~K <0 T[ 7(y| 0r(y)) —lr(y | 00)] < o T (1r(y [0) ~ Iz (y | 60).
Thus,
weET o) —bo| > clyeBT| sup | =10~y 0] > -K}

and we have

r (60, y € E” | |or(y) 60| > })
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< pr <90, {y c g7 | sup

1
0€0\B(00,¢) JT {ZT(?J |0) —lr(y | 00)] > —K}) .

Taking T'— oo on both sides shows us that
lim_pir (00, {y € ET | fr(y) — 0| > e}) = 0,
T—o00

as we desired.

Q.E.D.
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3.5.3 The Information Matrix and Cramer-Rao Lower Bound

To show that ML estimators are asymptotically normal, we must first introduce an object called

the information matrix. First, let us make the following assumptions:

M5

Meé

: Smoothness Properties of the Log-Likelihood
For any T € N; and y € ET, the function fr(y|-) is twice continuously differentiable on
©°. It follows that the score is given by

_Olr(yl0) 1 Ofr(y|0)
W= S ey Te) o0
and the Hessian by
Py e) 1 Ofr(y|0)\ (9fr(y|0)Y 1 Pfr(y]0)
Hrw 1) =200 = Friy o) ( 09 ) ( 00 ) T 18 060r

1 &fr(y|0)
fr(yl0) 0000

=—s7(y|0)sr(y|0) +

for any 6 € ©°. We assume that both sy (- | 0)sr(- | 0)" and Hrp(-|0) are ur(0,-)-integrable
for any 6 € ©°, and that they are both continuous on ET x ©.

: Conditions for Interchanging Integration and Differentiation
We assume that, for any 7' € Ny, the functions fr(-|6) and afTaig‘g) are Ap-integrable for
any 0 € ©°, and that there exists some measurable non-negative and Ap-integrable function

br: ET — R, such that

2
Pl <ort

‘3fT(y 10)
00

)

for any (y,0) € ET x €°.

As a consequence of assumptions M5 and M6, we can establish the following result:
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Theorem 3.17 (Information Matrix Equality)
Suppose that assumptions M1 to M6 hold. Then,

[, srw Onr(0.dy) = Onsa
ET

and

/ sT(y\G)ST(yW)/MT(@,dy):—/ Hr(y | 0)pr(0,dy).
ET ET

for any 0 € ©°.

Proof) Choose any 6 € ©°. The two results follow easily from the Leibniz integral rule, which
holds for fr and its gradient with respect to 6 by the conditions in assumption M6.

Formally, by the Leibniz integral rule, we can interchange the order of differentiatoin

and integration with respect to Ap for fr and its gradient. Since

[, dr(v | 0)ira(y) = pr(0.57) = 1
it follows that

2D i) = o ([ 7ot 1006 ) = O

Likewise,

0% fr(y | 0) 0 dfr(y | 0) B
/ET “ogos ) =5, (/ET (%dAT(y)> = O

Now note that

[orwlom@.a= [ stw10) oy 9) axet) = [ 20D arg () = O,

To show that the second equality holds, we need only note that
[, Hry) 0ur0.dy) = [ Hr(y10)- 1y 16) dr(y)
ET ET

:/ 0% fr(y | 0)
ET

i dAr(w) = [ st(y|0)sr(y |0 - fry|0) dAr(y)

- _/ET sty |0)sr(y | 0) pr(0,dy).
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Q.E.D.

The two equations have a very intuitive interpretation. Note that they imply

Elsr(Y1,--+,Yr [ 60)] := /ET sT(y | 6o)ur(0o,dy) = Omx1

and

“E(Hr (Vi Yr | 60)] == [ Hrly| 6o)pr(0o.dy)

=E[sp(Y1, -, Y7 | 0)sT(Y1,---, Y7 | 6p)'] := /ETST(ZJ!90)8T(y!90)IMT(90,dy)-

The first equation tells us that the score function has mean zero under the true parameter, so
that {s7(Y1,---,¥7 | 00)}ren, is a zero mean process. Subsequently, the second equation tells

us that the variance of the score function, which is
Var [sp(Y1,---, Y7 | 00)] = E [sp(Y1,---, Y7 | 60)s7 (Y1, , Y7 | 60)']

in light of the zero mean property, is equivalent to the expectation of the Hessian with its sign

reversed.

As a function of 6, the variance of the score function can be denoted
HT(G) = Var [ST(Yl, ce ,YT ‘ 9)]

for any 6 € ©°. We define the information matrix as this variance evaluated at 6y, that is, Iz (6p)

is the information matrix under 1" sample observations. The equation
Ir(00) = —E[H7(Y1, -, Y7 | 6p)]

is called the information matrix equality.
Note in addition that, if the ML estimator éT(Yl, .-+, Yr) takes values in the interior ©¢ of

the parameter space, the first order conditions for maximization tells us that

_ dfr(Y1, -, Yr | 0p(Yy,---Y7))

sp(Y1,---, Y7 |0p(Y1,---  Y7)) 50

:Omxl-

It follows that, in this case,

I [éT(Yl,“' ,YT)] = /E‘T sT [y | Or(Yy,--- 7YT)} ST [y | 07 (Y3, aYT)},MT(HDady)'
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The reason Ip(6p) is called the information matrix will be made clear once we show how it
is related to the Cramer-Rao lower bound (CRLB). Simply put, the CRLB is the lower bound
of the variance of an unbiased estimator of 6. Formally, given a sample of size T', an unbiased
estimator of  is defined as a function W : ET — © such that

[ Wwur(0.dy) =0
ET
for any 6 € ©. In particular, this implies that
EW (i Yo)li= [ Wur(o.dy) = oo

In this sense, unbiasedness is a finite sample property of estimators that corresponds to the
large sample property of consistency. Whereas consistency requires a sequence of estimators to
converge to the true parameter, unbiasedness requires that their means are equal to the true
parameter. In this sense, a consistent estimator can be viewed as an asymptotically unbiased
estimator.

The theorem below shows us that the variance of an unbiased estimator of § given a sample

of size T' is bounded below by the inverse of the information matrix, that is,
Var [W(Y7,---,Y7)] = I7(6p) ™

is positive semidefinite, given that the Iy (6y) is positive definite.

Theorem 3.18 (Cramer-Rao Bound)
Suppose that assumptions M1 to M6 hold, and that the T-observation information matrix Ir(6y)
is positive definite. Then, for any unbiased estimator W : ET — © of # such that

L W @br@)ldire(y) < +oc.
and W (Y1,---,Yr) has finite second moments, the difference
Var [W(Y1,---,Yr)] — HT(Go)il

is positive semidefinite.

Proof) This result follows easily by considering the random vector
Xy =W, ,Yr)—00) —Ir(60) " - s7(Y1,-, Y7 | o).
Note that

E[XrX7] =E [(W(Yl, <o Yr) = 00) (W(Y, -, Yr) - 90)/}
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—E[(WM,--,Yr)—00)sp(Y1,--+, Y | 60)'] -Ip(6p) "
~Ir(60) ™" E [sr (Y1, Yo | 60) (W(Yi, -, Yr) ~ 60)
+HT(90) [ST(K, JYrp | eo)ST(Yl,‘ -, Yr ‘ 90)/] 'HT(QQ)il

We study each term in turn.

The first term is just the variance of W (Y7,---,Y7) in light of its unbiasedness.Likewise,

the last term can be reduced to
I (60) " E[sp(Y1,- Y7 [ 60)sr (Y1, -+ . Y1 | 60)'] - Ir(60) " =Ir(6)
Finally, to deal with the second and third terms, note that

E[(W(Y1, -, Yr)—00) s7(Y1,---, Y7 | 00)] =E[W(Y1,---, Y7)s7(Y1,--, Y7 | 60)]

— /ET W (y)st(y | 00)pr(o,dy)

1 dfr(y | bo) !
fr(y|6o) 06 } fr(y | 60) dAr(y)

= /.. (ang;a\ 90)) dAr(y).

Defining V : E7 x © — R™ as
V(y,0) =W(y)fr(y | 0)
for any (y,0) € ET x O,

ETV(ZJ,H)CD\T /W Jur(8,dy) =0

for any 6 € © by the unbiasedness of W. Furthermore,

oV (y,0) fr(y|0)Y
a0 :W(y)( Tae )

for any (y,0) € ET x ©°, with

’3V(y7 H o)l ‘8ny!9‘

20 < |W(y)|-br(y).

By assumption, we have

L W@l -brw)di(y) < +oc.
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so the Leibniz integral rule tells us that, for any 6 € ©°,

L T i) = 3 ( L V(y,9>dAT<y>) = J0=In

By implication,

Low (Y i) = [ B i) = 1,

and thus
E[(W (Y1, ,Yp) —60) sp(Ya, -+, Yr | 0)'] = L.
It follows that
E [ X7 X)) = Var [W (Y1, , Y7)] —Ir(6) "

Since the left hand side is positive semidefinite by design, the right hand side term

must also be positive semidefinite; this concludes our proof.

Q.E.D.

The theorem above shows us that the variance of an unbiased estimator of  cannot be smaller
than I7(6g) !, so that the “larger” I (6p) is, the more precisely we can estimate 6. This is why
we can view Ip(6p) as representing the information contained in a sample of size T'; the more
information there is, the more precisely we can potentially estimate the parameter of interest.
It turns out that ML estimators are interesting because they satisfy an asymptotic version
of the Cramer-Rao bound. Specifically, under some additional assumptions on the asymptotic

behavior of the scaled sample information matrix %HT(Yl, -+, Y7 | 6), we can conclude that
éT(Y17 o )YT) ~ N |:907 HT(00)71:| ’

that is, the ML estimator of § is approximately normally distributed with mean 6y and variance
equal to the CRLB I ()~ 1.

Given the importance of the information matrix, we want to find some way to estimate it
using the sample data given to us. To this end, we note that the T-observation information
matrix I7(0y) is the expectation of the negative Hessian evaluated at 6p: —Hp(Y1, -+, Y7 | 6p).

Usually, the demeaned process
—Hp(Y1,-, Y7 | 00) — 11 (60)

ends up diverging, since the variation of Hp(Y7,---,Yr | 6y) grows as the sample size T grows

larger. To make sure that the above quantity converges in probability to its mean of zero, we
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must thus scale it appropriately; in many cases it turns out that it converges in probability at

a rate T, owing to the law of large numbers. If, as in these cases, we have

1

T [—Hr(Y1,, Y7 | 86) = I7(60)] = Omsxcm,
then —%HT(Yl, -+, Y7 | 0p) is a consistent estimator of the scaled information matrix %]IT(GO).
Since we do not know 6, we can think of replacing 6y with the consistent estimator éT(Yl, < Y.

Formally, define

Ir(y) = —Hr(y | 07(y))

for any y € ET, where the Hessian at 9T(y) is well-defined because 07 takes values in ©y C ©°.

%ﬁT(Yl, -+, Yr) is now our go-to estimator of the information matrix.
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3.5.4 Asymptotic Distribution of the ML Estimator

To establish the asymptotic normality of the ML estimator, we must first make some assump-
tions. First, we must establish that the scaled sample information matrix is appropriately
bounded in probability as the sample size grows to infinity, and we must also ensure that
the Hessian is appropriately smooth. Finally, we require a central limit theorem for the score

function. Formally, we make the following assumptions:

M7 : Boundedness of Scaled Sample Information Matrix
Let Iy : ET — R™%™ be defined as above. Let qr,min(y) and ¢rmaz(y) be the minimum

and maximum eigenvalues of the positive definite matrix %]AIT(y) for any y € ET. Since the

mapping
y— Hr(y| 0r(y))

is £7-measurable and ordered eigenvalues are continuous functions of the corresponding

symmetric matrices, the mappings

Y= QT,min(y>7 Y= 4T, max (y)

are non-negative and £7-measurable.

We assume that there exist some 0 < pmin < Pmaz < +00 such that

lim P(pmin S QT,min(Yh T )YT) S QT,max(Yi) T 7YT) S pmax) =1

T—o00

MS8 : Smoothness of Hessian
For any ¢ > 0, there exists a d(e) > 0 such that B(6y,5(e)) C © (since g is in the interior
of ©) and

14 1
lim P( sup HHT(Yl,"-,YT)—I—HT(Yl,"-,YT‘Q)H§€> :1,
T—=00 \geB(90,5(c)) I T T

where B(6p,6(¢)) is the closed §(e)-ball around 6. Note that the mapping

1a
v sup | 1)+ Hrly | 6)
9B (60,5(c))

is continuous by Berge’s maximum theorem because it is the value function corresponding
to the problem of maximizing a continuous function over a compact set, so that the above

limit statement is well-defined.
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M9 : Asymptotic Normality of Sclaed Score

The score function, appropriately scaled, is asymptotically normal:

N

(1 Ip(vy,--- ,YT))

1
= | Ve [600)] S N O, T,

VT

1
where (%HT(Yl,n- ,YT)) ® is the Cholesky factor of the positive definite-valued random
matrix %ﬁT(H, Y1),

Note that the scaling of the score function makes sense in light of the information matrix equality.

For any T € N, the variance of ﬁsT(Yl, .Y | 0p) is given as

1 1
E TST(YIV" Yr | 00)sr(Ya,-+,Yr | 6)'| = THT(HO)a

the scaled T-observation information matrix. By assumption,

14 1
THT(YM”' ,Y7) "‘THT(YI;"' Y7 [ 600) 2 Ormsem,s

and by a law of large numbers-type argument, —%HT(Yl,--- , Y7 | 6p) should be close to its

eXpeCtatiOl’l
T 1 1, ) 0 T 0)s

where the equality is precisely the information matrix equality. Therefore, for large enough 7'

the scaled sample information matrix %]AIT(Yl, .-+, Yr) is similar to the variance %HT(GO) of the
scaled score function ﬁsT(Yh -+, Y7 | 6p), which motivates our decision to assume that
1 A
ﬁST(Yh”’ Y1 [ 00) =N | Opxi, T]IT(YIW" ,YT)

in large samples.
We are now in a position to show that the ML estimator is asymptotically normal with
asymptotic variance given as the inverse of the limiting information matrix Z(6y). First, we

present a lemma that is similar in spirit to lemma 3.6, which concerns inversion at the limit.
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Lemma 3.19 Let A € R "™ be a positive definite matrix with eigenvalues Ay > --- > A\, >
m > 0. Then,

A< vaa, a2 YR <

An m
In addition, if B € R™*" a square matrix such that
m
A-B| <a—
A= Bl <oz
for some « € (0,1), then B is non-singular and

A<V o
H H_ m l—ao

Proof) Let A be a positive definite n x n matrix with eigenvalues A\ >--- > \,, >m > 0. Then,
letting PD P’ be the orthogonal eigendecomposition of A, we have
n
|A|* = tr(A'A) = tr (PD?P') = tr(D?) = 3" 22,
i=1
Similalry, because A~ = PD~'P’, we have
1) 2\
HA H = tr(D ):ZA?.

It follows that

Recall that, for any n x n matrix B such that

1
|A—B| < =7
| A=

B is also non-singular and its inverse B! satisfies the inequality

. A7 A= B
|54~ < ey

Now let B be an n X n matrix such that

m
A-B —.
4Bl <a
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Then, because

1 1
=Bl <o g <
B is non-singular. In addition,
a1 - 1 < |47 1A B)
—1-[lAT-A- B

Vi (A A= B
—om \1-|A7Y-|A-B]
Since the mapping x +— % is increasing on [0,1), and
|47 1a-Bi <.

we can see that

Al gV
H H_m 1—a’

Q.E.D.
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Lemma 3.20 (Generalized Inversion at the Limit)
Suppose {X7}ren, and {Yr}ren, are sequences of n-dimensional random vectors, {Wr}ren,
a sequence of n x n random (not necessarily square) matrices and {Hr}ren, a sequence of nxn

real symmetric matrices such that

HWT_HTHSQﬂ and 0 <m < qrmin

NG

with probability approaching 1 as T'— oo, where a € (0,1) and g7 is the smallest eigenvalue
of Hy for any T'e€ Ny. If Yr = Wr X7 and Y7 is Op(1) as T'— oo, then so is X7.

Proof) Define the event
Ar={weQ||Wr(w) - Hr@)| <a—r and 0<m <grmn(w)} €H
T — T T = \/ﬁ = 4T, min .
By assumption,
P(Ar)—1 asT — oc.
Furthemore, for any w € Ap, since
[Wr(w) = Hr(w)] < o

and Hp(w) is a positive definite matrix whose smallest eigenvalue is bounded below by

m > 0, lemma 3.14 tells us that

Wr(w) is non-singular, and

\Mﬂm4f&wrwgé3f%
In particular,
() < Y20y ) < ¥

Finally, since Yr(w) = Wp(w)Xr(w), we have

[Xr(w)| = [Wr (@) Wr (@) Xr(w)| = |Wr(w) ™ Yr(w)|

gmwwrwwﬂmm(-a)ww»
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By assumption, Y7 is Op(1), so that, for any € > 0, there exists a K >0 and an N € N
such that

P(|Yr|>K) <<= and P(4%)< g

|

for any T'> N. Define

K1:<\T/nﬁ'1>K>0.

l1-a
Then, for any T'> N,
P(1 X7 > K1) =P({|Xr| > K1} N Ap) + P ({[X7| > K1} N AT)
<P({[X7|> K1} NAr)+P(A7).

For any w € Ay, Kj < |X7(w)| implies

< (2 e

or equivalently, |Y7(w)| > K, so that
P(|X7| > Ky) <P{|Yr| > K}NA7p)+P(AT) <P(|Yr| > K)+P (A7) <e.

We can find such a K1 >0 and N € N, for any € > 0, so by definition, X7 is Op(1) as
T — oo.

Q.E.D.

Note that this result contains, as a special case, the inversion at the limit result proved in lemma
3.6 when the limit is positive definite. To see this, note that lemma 3.6 can be formulated in
terms of the hypotheses of lemma 3.15 by putting Hy = W for any T € N, where W is the
positive definite probability limit of the sequence {Wr}ren, .
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Theorem 3.21 (Asymptotic Normality of the ML Estimator)

Suppose that assumptions M1 to M9 hold, and let {éT}TE N, be a sequence of continuous
functions such that 67 : ET — 0y and éT(}ﬁ,--- ,Y7) is the T-observation ML estimator of
0. Then,

O (Y, ,Yp)— 0y = Op(T_l/Q) as T — oo

with asymptotic distribution given as

1
14 3/ A
(THT(Yl,'“ ,YT)) X \/T[QT(YL”' 7YT)_90} iﬁ\/[Omxl, In)].

Proof) The proof is similar, but not identical to, the proof of the basic asymptotic normality
theorem, since we have abstained from assuming the existence of a “limiting informa-

tion matrix”, that is, a uniform limit of — 4 Hrp (Y3, , Y7 | 6).

Note first that, under assumptions M1 to M4, there exists a sequence {éT}Te N, of con-
tinuous functions such that éT :ET - 0y c ©° and éT(Yl, .-+, Yr) is the T-observation
ML estimator of 0. The fact that the ML estimator takes values in the interior of the

parameter space simplifies the proof somewhat.

Choose any 1 <i <m and let s;7(Y3,---,Y7 | 0) be the ith component of the score
function s7(Y7,--+, Y7 | 0). By assumption M5, the function s; 7 : ET x ©° — R is con-
tinuous on E7 x © and continuously differentiable with respect to its second argument,

so by the stochastic mean value theorem,
sir (Y1, Y | 0p (Y1, Y1) = sir (Y1, Y7 | 6o)

+ (Vo sir (i, Ve [ 69)) (7 (Y1, . Yr) —f0).

where Q(Ti) is a random variable such that

\99 —00\ < ‘éT(Yl,--- Yr) —90‘.

We can write

021r (Y1, Yr|6%))
00100;

VG Si’T(Yh”"YT’Qg)): = i,T(}/l7"‘7YT|9¥))7

02Uy (Y1, Yr|0%))
00,,00;

where H; 7(Y1,---, Y7 | ngi)) is the i¢th column/row of the Hessian Hp (Y1, -+, Y7 | Hg,f))
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(it doesn’t matter whether it’s the column or row because the Hessian is symmetric).

Define the m x m matrix H} as
Hy = (Hyr(Yr, Yo |09) o Hyr(V, e [057)),
we can now see that
sp(Y1, ., Y | 0r (Y1, -+, Y7)) = sp (Y1, , Yr | 00) + H} (éT(Yh"‘ YT) —90) :

By the first order condition for maximization, the left hand side equals O,,x1, so we

have

(-~ Hi )V [br(viseee o) —60] = \}TST(YU-- Yr | 6).

Step 1: Asymptotic Behavior of —%H{F

We first show that the distance between —%H} and the sample information matrix

%ﬁT(Yl, .-+, Y7) reduces to 0 in probability.

Choose any € > 0. By assumption M8, there exists a § > 0 such that

lim ]P’( sup

1A 1
Hﬂﬂwy%H—HﬂHwQWWWSQZL
T\ geB(0y,0) T

and because the ML estimator is consistent for 6y,

lim P(‘éT(Yl, ,YT>—90‘ S (5) =1.

T—o0

It follows from the fact that ‘95@ — 90‘ < ‘QT(Yl, < Yr) — 90’ for each 1 <4 <m that

lim P (|6 — 60| <6) =1

T—o0

for all 1 <¢<m. Define the event At as

m

ar=| (o -] <3}

i=1

14 1
ﬂ{ sup HT(Yly"';YT)_'_THT(}/IV",YT‘H)HSﬁ}-

6€B(6y,6)

We just showed above that P(Ar) — 1 as T'— oo. Note that, if w € Ap, then 053) (w) e
B(0p,6) for 1 <i<m and therefore

1 . 1.
Ar C {HTHT+THT(Y17'“ ,Y7)

<evm},
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which implies that

1 14
i —_HY 4+ — < =1.
TIEI;OP<HTHT+T]IT(Y17 ,Y7) _e\/m) 1
This holds for any € > 0, so
1 . 14 p
THT‘F T]IT(YI;"' >YT) = Omxm

as T — oo.

Step 2: Rate of Convergence of ML Estimator

Now we want to show that the o,(1) term O7(Y1,---,Yp) — 0 has a rate of convergence
ﬁ, that is, O7(Y1,---,Yr) — 0 = Op(T~1/?).
Note that

1 1

. [(;ﬁT(yb... ) (g, ,m)g/}

[NIE

H<zle(Y1w“ 7YT))

so that

1
2

< \/m'QT,max(}/la"‘ 7YT)-

-

Assumption M7 now tells us that

(NI

< V1 Pmax

H (i)

[N

with probability approaching 1 as T"— oo. This indicates that (%ﬁT(H, e ,YT)) =
Op(1) as T — oo.

For any T' € N,, we can see that

1
vT
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By assumption M9, the term

1
1. 2 1
(FEr( ) x Tzsr(i Yo 160) = 0,(1)

[SIE

as T — 0o, and we just saw that (%]AIT(Yl7 ,YT)> = Op(1). Therefore,

L (Vi Y 100) = 0,(1) as T = oo,

3

From the result shown above on the asymptotic behavior of the random matrix —%H{F,

as well as assumption M7,

1 1. ;
H—TH? - T]IT(Yla”' YY)l < 5:7% and 0 < pmin < qTmin(Y1,-+-,Y7)
with probability approaching 1 as T'— oo, where {%ﬁT(Yl, -+, Y7)}ren, is asequence of

m X m real symmetric matrices (positive semidefinite matrices, to be exact). Moreover,

1. X 1
(_THT) VT {HT(YL“' ,Y7) —90} = ﬁST(Yla'” Y| 6),

where the term on the right hand side is Op(1) as T'— oco. By the generalized inversion
at the limit, it follows that

VT [0r(Yi,+,Yr) = 0] = 0p(1) as T — oc.

Step 3: Asymptotic Distribution of ML Estimator

Now that we have established the rate of convergence of the ML estimator, it remains

to obtain its asymptotic distribution. Pre-multiplying both sides of

1, X 1
(_THT> T {QT(YM"' ,Y7) —90} = ﬁST(Yh”' Y7 | 0o),

by (%]IT(Yl, e ,YT)) and expanding suitably yields the equation

1
1. 32 1
I (Y:.--- V- — sr(Ys.--- Y | O
(T 7(Y1, ,T)) X\/TST( 1, 7T’ 0)

— <11jT(y1’... 7YT))é <—;H;> X \/T{éT(Yl,... ,Yr) —90}
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— <1ﬁT(y17... ,yT))é/ X ﬁ[a}(yl,... ,YT)—OO]

1
1. "3/, 1 A
— (T]IT(Yh“' 7YT)> (THT(Yl,'“ ,YT)+THT) x VT [9T(Y1,“' ,YT) —90} .

Rearranging, we can see that

1.
(EHT<Y1V"»YT>)

’

x ﬁ[éT(yl,--- ,YT)feo]

Nl

1 1
= lﬁ(Y Yr) 2 ! (Y7 Yo | 60)+ I]T(Y Yr) 2 1ﬁ(y Y)+1H* T[é (Y7 Yr) 9]
== X —— - - — X VT _ .
TT 1 T \/—ST 1 T 0 TT 1 T TT 1 T T T T 1 T 0

We want to show that the second term is negligible as T — oc.

Because

H (;ﬁmﬁ, . ,YT)>%

2

N

(;ﬁTm,--- ,YT)>%/>

—tr ((;Mn,m ,YT))

1. —1
s <
g [(T T( b ’ T)> ‘| o QT,min(}/l"" 7}/71)7

we have

1
2

H <11JAIT(Y17“' ,YT))

- m
—\ amin(Y1,--- . Y7)

for any T' € N;. In light of assumption M7,

_1
2 m

H (;ﬁmﬁ,--- ,YT)>

Pmin

with probability approaching 1 as T'— oco. This implies that

1
(ﬂT(Yl,---,Yﬂ) —0,(1) asT - oo.

Therefore, the term

1
1. 2 /14 1 .
(T]IT(Yl,' .. ,YT)> (]IT(Yl, s ,YT) + TH;:> X \/T {QT(YL- .- ,YT> —90}

_1 )
is the product of two Op(1) terms (%HT(Yl,m ,YT)) > and VT {GT(Yl,m ,Y7) —90},
and one op(1) term %ﬁT(Yl,m Y1)+ % Hj. It follows that the entire term is o,(1) as

T — oo, so that

1
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14 1
= (THT(Yl,"' ,YT)) X ﬁST(Yh'” Y1 | 6p) +0p(1).

N

By Slutsky’s theorem and assumption A9,

N

14 ! A
(Flr0i ¥ ) <V (B, Vo) = 60] S N[O, 1),

as desired.

Q.E.D.

As we noted in the previous section, this result suggests that, in large samples,

A

Or(Y1,---,Y7) %/\/[907 Ir(Yi,--- 7YT)_1] ,

so that the ML estimator is asymptotically unbiased (=consistent) and attains the Cramer-Rao
Bound. in the limit This result is what econometricians refer to when they say that the ML

estimator is asymptotically efficient.
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3.5.5 The Trinity: Wald, LR and LM

The asymptotic properties of the ML estimator derived above has many useful statistical appli-
cations, in particular when constructing asymptotic test statistics. For the sake of simplicity, we

consider here tests with simple null hypotheses, that is, we consider testing
Hy:0=0y against Hp:0#0,

for some 6, € O©.
There are three types of tests that are often brought up in the context of ML estimation: the
Wald, LR and LM tests, collectively referred to as the trinity tests. We consider each test in turn.

The Wald Test

The Wald test is perhaps the simplest and most intuitive of the trinity. It is motivated as
follows. Suppose that the null were true, that is, §y were the true parameter. Then, in light of
the consistency of the ML estimator, the difference éT(Yl,--- , Y1) — 60 would be close to 0, so

that quadratic forms of the form
A~ !/ N
(9T(Y1,'” ,YT) —90) Wr (QT(Yla"' Y1) — 90)

would be close to 0 for an appropriately chosen weighting matrix Wr. On the other hand, if
any alternative Hy : 6 = 61 # 0y were true, then the difference éT(Yl, -+, Yr)— 0 would converge
to the non-zero value 61 — 0y, meaning that the quadratic form above will diverge to +oo in
probability if the weighting matrix W also diverges. This shows us that using a test statistic
based on the quadratic form above will yield a test whose significance level we can control and
which is consistent.

The formal definition of the Wald test statistic, as well as its asymptotic properties, are given

below:

Theorem 3.16 (Asymptotic Properties of the Wald Test Statistic)
Suppose that assumptions M1 to M9 hold, and let {éT}TE N, be a sequence of continuous
functions such that 67 : ET — 0, and éT(}ﬁ,--- ,Y7) is the T-observation ML estimator of
6.

The Wald statistic for testing Hy : 0 = 6y against Hy : 0 # 0 is defined as

A 11 A A
Wr (Y, Y) =T+ [0p(Ya, -, Yr) = o] (THT<Y1,~--,YT)) [0r (Y1, -+, Yr) — 60|
If 6y € ©¢, then under the null, this test statistic has asymptotic distribution
d 2

WT(Yla' o 7YT) — Xm>

so that the null hypothesis is rejected for large values of the Wald statistic.
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Under the alternative Hy : 0 = 01 # 0y, where 61 € Oy, the test statistic Wp(Y7,---,Yp) di-

verges in probability to +oo.

Proof) Suppose that the null is true and that 6y € ©y. By assumptions M1 to M9, the ML
estimator exists, is consistent for 6y, the difference éT(Yl,--' YY) — 0 is Op(T_l/ 3,

and its asymptotic distribution is given as

1
14 3/ A
(THT<Y1,--- ,YT>) X VT |0r(Y1,++,Yr) = 60| 5 N [Omx1, In).-

Therefore,

Wy (Y1, ,Yr)=T- [0r(Y1,---,Yr) —90]/ (%ﬁT(Yh'“ 7YT)> [07 (Y1, , Y1) —60]

= [(%ﬁT(Yh”' 7YT)) %/Xﬁ[éT(Yh"' ,Yr) —0o] ],K%ET(YM“ 7YT)) %/Xﬁ[éT(Yl,m Yr) —90”
% X

Now suppose that the alternative H; : 0 = 01 # 0y is true, where 61 € ©g. Then, by

assumptions M1 to M9 again and the consistency of the ML estimator,
Or(Y1, -, Yr) =01 5 O,
so that

Or(Y1, -, Y1) =00 2 01 — 0 # O

For any positive definite A € R™*™ with eigenvalues Ay > --- > A\, > 0 and non-zero

v € R™, letting A= PDP’ be the orthogonal eigendecomposition of A and z = ﬁ, since
]P'z]g =2PP2=7%2=1,
it follows that

o' Av = |v|? (7 Az) = |v|* [(¥’ P)D(P'z)]
= \U|2‘§:)‘i'(P/Z)22 > [of* Ay (i(f”z)?)
i=1 1=1

= [v]*Am - |P'2)? = [P Am.
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If v = Opmx1, then the above inequality holds trivially as an equality.

For any T € N, the random matrix %ﬁT()ﬁ, -+, Y7) is positive definite valued with

minimum eigenvalue g7 min (Y1, -+, Y7),the above result shows us that

~ 1 /1A ~
Wr(Yr,---,Yp)=T- {QT(Yh'" 7YT)—90} (THT(YL"‘ ,YT)> [QT(Yl,“' 7YT)—90}

R 2
>T- ‘GT(YL"' ,YT) —90’ “qTmin(Y1,-+, Y1).
By assumption M7, ¢7min(Y1, -+, Y7) > pmin > 0 with probability approaching 1 as

T — oo, and because

A 1
lim ]P’(’GT(Yl,-u Yr) =0 (61— 0)| < 2|91—90|> =1

T—o00

by the consistency of the ML estimator, the triange inequality implies that

' . 1
lim P (’GT(Yl,--- ,YT)—HO‘ > 5\91 —%I) =1

T—o0

as well. Putting the two results together, we can now see that

lim P ((éT(Yl,--- Yr) — 6o

‘2
T—o00

1
Az min(Vi, o Ye) 2 161 —HO\Q-pmm) —1,

where %\91 — 90|2 « Pmin > 0. Tt follows from lemma 2.4 that Wp(Yy,---,Yy) diverges in
probability to +oc0 under 6.

Q.E.D.

The divergence in probability result shown above implies that the Wald test is consistent against
alternatives Hj : 8 = 01 # 6y such that 6, € ©g.
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The Likelihood Ratio Test

The Likelihood Ratio (LR) test is perhaps the most fundamental test in statistical theory. It is
based on a simple intuition. Gibbs’ inequality tells us that, for any T'€ N, the mapping

HHE[ZT(H, ,YT|9)]

is uniquely maximized at the true parameter value 6. Since the ML estimator éT(Yl, -~ Yp) is
close to the true parameter 6y under large enough samples, and (Y7, -+, Y7 | 6p) is close to its
mean E[lp(Y1,---,Yr | 6p)], if Oy is indeed the true parameter, then the difference

Ir(Yr,--, Y7 | Op(Y1,-- , Y7)) =0 (Y1,---, Y7 | 60)

should be close to 0. On the other hand, if 6 is far from the true parameter, then i7(Y1, -+, Y7 | 6)
should be small compared to Ip(Y7, -, Y7 | éT(Yl,--- ,Y7)), so that the above difference should
also be large. This allows us to think of a test for the null Hy: 8 = 0y against Hy : 6 # 6y by
testing whether the above likelihood difference is larger than some appropriately chosen critical
value; the null is rejected if the likelihood ratio exceeds this critical value. The test is called a
likelihood “ratio” test because the difference in likelihoods is just the log of the ratio of densities.

We have already studied versions of the likelihood ratio test, although we did not explicitly
refer to them as such. For instance, the UMP test for simple null hypotheses against simple
alternatives proposed in the Neyman-Pearson lemma can be viewed as a likelihood ratio test;
recall how the NP test rejects the null if and only if the ratio of the density under the true
parameter to the density under the alternative is larger than some critical value. Similarly, the
Karlin-Rubin one-sided UMP test is also a likelihood ratio-type test, since the MLR property
ensures that the test statistic is proportional to the ratio of densities.

The formal definition of the likelihood test statistic, as well as its asymptotic properties, are
given below. Once again, the test statistic has an asymptotic chi-squared distribution with m
degrees of freedom under the null, while it diverges to +o0o under parameter values which belong

to the alternative hypothesis, demonstrating that the test is consistent.
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Theorem 3.22 (Asymptotic Properties of the LR Test Statistic)
Suppose that assumptions M1 to M9 hold, and let {éT}TE N, be a sequence of continuous
functions such that 67 : ET — 0y and éT(}ﬁ,--- ,Y7) is the T-observation ML estimator of
0.

The LR statistic for testing Hy : 0 = 0y against Hj : 0 # 0y is defined as

LRr(Y1,---,Y7r)=2 {ZT(Yla“' Yr | 0p(Y1,--, Y7)) = lp(Y1,---, Y | 9)}-

If 89 € O¢, then under the null, this test statistic has asymptotic distribution

d
LRr(Y1,-,Y7) 5 X2,

so that the null hypothesis is rejected for large values of the LR statistic.
Under the alternative Hy : 0 = 6, # 0y, where 0 € Oy, the test statistic LRp(Y1,---,Yr) di-
verges in probability to +oo.

Proof) Asymptotic Distribution of LR Statistic under the Null
Suppose that the null is true and that 6y € ©g. For any 7" € N, define the function
h:ET x[0,1] =R as

1

hy,t) = =|ln(y 1 80) = tr(y | () — 5 [Br(v) — 0] Hrly | ¢-6(y) + (1= )60) [or(y) — 00]

for any (y,t) € ET x [0,1]. Then, since h is continuous on ET x [0,1] by assumption and
[0,1] is a compact set, by Berge’s maximum theorem the set of solutions G : ET —[0,1]

to the maximization problem

h(y,t
max (y,t)

is non-empty compact valued and upper hemicontinuous. Furthermore, because [0,1]
is a complete and separable metric space under the euclidean metric, and E7 is a
topological space by assumption, the measurable selection theorem tells us that there
exists a measurable selection g7 : ET — [0,1] of G, that is, a measurable function such

that gr(y) € Gr(y) for any y € [0,1].

Now note that, for any y € E”, by a second-order Taylor expansion of I7(y | fp) around
07 (y), there exists some t* € [0,1] such that

lr(y | 60) = Ur(y | () +s7(y | 0r(y))' [60—Or(y)]

+3 [0r) — 0] Bry | -00) + (L =1)60) [Br(3) 00

= bl | B () + 5 [0r () — 00] ey | #°-603) + (01— 1)00) [dr(w) 6]
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where the last equality follows because s7(y | 07(y)) = Omx1 by the first order conditions

for maximization. As such, h(y,t*) =0, which means that

sup h(yat) =0= h(y’gT(y))
te(0,1]

by definition. This holds for any y € ET, so defining the function 0r ET - Qg as

07(y) = 97 ()01 (y) + (1 — gr(y))o

for any y € ET, 07 is a measurable function by the measurability of g and the continuity

of éT, which satisfies
2 [ZT(YL"‘ Yo | Op(Yr,--- Yp)) —lp(Yr,--, Y | 90)}

= (VT [br (¥, . Yr) ~ 0] ) [—%HT(Yl,--- Yr |03V, Yo)| (VT [0r (Y1, Yr) = 6o) )

everywhere on the sample space.

By construction, gr takes values in [0, 1], so that
07 (Y1, Yr) = 60| = (1 —gr (Y3, ,Y7)) - ‘éT(Yl,'“ ,Yr) —90) < ‘éT(Yh'“ Yr) —90‘
for any T' € N... It follows from the consistency of the ML estimator, which assumptions

M1 to M4 ensure, that 6 5 .

Choose any € > 0. By assumption M8, there exists a § > 0 such that

14 1
lim P( sup ||=Ir(Yr, -, Y7r)+ THT(YM“ Y | 9)” < 6) =1

T—o0 (663(00,5)

By the definition of convergence in probability,
lim P(W}(Yl, e ,YT) —9()| < (5) =1.
T—o00

Define the event A € H as

1. 1
7HT(Y15 aYT)+THT(}/1; 7YT | G)H <e

—

Ar = {|05(Y1,--- V) — 00| < 6}0{9 |
€B(bo,

From what we have just observed, it follows that P(Ar) — 1 as T'— oo. Furthermore,
for any outcome contained in the event Ap, since 65.(Y7,---,Y7) is contained in the

closed ball of radius d around 6,

. €
H]IT )/15 ) )+THT(Y17 : 7YT|0T(Y17"',YT))H§2'
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It follows that

1-x 1 .
Ar C {HT]IT(Y1,... ,YT)‘FTHT(YL... JYr | 07(Yh, - ’YT))H < e}

)

and therefore

T—oo

14 1
Jim P(HTHT(Yl,.-. Vi) e (Y, Ve | 054, ,YT))H §e> _ 1
This holds for any € > 0, so by definition

1.

1 *
My = Zlr(Vi oY)+ o Hr (Ve Yr | 07V, Yr)) 2 Ormxm.-

Putting all that we have derived together, we have
2[lr (Y1, Yr | 6p(Ya, -+ Yr) = Ir(Ye, -, Yr | 60)]
~ ! 1 ~
= (VT |br (Y1, Y1) = 0] ) |~ 2 Hr (Vi Yo |65V, Y0)| (VT [6r(Yi,--- Yr) o] )

- (\FT[éT(yl,... ,YT)_QOD' [%TIT(YL--~ ,YT)] (\/T [éT(yh... ,YT)_goD
~ (VT [or (i, Yr) = 0] ) Mo (VT [0 (i, V)~ 65)).

Under assumptions M1 to M9, we showed in the previous section that v/T' {éT(Yl, oY) — 90} =
O,(1), and we have just shown that My = 0,(1). It follows that

~ / A~
(VT [0r (Y1, Yr) = 00| ) M (VT [0r(¥s, -, Y1) =0 ) = 0,(1) as T — oo,
which allows us to express the LR test statistic as

2 [ZT(YL"‘ Yo |0p(Ya,-- Yp)) = Ip(Ya, -, Y7 | 90)}

= (VT [or(vi.- . Yr) ~ 6y ) [%ﬁT(Yh-.. )| (VT [0r (1, -+, Yr) = 6] ) + 0,(1)

— WT(Yla"' 7YT)+Op(1)a

where Wp(Y7y,---,Y7p) is just the Wald test statistic. By Slutsky’s theorem, we can
conclude that

2 [lT(Yl,'“ Yo | 0p(Ya,--- V7)) —Ip(Ya,--- Y | 90)} ix%y
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Asymptotic Behavior of LR Statistic under the Alternative

Now suppose that 0y # 0y is the true parameter, where 61 € ©¢. From what we showed

above,
2l (Y1, Yr | Op(Y, - Yr) = lr(Ye, -, Yo | 01)] = O,(1).
Define € = |61 — 6p| > 0. Then,
0o € ©9NB(hy,€)°,
so that, by the asymptotic identification condition, there exists a K > 0 such that

. 1
TIEEOP(@ Ir(Vi. Y |60) ~ (Vi Yo | 0)] £ <K ) =1

It follows that, for any M > 0, letting N € N, be chosen so that —KvT < —M, we

have
Tli_rgo]P’(lT(Yl,--- JYr | 6p)—lp(Yr,--,Yr|6) <—M) =1,
so that, by definition,
lr(Yr,--,Yr | 61) =l (Y1, Y7 | 6o)

diverges in probability to 4oc0.

The LR test statistic can now be written as
LRp(Yr, -+, Yr) =2 [lp(Ye, -+, Yo [ 00 (Yi, -+, Yp)) = lp(Ya, -+ Yr | 61)]
+2[r(Y1,---, Y7 | 01) = lp(Y1,---, Y7 | 00)].

Since this is the sum of an Op(1) term and a term that diverges in probability to +oo,

by lemma 2.4 we can conclude that LRp(Y1,---,Yr) diverges in probability to +oo.

Q.E.D.

140



In the process of the above proof, we showed that it is possible to express
LRp(Y1, -, Yr) =Wrp(Y1,--,Yr) —rp(Y1,---, Y1),

where rp(Y1,---,Y7) is a remainder term that is a quadratic form of a positive definite matrix.
Therefore, rp(Y1,---,Yr) >0, so that

LRy (Y1, -, Yr) <Wp(Y1,---,Y7).

In other words, the LR test statistic is generally smaller than the Wald test statistic.

The Lagrange Multiplier/Score Test

The final test in the trinity is the Lagrange Multiplier (LM) test, also referred to as the score test.
The score test is motivated in a similar manner to the Wald test. When testing the null hypothesis
Hy: 0 =0q against H; : 0 # 6y, we can consider the unrestricted and restricted estimators of 6.
The unrestricted estimator of 6 the estimator obtained by maximizing the likelihood without
imposing any restrictions; as such, it is simply the ML estimator of 8. Meanwhile, the restricted
estimator of 6 is the estimator obtained by once again maximizing the likelihood, only this time
we maximize it subject to the restriction that the null is true. In the case of the simple null
hypothesis above, the restricted estimator of 6 is simply 6y, while the problem is considerably
more complicated when we are faced with a composite null hypothesis.

The Wald test statistic is a test that uses only the unrestricted estimator of 6, since it is

derived solely from the result

1
1. 2’ A
(Flr(viee o)) % VT [Br(¥i,-++ Yr) = 0] 5 N Omer, T,

or in other words, from the asymptotic distribution of the ML estimator. Meanwhile, the LR test
statistic utilizes asymptotic results pertaining to both the unrestricted estimator éT(Yl, -~ Y7)
and the restricted estimator 6, since it is given as the difference in the log-likelihood under the
unrestricted and restricted estimators of 8, respectively.

In this context, the score test statistic uses only the asymptotic result pertaining to the

restricted estimator, namely assmption M9:

1
1. 271 d
(T]IT(Yh”' 7YT)> [ﬁST(Yh'” Y1 [600)| = N [Omx1, Im].
Note the conspicuous absence here of the ML estimator éT(Yl,-u ,Y7). This also motivates the
name of the score test; the score test statistic is derived based on the asymptotic behavior of

the score at the restricted estimator.

The score test has another, more widely used name: the LM test. To see why, consider the
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constrained maximization problem

glélél lT(Yl,”- ,YT ‘ 6)

subject to 6 = 6.
The solution to this problem is clearly § =6y € ©g C ©°, and the Lagrangian is given by
L(0,qr) =lr(Y1,---, Y7 | 0) +q7r (60— 0).

The first order conditions for constrained maximization now tell us that

Olp(Yr,---,Yr | 6p)
00y

=4r,

so that the Lagrange multiplier g7 is exactly equal to the score function evaluated at 6. Since
the score test is based on the asymptotic distribution of the score function, which is exactly the
Lagrange multiplier g7, the score test is also called the LM test.

The formal definition of the score test statistic, as well as its asymptotic properties, are given
below. We can see again that this test statistic has exactly the same asymptotic distribution as
the Wald and LR test statistics under the null.

Theorem 3.23 (Asymptotic Properties of the LM /Score Test Statistic)
Suppose that assumptions M1 to M9 hold, and let {éT}TE N, be a sequence of continuous
functions such that 67 : ET — 0y and éT(Yl,--- ,Y7) is the T-observation ML estimator of
0.

The LM /Score test statistic for testing Hy : 6 = 0y against Hj : 6 # 0y is defined as

A -1
LMy(Yi,-+,Yr) = sp(Yi,-, Yr | 60) [Tr(Ya, - Yr)|  sz(Ya,-, Yr | 60).

If 6y € O, then under the null, this test statistic has asymptotic distribution

d
LMy (Y1, , Y1) 5 X2,

so that the null hypothesis is rejected for large values of the LM statistic.

Proof) Suppose that the null is true and that 6§y € ©¢. By assumption M9,

1
[ﬁsTm,--- Yo eo)} & N[Oty ]

=

(;ﬁT(yb... ,YT))

so that

1 1. -1 d
TST(Yla“' Y7 | 6p) {THT(YM“‘ ,YT)] s7(Y1, -, Y7 | 00) = X2,

by the continuous mapping theorem. The left hand side is simply the LM test statistic,
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so we have the desired result

LMT(}/l,' .. ,YT) — Xm-

Q.E.D.

Note that we are unable to establish the consistency of the LM test under the current assump-
tions, since we did not impose sufficient regularity conditions on the score function to be able to
discuss its asymptotic properties at points other than the true parameter. Heuristically, this is
a consequence of the fact that the LM test statistic does not involve the unrestricted estimator;
therefore, it contains only information on the null and not the alternative. This feature some-
times causes the LM test to display erratic behavior, such as the non-monotonic power property

found in many LM-type stationarity tests (most notably, the KPSS test).
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3.5.6 A Special Case: I.1.D. Data

So far, we have studied the properties of the ML estimator and associated tests under the

following regularity conditions:

M1 : The Data Generating Process
Suppose {Y;}:cz is a sample taking values in the separable metric space (F,d) with cor-
responding Borel o-algebra £. The parameter space © is a subset of the euclidean space

R™, with corresponding Borel g-algebra 1.

Let {ur}ren, be a sequence of statistical models corresponding to the sample {Y;}sez.
Specifically, for any T' € Ny, pp is a transition probability kernel from (©,d) into (E,€&)
such that pp(0,-) is the distribution of (Y3, ,Yr) when the parameter is 6 € ©.

{M}ren and { fr}ren, are sequences of measures and functions such that, for any T'c N,
At is a o-finite measure on (£,£)7 and fr: BT x© — R, is a £T @ ¥-measurable function
that satisfies

/A Frly | 0)dAr(y) = pr (6, A)

for any (0,A) € © x £T.
The log-likelihood of the T-observation sample (Y7,---,Yr) is defined as

Ir(y|0) =log fr(y|0)

for any (y,0) € ET x ©.

M2 : Parameter Space
© is a convex subset of R". There exists a non-empty, convex and compact subset ©q of

© that is contained in the interior ©° of the parameter space and

sup l7(y | 0) < sup lr(y | 0)
0eOs €09

for any y € ET. In addition, the true parameter 6y is contained in ©y.

M3 : Regularity Conditions for Log-Likelihood
We assume that, for any 7' € N, the function Iz is continuous on ET x ©, and that l7(y | -)
is a strictly concave function on O for any y € ET.

M4 : Asymptotic Identification Condition
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M5

Meé

M7

For any € > 0, such that B(fy,€)°NOg # 0, there exists a number K (e) > 0 such that

1
lim P —— (Y1, Y7 |0) =l (Y1, Y7 | 6)| < —K =1,
oo <9e9§1g()90,e)\/f[:r( ! r18) -t | 0)} (6)>

where we put the supremum over an empty set equal to —oo, as is customary.

: Smoothness Properties of the Log-Likelihood
For any T € N, and y € ET, the function fr(y|-) is twice continuously differentiable on

©°. Define the score as

~ Olp(y|9)
and the Hessian as
?lr(y|0)

for any 0 € ©°. We assume that both sy (- | 8)sp(- | 6) and Hrp(- | 0) are ur(0,-)-integrable
for any 6 € ©°, and that they are both continuous on ET x ©°.

: Conditions for Interchanging Integration and Differentiation
We assume that, for any 7" € N4, the functions fr(-|6) and ng(é‘e) are \p-integrable for
any 0 € ©° and that there exists some measurable non-negative and Ap-integrable function

br: ET — R, such that

O fr(y|9)
0000’

<br(y)

9

‘é%(y |1 0)
00

for any (y,0) € ET x ©°.

: Boundedness of Scaled Sample Information Matrix
Let I : ET — R™*™ he defined as

Ir(y) = —Hr(y | 07(y))

for any y € ET, and let q7,min(y) and g7 maz(y) be the minimum and maximum eigenvalues

of the positive definite matrix %]AIT(y) for any y € ET.

We assume that there exist some 0 < ppin < Pmaz < +00 such that
Thjgop(pmin < QT,min(Yla e 7YT) < QT,max(Yh T aYT) < pmax) =1

145



M8 : Smoothness of Hessian
For any e > 0, there exists a d(e) > 0 such that B(fp,d(e)) C © (since  is in the interior
of ©) and

14 1
lim P( sup HHT(Y1>"' Yr)+ —Hrp(Yy,--, Y7 | 9)H < 6) =1,
=00\ geB(0y,0(e) 11 T T

where B(6p,5(¢)) is the closed §(e)-ball around 6.

M9 : Asymptotic Normality of Sclaed Score

The score function, appropriately scaled, is asymptotically normal:

1
14 2 [ 1 d
(THT(YL'" 7YT)) [\/TST(YM“ Y1 | 600)| = N [Omxt, I,

[NIES

where (%f[T(Yl,n- ,YT)) is the Cholesky factor of the positive definite-valued random
matrix %ﬁT(H, ,Y7).

These are a lot of assumptions. The question now is: can these assumptions be satisfied by any
reasonable statistical model? If some of these assumptions end up contradicting one another,
or if they are too stringent that statistical models can seldom satisfy them, then the theory we

have developed so far will be rendered obsolete.

146



In this section we verify that assumptions M1 to M9 are satisfied by an important class
of statistical models that satisfy weaker primitive conditions. Specifically, we consider the case
where the data are i.i.d., and show that the required assumptions are satisfied when we assume
the regularity conditions of Newey and McFadden (1994) hold. The assumptions of the i.i.d.

model are as follows:

IID.M1 : The Data Generating Process
The sample {X; };en, is an i.i.d. process taking values in the separable metric space (E,d),
where £ is the corresponding Borel g-algebra. The parameter space © is a subset of the

euclidean space R, with corresponding Borel o-algebra 9.

The statistical model is summarized by p, which is a transition probability kernel from
(©,9) into (E,&). For any 6 € O, the probability measure ;(6,-) is the distribution of each
X, given that the parameter is equal to 6, so that the distribution of the n-observation

sample (X7,---,X,,) given that the true parameter is 6 is given as the product measure

N(Hﬂ')x"'xu(ev')'

A is a o-finite measure on (E,€), and fx : Ex© — R, a £Q¥-measurable function such
that

(0, A) = /A fx(@ ] 0)dA()

for any (0, A) € © x €. This tells us that fx(-| ) is the density of each X; with respect to the
measure A, given that the true parameter is 6. For any n € N, we define f, : E" x© — R, ¢

as
fn(xlf" yTn ’ 0) = HfX(xl | 9)
=1

for any (x1,---,z,) € E™ and 6 € © by the independence of the sample. f,,(- | 0) is the
density of (Xi,---,X,) with respect to the product measure A = X x --- x A given that 0
—_———

n
is the true parameter.

The log-likelihood is defined as
(x| 0) =log fx(x|0)

for any (z,0) € E'x O. It follows that the n-observation log-likelihood is

s, | 0) = log fular, -+ | 0) = S log fx (x| 0) = S U(x1 | )

i=1 i=1

for any (1, ,2,) € E™ and 0 € O.
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IID.M2 : Parameter Space
© is a convex subset of R". There exists a non-empty, convex and compact subset ©g of

© that is contained in the interior ©° of the parameter space and

sup I (z | 0) < sup l,(z | 0)
€O 0€0Og

for any n € N4 and x € E™. In addition, the true parameter g is contained in Q.

IID.M3 : Regularity Conditions for Log-Likelihood
The function [ is continuous on E x ©, and [(x | -) is a strictly concave function on O for

any x € E. We also assume that (] 0) is (6p,)-integrable for any 6 € ©y.

IID.M4 : Intuitive Identification Condition
For any 61,65 € O,

l(l’ ‘ (91) = l(l‘ ‘ 92)

for A-a.e. x € E implies 07 = 05.
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IID.M5

IID.M6

IID.M7

: Smoothness Properties of the Log-Likelihood
For any n € Ny and x € E, the function fx(z|-) is twice continuously differentiable on

©°. Define the score as

s(z]0):= al(géj 9)
and the Hessian as
821(3: | 0)

for any 6 € ©°. We assume that both s(- | 8)s(- | 0)" and H(- | 0) are pu(6,-)-integrable for
any 0 € ©°, and that they are both continuous on F x ©.

: Conditions for Interchanging Integration and Differentiation
For any n € N, the functions fx(-|6) and af)éigm are A-integrable for any 6 € ©°, and
that there exist some measurable non-negative and A-integrable function b: £ — R, such

that

Ofx(x|0)
00

[fx (| 0)];

< b(x)

Y

0000’

D% fx(x]0) H

for any (z,0) € E'x ©°.
Define h: E — R as

h(z) = inf fx(x]6)

for any x € E, which is a continuous and positive-valued function by Berge’s theorem and

2
the extreme value theorem, respectively. Assume that the mapping z (%) is (6o, -)-

integrable. Because (6, ) is a finite measure on (E, &), it follows from Holder’s inequality

that the mapping x — % is also u(fy,)-integrable.

: Smoothness Properties of Hessian

There exist functions o : Ry — R, and 8 : F — Ry such that

— « is continuous at 0 with a(0) =0
— B is u(bo,-) integrable
— For any = € E and 61,65 € O,

[1H ([ 1) = H(x | 62)[| < 5(2) - (|61 — b2))-

149



We pause here to show that the four conditions above imply assumptions M1 to M6 thanks to
the Gibbs inequality. This demonstrates that the intuitive identification condition is indeed suf-
ficient to statistically identify the model when our data is i.i.d., and that the information matrix
equality, as well as the Cramer-Rao Bound, hold as well. We first show that the log-likelihood

satisfies the following properties:

Lemma 3.24 (Continuity Properties of the Log-Likelihood in the IID Case)
Suppose that assumptions IID.M1 to IID.M6 hold. Then, for any « € FE and 61,05 € Oy,

|02~ 1z | 62)] < Z((gwel—ezr.

In addition, defining the function g: ©g — R as
9(0) =E0(X: 0)):= [ 1o | O)0o.da)

for any 6 € Og, g is a continuous function on Q.

Proof) Choose any = € E and 61,0 € ©g. By a second-order Taylor expansion of [(x | 61)

around 65, we have
1
Wz | 61) =1z | 62) +s(x | 62)"(01 — 02) + 5(91 —02) H(x | 6)(61 —62),

where 0* is some convex combination of #; and #5. Since I(z | -) is strictly concave by
assumption IID. M2, it follows that

o Oz 0
Hw o) = a(eayef)

is a negative definite matrix, and as such that
1 / ,
(01— 02) H(z | 67)(61 — 02) < 0.
As such,
1
(x| 01) = 1(z | 02) = s(x | 62)' (01 — O2) + 50— 02) H(z | 07)(61 — 02)
< s(x]02) (01— 02) <|[s(z | 02)] |61 — 02},

where the last inequality is just the Cauchy-Schwarz inequality for inner products. Note
that
_ Ofx(x]09) 1

(0 = = KTy
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We can now see that

Ofx (x| 02) 1
s(x|02) = .
[5(162)] ‘ 00 fx(z|62)
< b(x) < b(:U)
fx(@|602) — h(z)
Therefore,
b(x
o | 0) =1 62) < [s(o | 62)] 61— 6] < 15161~
Similarly, by expanding I(z | f2) around 6;, we can see that the inequality
b(x
o | 02)=1(e 61) < -6~
holds, from which we can conclude that
b(x
e 00) =1 80) < (1616l

It is now a simple matter to establish the continuity of the function g. Choose any

6 € ©p, and let {0,},en, be a sequence in O converging to . Define the function
G,:FE—Ras

Gp(x)=1l(x|0,) foranyne Ni,z€kFE.

Then, {Gy}nen, is a sequence of measurable functions on E that converges pointwsie
to I(z | @) by the continuity of the log-likelihood. Furthermore,
b(x)

|G ()] = [U(z [ 6n)] < @‘!9n—9|+\l(w 10)]

for any z € F and n € N1 by the inequality we just derived above. Since [(- | ) and
the mapping = — % are both u(6p,-)-integrable by assumption, it follows that the
function g : F — R, defined as

b(x)

pla) = @-|9n—9|+ll(l‘ 16)]

for any x € F is a u(fo,-)-integrable non-negative function. By the DCT, we now have

lim ¢(6,) = lim /EGn(x)u(Qo,dx)

n—oo n—o0

:/E(lim Gn(x))u(Go,d:v)Z/El(w|9)M(90,d$):9(9)-

n—oo
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It follows that g is continuous on ©g.

Q.E.D.

Corollary to Lemma 3.24 (Uniform WLLN for Log-Likelihood)
Suppose that assumptions IID.M1 to IID.M6 hold. Then, we have

1& P
sup [— > I(X;]|60)—g(0) = 0.
s | DU 0) =000

as n — oQ.

Proof) To establish the desired result, we need only rely on theorem 3.4, the uniform WLLN.

We verify the assumptions one by one.

First, ©g is a comapct convex subset of R". We also established that ¢g: 0y — R is

continuous in the preceding lemma.

Define the function v: E — R as

b
v(x) = 8 for any x € F.
By the p(fo,-)-integrability of the function v and the ii.d. property of {X;}ien,,
{7(Xi)}ien, is an ii.d. sequence of real random variables with common mean I [y(X7)].
By Khinchin’s WLLN,

1 n

— 2 (X0) B ER (X)),
i=1
so that
;ify(Xi) =0,(1) asn—oo.
=1

We showed in the preceding lemma that
[ | 01) =1z [ 62)] <~(x)-[61— b2

for any z € F and 61,0, € ©y. This demonstrates that the log-likelihood satisfies the

requisite Lipschitz continuity assumption.

Finally, for any 6 € ©q, because {X; }icn, isii.d., sois {{(X;|0)}icn, . In addition, by

the integrability assumption, each [(X; | ) is an integrable real random variable with

152



E[i(X: ] 0)] = g(0).

Khinchin’s WLLN for i.i.d. sequences of random variables with finite first moments now
tells us that

LS 1 10) 5 00,

i=1

We have shown that assumptions 1 to 5 of theorem 3.4. are satisfied; therefore, by the

uniform WLLN,

n

1 P
sup |[— Y I(X;]0)—¢g(0)] =0
sup ”;:1( 10)—g(0)

as n — oo,where the quantity on the left hand side is properly H-measurable.

Q.E.D.

It is now easy to establish that the asymptotic identification condition follows from the intuitive

identification condition. Formally showing this is the content of the next theorem:

Theorem 3.25 (Asymptotic Identification Condition in the IID Case)
Suppose that assumptions IID.M1 to IID.M6 hold. Then, the asymptotic identification condition
holds, that is, for any € > 0 such that ©¢\ B(fp,€) # 0, there exists some K (€) > 0 such that

1
lim P sup = ln(Xla7Xn|0)_ln(X17’Xn|90) S_K(€)> =1
n—00 (9690\3(90,6) Vn [ }

Proof) For any 0 € ©g, since [(- | #) and I(- | 6y) are p(6p,-)-integrable by assumption IID.M2,
the version of the Gibbs inequality with n =1 shows us that

[ 16 100u00,d2) < [ 16| 00)u(00,do),
E FE

with the inequality holding as an equality if and only if = 6. Therefore, the continuous
function g : ©g — R defined as

9(0) =E((X: )] = [ 1z | 0(0o.da)

for any 6 € O is uniquely maximized at 6.

Choose any € > 0 such that O¢\ B(6p,€) # (). Denoting ©1 = O\ B(fy,¢), O; is a
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non-empty closed subset of the compact set ©¢ and as such is compact itself. Since

sup
[4S(SH

n

LS ix:16)- 9(0)

n=x
1=

n

LU 0)— g(6)
=1

< sup
(ASSH)

)

1

it follows from the uniform WLLN above that

1

n

sup
[USSH

Since g is continuous on O and O is a compact subset of O, there exists some 0* € Oy

such that

g(6") = sup g(0).
[dS(SH

This 0* is not equal to 6y by the way that ©; is constructed, so

K(e) = 5 (9(6) — g(67)) > 0.

N | =

Meanwhile, by Khinchin’s WLLN,

It follows that

sup
(ASSH

n

For any n € Ny, if

sup

0€O, n

then because

1
sup —lp (X1,

0co, M

we have

1
sup —lp(Xq,---

pce, M

1
(X1,

1
— (X,

1
(X1, X [ 60) = g(60) £ 0

X 6) = 9(6)] ~ | (X, X | 80) — g (60)] 0,

X0 10)=9(0)] = [ (X X, | 80) = g(60)] < K (0)

1
X |0)—g(6%) < sup (zn<X1,--- X 1) —g<e>)
fco; \ T

1

< sup
6€O,

)

, Xn [ 0) —g(07) — %ln(Xl, o X | 00) + g(00) < K(e).
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Since g(0g) — g(0*) = 2K (e€), subtracting 2K (¢) from both siees shows us that

1 1
sup —lp (X1, , X0 [ 0) — =10 (X1, , X | O0) < —K(e).
pco; M n

Finally, pre-multiplying both sides by /n shows us that

1
sup (X 16) = 1n(X [60)] < v K(e) < ~K(e)

where the last inequality follows because
VnK (e) > K (e).

We have just shown that

(X0 X 0) = g(6)] ~ | (X, X | 80) — (80)] < K(e)

P| sup
€O, n

1
<P (X X 1 0) =1 (X1 X | 60)] < —K
< (5551%[ (Xt X | 0)— (X1, X | 6] (e>>

for any n € N,. By the convergence in probability result derived above, along with the
fact that K (e) > 0, the left hand side goes to 1 as n — oco. Therefore,

. 1 _
nh_)rroloP (0561161)31 %{ln(){l,--- X 10)—1n( X1, , X | 90)} < —K(e)) =1.

Such a K (e) exists for any € > 0 such that ©1 = ©¢\ B(y,€)¢ # ), so the proof is com-
plete.

Q.E.D.

We actually showed a stronger result above than the asymptotic identification condition, namely

that for any € > 0 there exists a K(e) > 0 such that

1
lim P sup — |l (X1, Xn | 0) = 1(X1, -, X0 | 00)| < —K(e) | =1.
i, (GEGO\B(GMM [6) = la [ 60)] <>)

Thus, in our i.i.d. case the log-likelihood becomes stable at the rate n instead of the slower rate
Vn.

As for the remaining assumptions, assumptions I[ID.M1, ITD.M2, and I1ID.M3 all immediately
imply their general counterparts M1, M2 and M3. Meanwhile, we can see that the n-observations

score and Hessian functions are given as
n
Sp(x1, 2y | 0) = ZS(JJZ | 0)

=1
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Hn(xla'” yTn ‘ 9) :ZH(‘T’L | 9)
i=1

for any (x1,---,2,) € E™ and 0 € ©°, so that s,(- | 0)s,(- | 0) and Hy(-| @) are both integrable

with respect to the product measure

:U’(ea') Ko X/L(@,-)

n

for any 6 € ©°. In addition, for any (z1,---,x,) € E™ and 6 € ©°, by the product rule

afn(l'l’"'ﬂmn’e)_ g an(xlle) i
90 _Z 90 ' (fo(x] |9)) .

i=1 j#i

As such,

8fn(331,"',$n‘9) 8fX xz|0
20 ’SZ%’ H!fxwgw
i=1 Ve
< Z (H b(xj)> =n Hb(mz)

i=1 \j=1 =1

Here,

by the independence of X1,---,X,,, which shows us that the mapping
(1, ,xn) —n- Hb(;rl)

is appropriately integrable.

Since

Ofn(x1, 20 ]0) (-~ 0fx(zi]0) A

i=1 ji

we can see from the product rule of differentiation that

82fn<3717"' y Ln, ’ 0) _ 2 <8fn(x1,--- yIn ‘ 6))
0000’ 00 00

=2 ° fge(aw' ) (H fx (x| 9))
i

=1
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+¥Z<8fx((;g\9)) (8fxgrej 10) ) (H i w)

k#£j,i

It follows that

O fala1,- - 20 | 0)
0056"

2 x;
Tidail0) ‘ (Hlfx(wj | e>)
J#i

xlei|0) |21xles10) ( T 1fx (e | 9>|)

i=1j#£i 06 09 k#3j,i
< 22 H b(z;) =2n H b(x;)
i=1j=1 i=1

h 02 fn( 9 Tnl0) -

As suc is also dominated by an integrable function on E™ for any 6§ € ©. We have

just shown that the general assumptions M5 and M6 follow from the IID assumptions 1ID.M5
and IID. M6.

By implication, we can see that the information matrix equality holds:
E[sn(X1, -+, Xn | 0)s(X1, -+, Xn | 0)] = —E[Hp (X1, , Xy | 0)]
for any n € Ny and 6 € ©°. Defining
L,(0) =E [sp(X1, -+, X, | 0)s(Xq,--+, X, | 0)]

as the n-observation information matrix, and letting () denote the single observation informa-

tion matrix, the information matrix equality implies that

I,(0) = ~E[Hn(X1, -, X |0)] = =Y E[H(X; ]| )]
=1

n

Z s(X; ] 0)s(X;]0)] =n-1(0),

so that the n-observation information matrix is simply n times the single observation information
matrix in the i.i.d. case. We can therefore see that the Cramer-Rao Bound for the variance of

an unbiased estimator is given as
11 -1
L,(60)"" = EH(OO)

Finally, by Khinchin’s WLLN,

—*ZH i |0) 5 —E[H(X;|0)] =1(9)

=1

for any 6 € ©. It turns out, as we show below, that the single observation information matrix is
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continuous on the compact set ©g.
Lemma 3.26 (Continuity of Information Matrix)

Suppose that assumptions IID.M1 to IID.M6 hold. Then, the function I: ©¢9 — R™*™ defined

1(6) = E[s(X: | 0)s(X: |0)] = [ s(a|0)s(x|0)' (60, do)

for any 6 € ©¢ is continuous on .

Proof) Note first that, for any « € E and 0 € 0y,

1 Ofx(xz]0)
B EaT R
so that
1 Ofx(x|0)\ (9fx(x]|6)Y
s(z]0)s(x|0) _fX($|9)2< 50 )( 20 )
and

by assumption ITD.M6.

Now choose any 6 € ©g, and let {Gn}ng\u be a sequence in Oy that converges to 6.

Defining {gn }nen, as the sequence of functions on E such that
gn(z) = s(z | 0p)s(x | 6,) forany € E,ne Ny,

we can see that

O (ff(;))

2
for any x € F and n € Ny. By assumption, the mapping x +— (%) is (6o, -)-
integrable, so that {g,}nen, is pointwise dominated by an integrable non-negative
function. Furthermore, by the continuity of the score function on E x ©°, {g,}nen,

converges pointwise to s(z | 8)s(x | ). By the DCT, we now have

n—oo

timy [ gu(@)nlbo,dz) = [ (lim gu(x)) (6o, do)

_ /ES(I 10)s(x | 0)' (6o, dx) = 1(6).
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Since
1(60,) = E[s(X | 02)3(X: | 60)] = [ gn(a)na(n.da)
for any n € N4, the result above can be written as

lim 1(,) = 1(6).

n—oo

This shows us that I is a continuous function on ©g.

Q.E.D.

Corollary to Lemma 3.26 (Uniform WLLN for Hessian)
Suppose that assumptions IID.M1 to IID.M7 hold. Then,

sup lHn(Xl,--- , X | 0)+1(6) 20

00 I T

as n — Q.

Proof) Once again, we need only verify the conditions of theorem 3.4, the uniform WLLN.

Rme

First, ©¢ is a compact convex subset of R, and I: ©¢ — is a continuous function.

Furthermore, by the u(fp,-)-integrability of the function g and the i.i.d. property of
{Xitien,, {B(Xi)}ien, is an ii.d. sequence of real random variables with common
mean E[5(X7)]. By Khinchin’s WLLN,

LS p0x) BB,

L)

so that

By assumption IID.M7, there exists a measurable function o : Ry — R4 that is contin-
uous at 0 with «(0) =0 such that

[1H (2 [ 1) = H(z | 02)[| < B(z) - (|61 - b2])

for any z € E and 601,60 € ©g.

Finally, for any 6 € ©9, {H(X; | 0)}ien, is an i.i.d. sequence of m x m random matrices
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with common mean
E[H(X;|0)] =-1(0).

Therefore, by Khinchin’s WLLN,

iiﬂ(xi 16) B —1(0).
=1

We have shown that assumptions 1 to 5 of the uniform WLLN have been satisfied;

therefore,

n

LS m(x, 1 0)+106)

n =1

sup 20

[ASSH

as n — 00, as we desired.

Q.E.D.

As usual, we define the sample information matrix as

1. 1 A
Eﬂn(Xlu'” 7Xn) — _EHH(X]J )XTL ’ en(X].u"' 7Xn))

1 & A
ni

By the consistency of the ML estimator and a WLLN-type argument, we would expect %]AIH(X 15 Xn)
to converge in probability to the information matrix I(6p), which we can show is positive definite.
In addition, the uniform WLLN result above suggests that X H, (X1, -, Xy |6) can be made

arbitrarily close to —%ﬁn (X1, -+,X,) in a neighborhood of §y when n is large. These correspond

to general assumptions M7 and M8, and the theorem below formally show that they hold.
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Theorem 3.27 (Asymptotic Properties of the Hessian)
Suppose that assumptions IID.M1 to IID.M7 hold. Then, I(6p) is a positive definite m x m

matrix and

1A
I (X1, X)) BI0).
n

Furthermore, for any e > 0, there exists a §(e) > 0 such that

1 1.
*Hn(le”' 7Xn ’ 0)+5Hn(X17 7Xn)

n

lim P ( sup
o0 \9e@onB(60,0(c))

Se)zl.

Proof) Positive Definiteness of Information Matrix

First, note that, because (x| -) is a strictly concave function on ©g for any z € E, its
second derivative H(z | -) is negative definite-valued on Oq. In particular, H(z | 6p) is

negative definite for any « € F, which implies that
I(6o) = —E[H (Xi | 60)]
is positive semidefinite-valued; to see this, note that, for any v € R™,
oI(Bo)v = E [v/ (~H(X; | 60))v] > 0

because the postive definite-valuedness of —H(- | fy) on E implies that the mapping

x— v (—H(x |60y))v on E is non-negative valued.

Now suppose that I(6y) is not positive definite. Then, there exists some non-zero v € R™
such that

V'I(00)v =E [v'(—H(X; | 6))v] =0.
By the vanishing property for non-negative functions,
v'(—=H(z | 0p))v =0

for any x € A € £, where 1(6p, A) = 1. However, since —H (z | 6p) is positive definite for
any x € E, it follows that v'(—H (x| p))v > 0 for any = € E, or in other words that
A =(. This contradicts the fact that x(6y, A) = 1, so that I(6p) must be positive definite.

Probability Limit of Sample Information Matrix
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By the uniform WLLN result, we can see that

sup R

ISISH) n

_1Hn(X17... X | 9)} —1(0)

as n — 0o. Since the function én : E™ — O takes values in Oy C ©°, it follows that

1 A
(X1, X)) =IO (X1, X)) = O

By the continuity of the function I: ©g — R™*™  the continuous mapping theorem,
and the consistency of the ML estimator,

100 (X1, Xn)) 2 1(6p).

Putting these two results together, we have

lﬁn(Xl,--. X)) 2 1(6).

n

Uniform Continuity of Hessian

Choose any € > 0. Then, by the continuity of the function I: 0y — R™*™ (which is

actually uniformly continuous because © is compact), there exists a 6 > 0 such that

[1(61) —1(62)]| <

Wl

for any 60,605 € ©¢ such that |6, — 03] < 24. Furthermore, by the consistency of the ML

estimator,

lim ]P’(‘én(Xl,--- ,Xn)—Ho‘ < 5) —1.

n—oo

Finally, by the uniform WLLN for the Hessian,

lim P| sup

1
SHo (X1, X | 9)+11(9)H < ;) 1

Suppose ’én(Xl,--- , X0n) —90’ < ¢ and

sup
0€0q

L (X X | e>+ﬂ<e>H <

n

€
3
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Then,
1A ~
‘Hn(Xl,--- X) =IO (X1, , X ))] <
n

OO\”\

where we used the fact that the ML estimator takes values in ©y.

Next, for any 8 € ©gN B (g, 6), since

On(X1,++, Xn) = 0] < |0(X1, -, Xo) = o] + [0 — o] < 26,

we have

[100) =10 (X1, Xn))| < g

It follows from the triangle inequality that

1 1. 1

+ |1 (X, X)) — 1)

H D(X1, - X0) =IO (X1, , Xon)

<-+-+-<e

Wl ™
SV}
Wl

This holds for any 6 € ©gNB(6y,d), so

1 1.
sup —Hn(Xl,---,Xn|9)+EHH(X1,--~,X,L) <e.

000N B(6o,5) 11

We have just shown that

{|0n (X1, X0) 00| < 5}m{9seug %Hn(xl,.- X | 9)+]1(9)H < g}
0

<e},

1 1.
*Hn(le”' 7Xn | 0)+5Hn(X17 7Xn)

n

C { sup
0€0oNB(ho,5)

and in particular, taking expectations on both sides, we have
A 1 €
P(|fn(X1,+, X0) — 60| <) +P <Sup THAX1 X 0)410) < 3) 1

[ASISH n
< e) .

1 1.
SP( sup *Hn(Xl,"‘,Xn’9)+*Hn(Xla"')Xn)
000N B(00,9) n n
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Taking n — 0o on both sides shows us that

14
ﬁHn(Xh 7Xn ‘ 6)+E]In(X17 ’Xn)

lim P ( sup

H 1
o0 \9e@onB(6o,0)

as we desired.

Q.E.D.

Corollary to Theorem 3.28 (Boundedness of Eigenvalues of Sample Information
Matrix)
Suppose that assumptions IID.M1 to IID.M7 hold, and let g, min(x) and gy maz(x) be the small-
est and largest eigenvalues of %]Aln(:c) for any n € Ny and « € E™. Then, there exist 0 < pmin < Pmaz
such that

nlLHolo]P)(pmin < Qn,min(Xla' e 7Xn) < Qn,maa:(Xla' " 7Xn) < pmax) =1

Proof) By the preceding result, we showed that

1A
(X1, X0) B 1(60),

n

where I(6)p) is a positive definite matrix. Let pin and pme. be the smallest and largest

eigenvalues of I(6y), respectively; by the positive definiteness of 1(6p), pmin > 0.

Since the ordered eigenvalues of a matrix are continuous functions of that matrix, the

continuous mapping theorem shows us that

Qn,min(Xla Tt aXn) £> Pmin and Qn,max(Xh T 7Xn) £> Pmazx-

Since % Pmin > 0, by the definition of convergence in probability

. 1
nh—>nc}oP ("In,min(le' o ;Xn) _pmin‘ S 2pmzn> =1

By implication,

n—oo

. 1
lim P (2szn < QH,min(Xla i 7Xn)> =1

Similarly,

nILHOlOP(|QH,max(X1y' s aXn) _Pmax| < Pma:p) =1
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and thus
JLI&]P)(Qn,max(Xh t 7Xn) < 2pmax) =1
Putting these results together, we can conclude that

lim P( Pmin > <gn mzn(Xla 7Xn) < Qn,mam(Xla T aXn) < 2pmam> =1,

n—oo

where 0 < % Pmin < 2Pmaz-

Q.ED.

We have shown that general assumptions M7 and M8 hold under 1ID.M1 to IID.M7. Finally,
general assumption M9 follows from the Lindeberg-Levy CLT; since {s(X; | 6o)}ien, is a se-
quence of i.i.d. random vectors with common mean 0 (by the information matrix equality) and

variance

E [s(X; | 60)s(X; | 6o)'] =1(60),

the CLT shows us that

1

G Zn:sX 1 60) 5 N[O, 1(60)].

=1

Sn(Xl, . X |90

%\H

Since we saw above that

14
gﬂn(xl,--- X)) B 1(60),

by the continuity of the inversion operation and the Cholesky decomposition operation, along

with the continuous mapping theorem, we have

NI

1
1A -2
(nﬂn(Xl,--- ,Xn)> 2 1(69) 2.

As such, Slutsky’s theorem tells us that

1. -37 1
(nﬂnoﬁ,--- ,Xn)) [ﬁsnm,m X | eo)] A N[Oty ]

which is exactly general assumption M9.

By implication,

\/ﬁ[én(le"aXn)_eO} :Op(l) as n — oo,
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and the asymptotic distribution of the ML estimator is given as

1
1. 3! R
(n]ln(le T aXn)) X \/ﬁ [Qn(le T ’Xn) - 90} i> N[Omxla Im] .
By Slutsky’s theorem and the fact that
1 2y _1,
E]In(levXn) —>H(90) 2,
we can now conclude that
A d 1
\/ﬁ{en(le"' 7Xn)_90} %N{Omxh I(6o) } :
In other words, for large n,
N 1 1
H’n(Xl)aXn)zN 007 EH(OO) )

where %H(GO)_I is the n-observation Cramer-Rao bound. As such, it is clearer in the i.i.d. case

that the ML estimator is asymptotically unbiased and asymptotically attains the CRLB.
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3.6 Extremum Estimation with Convex Objective Functions

So far, we have assumed the compactness of the parameter space and uniform convergence
of the objective function to establish consistency, and required smoothness properties to es-
tablish asymptotic normality. In the special case when the objective function is convex in the
parameters, it turns out that we can relax these assumptions, so that similar consistency and
asymptotic normality results hold even when the parameter space is non-compact, the objective
function does not necessarily converge uniformly in probability, and the objective function is

non-differentiable at certain points.

3.6.1 Topological Properties of Sequence Spaces

To establish our core result, we must first study the topological properties of the space of se-
quences, which occupy a middle ground between finite-dimensional euclidean spaces and function
spaces. Formally, let {(E;,d;)}icn, be a collection of metric spaces, with the metric topology

induced by d; denoted by 7;. Let (E°°,7°°) be the topological space where
B ={(zi)ien, |zi € Ei Vi€ Ny},

and 7°° the product topology [[; 7.

Suppose each Ej; is separable, that is, there exists a countable subset Ey; of E; that is dense
in E; in the topology 7;. Then, because separable metric spaces are also second countable, there
exists a countable base B; C 7; that generates 7; for each i € N,. It follows from the second
countability of each topological space and the countability of the index N, that the product
Borel g-algebra is exactly the Borel o-algebra generated by the product topology:

Q) B(En,m) = B(E®,7™).

To obtain sharper topological results for £°°, we define a metric on E*°. First, we define the

metric d; : E; X E; — Ry on E; as
dz($ay) = mln(d(x,y), 1)

for any z,y € E;. Note that a?,() is a well-defined metric on E;:

Positive Definiteness For any x,y € E;, if czi(ac,y) =0, then d(z,y) = 0 and therefore = y. On the other
hand, if z =y, then d(z,y) = 0 and thus d;(z,y) = 0. In other words, d;(z,y) =0
if and only if x = y.

Symmetry For any z,y € E;,

czz(x,y) =min(d(z,y),1) = min(d(y,z),1) = Jz(y,x)
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Triangle Inequality For any x,y,z € F;,

di(z,y) =min(d(z,y),1) <min(d(z,z) +d(z,y),1).

For any a,b > 0, suppose min(a + b,1) > min(a,1) + min(b,1). Then, because
min(a+b,1) <a+b, it must be the case that min(a,1)+min(b,1) < a+b, so that
either min(a,1) < a or min(b,1) < b. Without loss of generality, let min(a,1) < a.
Then,

1> min(a+b,1) > min(a,1) + min(b,1) = 1 +min(b,1) > 1,

a contradiction. Therefore, we must have min(a+b,1) < min(a,1) + min(b,1),

which implies that

di(z,y) < min(d(z,2),1) +min(d(z,y),1) = di(z, 2) + di(2,).

Furthermore, and this is the interesting part, the metric topology induced by d; is precisely
that induced by d;. To see this, choose any sequence {z,},en, in E; that converges to some

x € E; in the metric d;. Then, the continuity of the minimum function shows us that
nh_)ngo di(zp,r) = min (nh_{go di(xn,x), 1) =0,

so that {x,}nen, converges to x in the metric d; as well. Conversely, suppose that {z,}nen .

converges to z in the metric d;. Then, for any e € (0,1) there exists an N € N such that
di(zn,2) = di(zn,2) <€ for any n> N.

Taking n — oo on both sides yields limsup,,_,.. di(zn,z) < €. This holds for any € > 0, so

di(zn,r) — 0 as n — oo and therefore {z, },en, converges to x in the metric d;. In other words,
Tp — « in the metric d; if and only if x, — x in the metric d;.

Now choose any subset B C E;. B is closed in the metric topology induced by d; if and only
if, for any sequence {z, }nen . that is convergent in d;, its limit is also contained in B. Because
a sequence converges to some limit in d; if and only if it converges to the same limit in d;, it
follows that B is closed in the metric topology induced by d; if and only if B is closed in the
metric topology induced by d;. This proves that d; and d; induce exactly the same closed sets,
and therefore exactly the same open sets.

Using the so-called minimum metric d; defined above, we can now construct a metric on E>
that induces the product topology 7°°. It is a generalization of the usual product, or box, metric

used to induce the product topology when the product is finite.
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Theorem 3.29 (Metric on E*)
Let {(E;,d;)}ien, be a collection of metric spaces and (£°°,7°°) their product. For any i € N,
let Ji : By x E; — R4 be the minimum metric defined above, and define d: E*° x E*° — R, as

di(xi,y;
d(z,y) = sup LEY)
i€N+ 4

for any x,y € E*°. Then, d is a metric on £ that induces a metric topology exactly equal to

the product topology d*°. Furthermore, if each (E;,7;) is a separable space, then so is (E*°,d*).

Proof) We first show that d(-) is a well-defined metric on E°°. Note first that, because d}(x;,yi) <

% <1 for any z;,y; € E; and i € Ny, it follows that d(x,y) <1 for any z,y € E* and
therefore that d(-) is a real-valued non-negative function. Now we check that it satisfies

the properties of a metric:

1. For any x,y € E*, if d(x,y) = 0 then czi(a:i,yi) =0 for any 7 € N4, which implies
that x; = y; for each ¢ and thus that x = y. Conversely, if x =y, then d(x,y) =0
trivially.

2. For any z,y € E*, d;(zi,y;) = d;i(ys,x;) for each i, so that d(z,y) = d(y,x) as well.
3. For any x,y,z € E®, the triangle inequality for d; tells us that
) i i

<d(z,z)+d(zy).

This holds for any i, so we have d(z,y) < d(z,z)+d(z,y).

Therefore, d is a well-defined metric on £,

To show that the metric topology induced by d is exactly the product topology 7°°,
first define 7* as the metric topology induced by d. Letting Mg be the set of all open
rectangles on E£°°, choose some A € Mj. Then, letting A = [];c N, A;, there exists an
N € N, such that A; = F for any ¢ > N. For any = € A, note that x; € A; for 1 <i < N,
and because each A; is an open set in 7;, which is the metric topology induced by d;,
there exists an €; > 0 such that By, (x5,€6;) C A;. Let

€

€e= min — > 0.
1<i<N i

Then, for any z € By(x,€), we can see that

di(xi?Zi) < d((l?,y) <e S 27
(3

1

or equivalently, d;(z;,z;) < €;, so that z; € B; (x4,€;) for each 1 <i < N. It follows that
z € A, so we have shown that By(z,e) C A. This holds for any x € A, so by the definition
of the metric topology, we have A € 7*. This in turn holds for any A € Mg, so My C 7*
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and we have 7°° C 7*.

To show the reverse inclusion, choose any A € 7* and x € A. Then, there exists an € > 0
such that By(z,e) C A. Now choose any N € N, such that % < ¢, and define the open

rectangle Ay as
A():le($1,1/N)X'”XBC’[N(:CN,l/N) XEXEX---.

Clearly, x € Ag. Furthermore, for any z € Ay, we can see that

— < =<
7 Ni ¢
if 1 <i < N by definition, while if ¢ > N,
di(zi 1
z(Zz',%) << <e
1 1

so that z € By(z,¢€). It follows that x € Ay C By(x,e) C A. We have just shown that, for
any x € A, we can find an A, € My such that x € A, C A; therefore,

A= U Ay €T,
T€EA

This holds for any A € 7, so we can see that 7* C 7°°.

Finally, to establish the separability claim, suppose that Fp; is a countable dense set
in E; for any i € Ny. We define the set E§° as

E* ={x € E*|z;€ Ey; Vie Ni};

being the countable union of countable sets, EG° is itself a countable subset of E*°. It
remains to show that E§° is dense in £° under the product topology 7°°. To this end,
choose any x € E*° and € > 0. Because Fy; is dense in E;, we can find an :r? € Fp,; such
that

5.0 €t

di R o
(xl x)<2

for any ¢ € N,. Defining z¢g = {x?}i€N+ € E§°, we can now see that

di(29, z;
d(x,x09) = sup M

€
< =-<e.
iEN+ 4 2
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This proves that E° is a countable dense set in E*°, and therefore that (E°°,d*°) is

separable.

Q.E.D.

Having established that the product space (E°°,7°°) is metrizable, the next natural step is
to investigate how sequences of random variables defined on (E°°,7°°) behave in the limit. It
turns out that there exists a very close relationship between the weak convergence of random
variables defined on (E*°,7°°) and the weak convergence of their elements.

To this end, we introduce a familiar element: projection functions and finite dimensional
distributions. For any 1,---,i; € N4, recall that the projection function 7;, .. ; : E° — F; X

- X B, is defined as

Tiy o (T) = (g, 5 i)

for any x € E°°. It is easy to see that m;, ... ;, is continuous relative to the product topologies on

k

E°° and E;; x ---x Ej, : for any open rectangle A = A; x---x A4;, on H?:l Ei;, it follows that
—1
T (A) = II Bis
iENy

where B; = Aij €T if i =i, for some 1 < j <k and B; = E; otherwise. By definition, [[;. N, B; is
an open rectangle on £, so 712-_11 i, (A) € 7°°. Given a probability measure on (£, B(E>, 7)),

yee

the collection of pushforward measures
-1 , .
{'U’Oﬂ-il,u-,ik | 11, ", € N+}

are the familiar finite-dimensional distributions of u.
Inverse images of open sets under projection functions assume a cylinder form. Formally, for

any N € Ny we define the collection of all open cylinder sets as
CN:{AxE_1;N|Aeﬁ ><---><TN},
where F_1.xy = Eny1 X Enyo X ---. It follows that, for any A € 71 X -+ X 7,
mo N(A) =AXE_1N.

Cylinder sets are useful because set operations applied to any finite collection of open rectangles
on E°° can be written as an open cylinder set. Let By,---,B,, be open rectangles on E*° such
that B; = HjeN+ A;; for any 1 <i < m, where A;; € 7;. Note that there must now exist some
N € N, such that A;; = E; for any j > N and 1 <7 <m. Then, for any 1 <7 <m we can write

B;=(Ain x---xAin)xE_1.ny

A;
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for each 1 <i <m; since A; = A;1 X --- X A;n is an open rectangle on Ey X --- x Ey, it follows

that B; € Cy. In particular,

m—1 m—1
B\ (Z Bl.) _ [Am\ (Z Aﬂ < By €Cx.
i=1 i=1
Now we are ready to prove the result of interest.

Theorem 3.30 (Characterization of Weak Convergence on E*)

Let {(£;,d;)}ien, be a collection of separable metric spaces and (E£°°,7°°) their product. Let d

be the metric on £ constructed above that metrizes the separable topological space (E*°, 7).
Let {tn }nen, be asequence of probability measures on (E°°, B(£°°,7°°)), and p a probability

measure on the same space. Suppose that, for any distinct ¢1,--- i € N4,

-1 -1
OTl. . —> OT.- .
Hn 7T117"'7Zk H ﬂll,"',lk

weakly as n — co. Then, u, — p weakly as n — oc.

Proof) We will use the Portmanteau theorem to prove the result of interest. Specifically, we

will show that, for any A € 7°°,
liminf p, (A) > p(A).

n—00

First, we show that this inequality holds for open cylinder sets. For any IV € Ny and
A X E_q.n € Cy, we showed above that

T y(A) = AXE_py.
As such,
Mn(A X E—l:N) = (Mnoﬂl_’.l..’]\[> (A)

for any A € 71 X --- X 7y, and likewise for p. It follows from the weak convergence of

the finite-dimensional distributions that
limin 1, (A x E_1.y) = liminf (un owl_’.l,,,N) (A) > (u o W;},,’N) (A) = p(Ax E_1.n),

where we used the Portmanteau theorem to justify the inequality.

We now extend this result to arbitrary open sets in 7°°. The separability of each (E;,d;)

implies that they are second countable (by the property of metric spaces), and letting
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B; be the countable base generating 7;, we know that the collection of open rectangles

Mo = { H Ai | A; € B;U{E;}, A;#E; for finitely many z}
ieNy

is a countable base on E*° that generates 7>

Choosing any A € 7°°, this shows that there exists a countable collection {B,, }men, of
open rectangles in My such that A =J,,, By, Now we can define the sequence of open

rectangles {C, }men, as follows: let Cy = By and

coona (1)

for any m > 2. We showed above that each C,, is an open cylinder set, and this implies,

in conjunction with the preceding result, that

for any m € N,. Furthermore, because {Cy, }men, is a sequence of sets that increases

to A, by sequential continuity we have

lim 11(C) = pu(A).

m—o0

Using the fact that C,, C A for any m € N, we can see that

pw(Cry) < liminf puy, (Chy) < liminf py, (A).

n—oo n—o0
Finally, this holds for any m € N, so taking m — oo on both sides yields
u(A) <liminf p, (A),

n—oo

which is exactly the result we desired.

Q.E.D.
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3.6.2 Measurability of Convex Maps

Our goal in this section is to study the behavior of extremum estimators when the objective
function is convex-valued. Working with convex objective functions is convenient because of
the following property of convex functions: for any open convex subset F of R? that admits a

countable dense subset Ey = {z;}ien . and a convex function f:FE — R,

f(x) = sup{g(x) | g is affine, g(a;) < f(z:) Vie Ny}

for any « € E. In other words, the values of f on the countable dense subset Ey determine
the values of f on the entire domain E. This reduces problems involving the entire domain to
problems involving only the countable set Ey, which is very useful since E is usually uncountably
infinite.

For this property to be useful in the context of extremum estimation and probability theory
in general, we need to show that f(z) is not only a function but also a measurable function
of the values {f(x;)}ien,. Furthermore, we need to establish that the minimizers of f, if they
exist, are also measurable functions of {f(z;)}ien, . The results in this subsection are devoted

to establishing these mathematical preliminaries.

First, we show a boundedness result that will prove useful when proving that f(z) is a
measurable function of the values {f(z;)}ien,. The collection of affine functions g such that
g(x;) < f(z;) for a finite number of i can be expressed as a set of vectors in R4T! that satisfy
certain linear constraints, that is, as the constraint set of a linear program. The following lemma

shows us that this set is bounded under some additional linear constraints.

Lemma 3.31 (Boundedness of Constraint Set of Linear Program)
Let z1,---,zy,, be a set in R? whose convex hull contains the point z € R? in its interior. Define

the set
H={(a,b) eR" |d/z;+b<y; V1<i<ng, m<dz+b< M}

Then, H is a bounded set.

Proof) Suppose that H is not a bounded set. In this case, there exists a sequence {z, =
(@n,bn)tnen, C H of non-zero vectors such that |z,| — +00 as n — oco. Define 2, = Iiizl
for any n € N;. Then, {Z,},en, is a sequence of d-dimensional vectors on the unit
circle, which is bounded, so by the Bolzano-Weierstrass theorem there exists a subse-

quence {Z,, tren, of {Zn}nen, that converges to some unit vector zeo = (Goo,boo)-

Note that, for any k € N,

/

2 I E
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and

m Ay x+by,, M

B £ e

Taking k — oo shows us that
ab i +boo <0 V1 <i <y

and al z+bs = 0.

This indicates that 2 lies on the d — 1-dimensional hyperplane V = {z € R? | a/ 2z =
—bso}, while xy,---,x,, lie completely on one side of V. If ax = O4x1, then bo, =0,
which contradicts the fact that |zoo| = 1. Thus, it must be the case that ac # Ogx1,
that is, |aso| > 0.

Letting C = conv(zy, -+ ,n,) be the convex hull of C, for any z € C there exists
(A1, Ang) € A"~ 1 such that z = 37'% A\, so that

no
bz +boo = ZAi(a/oomi +bs) < 0.
i=1

It follows that C also lies entirely to one side of V.

By assumption, z lies in the interior of C, so there exists some § > 0 such that B(x,d) C
C. Define z* =1+ as +x, where n = —2— > 0. It follows that z* € B(z,0) C C, and

laco|+1
that
agoz* = U‘QOO‘Q +a/oo$ = 77|a00|2 — boo,

so that alz* +bes = 1|ace|> > 0. This contradicts the fact that z*, being a point in C,
must satisfy al z* +bo < 0. Therefore, it must be the case that H is bounded.

Q.E.D.

Next, we show that the subset F' of R* that collects points y € R* such that there exists
a convex function f: E — R such that f(x;) =y; for any i is a closed and therefore measurable

subset of R®°. This is an important intermediary result because we will be interested in functions
defined on F.
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Lemma 3.32 Let E be an open convex subset of R? equipped with the standard euclidean
topology 7 on E, and let R* be the space of real valued sequences equipped with the product
topology 7°°, which is induced by the metric d defined earlier. Let Ey = {x;}ien, be a countable
dense subset of F. Then, the set F' defined as

F ={y € R™® | 3 convex function f: F— R s.t. f(z;)=y; Vi€ Ni}

is a closed subset of R*, and for any y € F, there exists a unique convex function f: E — R

such that f(z;) =y; for any i € N,.

Proof) The first claim follows from the fact that pointwise convergence of a sequence of convex
functions on a dense subset implies pointwise convergence everywhere on the domain.
Formally, suppose {y" }nen, is a sequence contained in F' that converges to y € R> in
the metric d. This implies that, for any ¢ € Ny and € > 0, there exists some N € N
such that

min(|y;' —yil,1) €
<d(y",y) < -
; <d(y",y) :

for any n > N. It follows that min(|y* —y;|,1) < € for any n > N, so that
Jim min([y;* —wil,1) = 0.

Since the topology induced by the standard bounded metric is equivalent to the eu-
clidean topology on R, it follows that y;' — y; as n — oo in the usual sense of the

convergence of real numbers.

By the definition of F', for any n € N4 there exists a convex function f, : £ — R such
that f,,(x;) =y for any i € N. In particular, this indicates that the sequence { f, }nen,
of convex functions converges pointwise on the dense subset Fy of E. This now implies
that {f,}nen, converges pointwise on E to some convex function f:E — R: by the
uniqueness of limits, it follows that f(x;) =y; for any i € N4, and therefore y € F'. This

proves that F'is a closed subset of R*.

The uniqueness claim follows easily. For any y € F', suppose that f,g are convex func-
tions such that f(z;) = g(z;) =y; for any i € Ny. By the characterization of convex

functions via convex minorants, it follows that

f(z) =sup{g(z) | g is convex, g(z;) <y; Vi€ Ni}=g(x)

for any z € E, so that f =g.

Q.E.D.
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Now we are ready to show that the values of a convex function on the entire domain FE is
a measurable function of its values on a countable dense subset Ey of E. The idea of proof is
to approximate, in the sense of pointwise convergence, the desired function by a sequence of
functions that involve the linear constraints g(z;) < f(z;) for only a finite number of points z;
in Egy. This then reduces the problem of showing measurability of a function defined on E x R

to showing that the value function of a linear program is measurable, which is a much easier task.

Theorem 3.33 (Measurability of the Affine Approximation)

Let E be an open convex subset of R? equipped with the standard euclidean topology 75 on
E, and let R* be the space of real valued sequences equipped with the product topology 7°°,
which is induced by the metric d defined earlier. Let Ey = {z; }ien . be a countable dense subset
of E, and define the function ® : E x R* — R defined as

O (z,y) =sup{g(x) | g is affine, g(z;) <y; Vie Ni}.

for any (z,y) € E x R*. Then,
i) For any y € R*, ®(-,y) is a convex function, and
ii) For any x € E, ®(x,-) is upper semicontinuous relative to the product topology 7°°.

iii) ®(-) is jointly Borel measurable on E x R>.

Proof) An Approximation Scheme

We first define the mapping ®" : E'x R>® — (—o0,+00] as
®"(x,y) = sup{h(z) | h is affine, h(z;) <y; V1<i<n}
for any (z,y) € E x R*. We show that ®(-) is the infimum of the sequence of functions
o (-).
First, fix (z,y) € E x R*. Note that, for any n € N,
{h(x) | h is affine, h(x;) <y, VYie Ni} C{h(z)|h is affine, h(z;) <y; V1 <i<n}.
It follows that

®(x,y) =sup{h(x) | h is affine, h(x;) <y, Vie Ni}
<sup{h(z) | h is affine, h(z;) <y; V1<i<n}=®"(z,vy).
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This holds for any n € N4, so we can see that

) < inf ®" .
(af,y)_ng}V+ (z,y)

It remains to show that the reverse inequality holds as well. First we show that there
exists some ny € Ny such that ®"(x,y) is finite for any n > ng. Since Ej is a set that is
dense in F, there exist vectors in Ey such that the convex hull of these vectors contains
r in its interior?. As such, there must exist some finite number ng € N, such that

{z1,-+,Tn,} contains the vectors whose convex hull contains .

Consider any affine function h such that h(z;) <y; for any 1 <i < ng. Then, be-
cause affine functions are convex, and there exist some A,---, A, € [0,1] such that
=Y. Nz, it follows that

no no
h(CC) < ZAzh(ajz) < Z)\zyz < max(yh tee 7yn0)'
=1 i=1

Therefore,
O (x,y) =sup{h(z) | h is affine, h(z;) <y; V1 <i<np}<max(yi, - ,Yn,) < +00.

Furthermore, for any n > ng, since ®"(z,y) < ®"0(x,y), ®"(z,y) is finite as well.

Now choose some n > ng. By the definition of the supremum there exists an affine
function h,, defined as h,(z) = al,z+by, for any z € R¢ such that h,(z;) <y; for 1 <i<n

and
1

We can find a vector (a,,b,) € R¥*! satisfying the above conditions for any n > ng, so

that we can construct a sequence {(an,br)}n>n, such that
ho(z;) = alw;+b, <y; forany 1<i<n
for any n € Ny and which is also contained in the set
H={(a,b) e R |dz;+b<y; V1<i<ng, ®(x,y)—1<dz+b<d(z,y)},

where ®(z,y) —1,9"°(x,y) are finite constants and x1,-- -, x,, are vectors such that z is
contained in the interior of their convex hull. It follows from the preceding lemma that

H is a bounded set. By the Bolzano-Weierstrass theorem, there exists some subsequence

2For a construction, see theorem 2.13 of the convex analysis and optimization text.
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{(any,bn,) tren, of {(an,bn)}n>n, such that
(@ny,bn,,) = (a,b)

as k — oo. Define h: E — R as h(z) = @’z +b for any z € R%. Fix any i € N,. Since
a,ﬁlkxi +bn,, <y

for any k > by construction, taking k — oo shows us that h(z) = a’z; + b < y;. This
holds for any i € Ny, so h is an affine function such that h(z;) <y; for any i € N,
which tells us that h(z) < ®(z,y). Finally, because

: 1 1 /
nlel}\];+ Q" (x,y) — - < Q" (x,y) — - < hpy () = ap, ©+ by,

taking k — oo on both sides implies that

inf ®"(z,y) <h(z)=dz+b< d(z,y).
neNL

This establishes that

®(z,y) = ub ?"(z,y) €R

for any (z,y) € E x R*.

We have just shown that ®(z,y) can be represented as the infimum of a sequence of

functions, and that it is real valued for any (z,y) € E x R*°.

Convexity of ®(-,y)

Fix y € R®, and choose any z!,22 € E and A € [0,1]. Defining = Az! + (1 — \)a?,
choose any affine function h such that h(z;) <y; for any ¢ € Ny. Then, by affinity,

Ah(z') + (1= Nh(a?) = h(Z) < 8(1,y),

where the last inequality follows by definition. This holds for any affine function h such
that h(x;) <y; for any i € N, so taking suprema over both sides with respect to h

shows us that
AB(zh) 4+ (1= \)®(2?) < D(3,y).

This proves that ®(-,y) is a real-valued convex function on E, and as such that it is

continuous on F.
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Upper Semicontinuity of &(z,-)

Now fix x € E. We showed above that there exists some ng € Ny such that ®"(x,y) <
+oo for any n > ngy. For each n > ng, ®"(z,y) is given as the value function to the

following linear program:

max dx+b
(a,b)eRd+1
- a -
subject to (Xn Ln) <Y,
R b
Ap
where we define

I (1
Xo=|:1], Yu=|:
T, Yn

and ¢, € R" is the vector of ones. It follows that, letting 7 .., : R® — R"™ be the

projection function defined in the previous section,
" (2,y) = (veom, .. n)(y)
for any y € R*, where v,(+) is the value function defined as
va(§) = sup{c'x | c e R, Ane <3},

for any ¢ € R™, where x = (2/,1)’. Note that v,(-) is finite valued because we saw above
that

A

U:E(g) S max(@l, e 7yn)

for any ¢ € R™. Furthermore, v,(-) is a concave function on R™: for any ¢, 32 € R"™ and
A€ [0,1], if Aper <91 and Ajeo < g2, we have

AMAper)+ (1 =N)(Anca) = An(Aer + (1= N)ez) < A1+ (1 — A) 9.
It follows that
An(Aer+ (1= X)e2) Sva(Ag1+ (1= A)g2),
and since this holds for any c¢i,co € R4 guch that A,eq < 71 and Apco < g0, we have
Avz (1) + (1= Mve(F2) < ve (A1 + (1= A)g2).

Therefore, v,(+) is a concave and therefore continuous function on R™. Because conti-
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nuity is preserved across compositions and the projection function is continuous, the
mapping ®"(z,-) is also continuous relative to the product topology 7°°. This result

holds for any n > nyg.

Finally, recall that {®"(x,y) }nen, is a decreasing sequence in (—oo, +00], with elements

corresponding to n > ny being finite valued. Therefore, for any y € R*°, we can write

O(z,y) = inf ®"(z,y),

n>ng

so that ®(z,-) is the infimum of continuous functions. Since, for any o € R,

{yeR® | D(z,y) <a}= [J {yeR®|®"(z,y) <},

n>ng

where each {y € R* | ®"(z,y) < a} is an open set by the continuity of ®"(z,-), it follows
that {y € R>® | ®(z,y) < a} is also an open set contained in 7°°. By definition, ®(z,-)

is an upper semicontinuous function.

Joint Borel Measurability

We have shown that ® : £ x R>* — R is a function such that ®(z,-) is upper semicon-
tinuous and thus Borel measurable function on R* for any = € E, and ®(-,y) is convex
on E and thus continuous for any y € R*. We now show that this implies that ®(-)
is Borel measurable with respect to the product Borel o-algebra B(E,7r) Q B(R>,7%°).

Since F is a subset of the euclidean d-space, for any n € Ny we can construct a countable
partition {B}}ren, of £ and a corresponding sequence of points {7 }ren, such that

x € By for any k € Ny such that
: n 1 2 1,2 n 1
dlam(Bk):sup{)x —x ’|x ,xEeEBR< =
n

for any k € N, 3. Now we can define the function ¢, : E x R® — R as
oo
k=1

for any (x,y) € E x R®. Since each ®(x},-) is a B(R*>®,7°°)-measurable function and

Iy is B (E, 7g)-measurable, the mapping

(xvy) = IBQ (.%')(I)(I'Z,y)

30ne simple construction in the case F = R? is to consider the collection of all half-open d-cells with edge
length ——, and let z}; be the (coordinate-wise) smallest vertex of each d-cell.

nvd’
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is B(E,7r) @ B(R>,7°°)-measurable. Furthermore, since ¢, (-) is the pointwise limit of

measurable functions, it follows that it is also B(E,7r) @ B(R>®, 7°°)-measurable.

It remains to show that ¢,(-) converges pointwise to ®(:). To this end, fix (z,y) €
E xR*. For any € > 0, there exists some ¢ > 0 such that |®(z,y) — ®(z',y)| < € for any
1’ € E such that |z —2'| < §. Choose N € N, so that + < d. For any n > N, there exists
some k € Ny such that z € B}; the diameter of B} is smaller than or equal to %, and
x} € By, so it follows that

1
|z —2f| < =<0,
n
which implies that

’(I)(‘T’y) _d)n(xvy)‘ = ’(I)(‘T)y) —(I’($Z,y)| < €.

As such, for any n > N,

‘(I)(.T,y) - ¢n($7y)| <€,

and since we can find such an N € N, for any € > 0, it follows that

®(z,y) = lim ¢n(z,y).

Therefore, ®(-), being the pointwise limit of B(E,7r)® B(R>,7°)-measurable func-
tions, is itself B(E,7r) Q@ B(R>, 7°°)-measurable.

Q.E.D.

Our ultimate goal is to develop a theory for extremum estimation for convex objective func-
tions. As usual, the first course of action is to verify when the extremum exists and if it can be
formulated as some sort of measurable function. Continuing the theme of characterizing convex
functions via their values on a countable dense subset, we want to find sufficient conditions such
that the minimizer correspondence is non-empty valued and there exists a measurable selection
of this correspondence that is a function from R°° into the domain E of the objective function.

To this end, we first define the value function v : R® — [—o00,+0o0] as

v(y) = ;g]fg‘l)(w,y)

for any y € R®. If y € F, v(y) is the minimum over E of the convex function corresponding to

y. Since ®(x,-) is upper semicontinuous for any = € E, it follows that, for any a € R,

{yeR®v(y) >a} = () {y eR™| ®(x,y) > a},
reF
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where the right hand side is a closed subset of R because each {y € R* | ®(z,y) > a} is closed

by upper semicontinuity and closed sets are closed under arbitrary intersections. Thus,

{yeR>*[v(y) <a}

is an open subset of R and v(-) is an upper semicontinuous function. It also follows that v(-)
is measurable relative to the Borel o-algebra on R* and the standard Borel o-algebra on the
extended real line [—o00,+00].

Since the above argument does not depend on the fact that we take the infimum over the
set E, it follows that, for any non-empty set A C E (which is not necessarily measurable), the

function v4 : R* — [—00,+00] defined as

va(y) = ;gﬁl@(as,y)

for any y € R* is upper semicontinuous, that is,
{y e R* |valy) <a}er™

for any a € R.

Now define the minimizer correspondence I' : R® — E as

I(y)={z e E|®(z,y)=v(y)}

for any y € R®. For any y € F, I'(y) collects the set of points x € E that attain the infimum
of the convex function corresponding to y. Note that I'() may be empty valued; think of the
exponential function defined on the real line R.

The collection of all sequences y € R* that corresponds to a convex function for which a

minimizer exists can now be defined using the correspondence I'(+) as

Fo={y e R |T(y) #0}.

The following result shows that Fj is contained in some Borel measurable subset of R*°.
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Theorem 3.34 (Measurability of Sequences with Non-empty Minimzer Correspon-
dence)

Let E be a non-empty open convex subset of R? equipped with the standard euclidean topol-
ogy, and let R* be the set of all real valued sequences with the product topology 7°°, which is
induced by the metric d defined in the previous section. Let ® : £ x R® — R be the function
defined earlier, and F' the subset of R that collects all sequences that correspond to some
convex function on E. Finally, for any non-empty subset A of E, let vg : R® — [—00,+00] be
the value function and I'(-) the minimizer correspondence defined above.

Let Fy be the set defined as

Fo={y eR¥|T(y) #0}NF.

Then, Fy € B(R*,7%).

Proof) First define B as the collection of all closed balls centered on points in Ey with rational

radii that are fully contained in E:

B={B(z,9)|¢€Q, x€Ey, B(zq) CE}.

Now define K as the collection of all finite unions of sets in B:
k
i=1

Note that B is a countable collection of compact subsets of E due to the fact that Ej
and Q are both countable, which makes K a countable collection of compact subsets of
E as well (finite unions of compact sets is compact). Furthermore, we can show that
any compact subset K of E is actually contained in a set in K. To see this, choose any
x € K; since x € E, the openness of ¥ and the denseness of E tells us that there exists
some point zo(z) € Ey and ¢(z) € Q such that z € B(xo(x),q(z)) C B(zo(x),q(z)) C E.
Thus, the collection {B(zo(x),q(x))}rcx forms an open cover of K. By compactness,

there now exists a finite number of points z!,---,z* € K such that

k k
K C U B(zo(z"),q(2")) C U B(zo(z"),q(z")).
i=1 i=1

However, each B(zo(z?),q(z%)) is a set in B, so that we have our desired result.

Define

Fy={y e R®|I(y) #0}.
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We can establish the following equality:

Fs= (N {y €eR® vp(y) > v(y)}.
BeB

Suppose that y € F§, so that T'(y) = 0. Then, ®(z,y) > v(y) for any = € E. For any
B € B, since B is a compact set, it follows from the extreme value theorem that there

exists some x € B such that

vp(y) = ®(z,y) > v(y).

This holds for any B € B, so we have shown that

Fsc (N {y €R™® |vp(y) > v(y)}.
BeB

To show the reverse inclusion, choose any y € R* such that vg(y) > v(y) for any B € B,
and suppose for the sake of contradiction that I'(y) # (). Then, there exists some z* € E
such that

v(y) = @(z",y).

Since {z*} is a compact subset of the open set FE, and any metric space is a locally
compact Hausdorff space, there exists an open subset V of R? with compact closure
such that z* C V C V C E. Since V is compact, it follows that there exists some B € B
such that V' C B, so that z* € B. Since * minimizes ®(-,y) on E, it also minimizes it
on B, so that

vp(y) = (2%, y) = v(y).

This contradicts our initial assumption, so it must be the case that I'(y) = (). We have
thus established that

() {y €R™ |vp(y) > v(y)} C F§
BeB

as well.

Now fix any B € B, and note that

{yeR®[vp(y) >v(y)}= J {weR®|vply)=r}n{yeR¥[q¢>0(y)}
q,r€Q,q<r

For each r,q € Q such that r > ¢, the upper semicontinuity of vg(-) and v(:) implies
that the intersection {y € R* |vp(y) > r}N{y € R*® | ¢ >v(y)} is the intersection of

a closed and open set and consequently Borel measurable. Since o-algebras are closed
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under countable unions, this allows us to conclude that
{y e R¥ |vp(y) > v(y)} € BR™, 7).

Because B is a countable collection of sets and o-algebras are closed under countable

intersections,

F§= ({yeR™ |vp(y) >v(y)} € BR>,7™).
BeB

Finally, because o-algebras are closed under complementation, Fy = FoN F € B(R®, 7).

Q.E.D.

Now that we have established the measurability of the set Fy of real sequences corresponding
to convex functions that attain their minimum, we can move onto proving the existence of a
measurable selection of the minimizer correspondence on Fj. The next result uses the measur-

able selection theorem to establish the desired result.

Theorem 3.35 (Existence of Measurable Selection for Minimizer Correspondence)
Let E be an open convex subset of R? with countable dense subset Ey = {zi}ien ., and let R
be the space of real valued sequences equipped with the product topology 7°°, which is induced

by the metric d defined in the previous section. Let

Fo={yecF|T(y) #0}

be the Borel measurable set defined above. Let F be the trace of B(R>,7%°) on Fy, which
is exactly the Borel o-algebra generated by the subspace topology on Fp induced by 7°°, and
similarly define £ as the natural Borel o-algebra on E.

Then, the minimizer correspondence restricted to Fy admits a measurable selection, that is,

there exists a function g, : Fy — E measurable relative to F and £ such that

9. (y) € argmin ®(z, )
relR

for any y € Fp.

Proof) For notational simplicity, we let I'(-) continue to denote the restriction of the minimizer

correspondence to Fj.

Note that I'(-) is a correspondence from a measurable space (Fp,F) into the metric
space E, which is complete and separable under the euclidean metric, and £ is the
Borel g-algebra on F induced by the euclidean metric. Furthermore, I'(+) is non-empty

valued. We can also show that I'(-) is closed valued relative to E: choose any y € Fy and
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sequence {Z, nen, contained in I'(y) converging to some x € E. Because y € Fy C F,
there exists a unique convex function f: £ — R such that f(z) = ®(z,y) for any x € E.
By definition,

f(xn) = (I)(Scnay) = U(y)

for any n € N4, and since convex functions are continuous, taking n — oo on both sides
shows us that f(x) = ®(z,y) =v(y), so that = € I'(y) as well. This shows us that I'(y)

is a closed set relative to E.

Therefore, to apply the Kuratkowski-Nyll-Nardzewski measurable selection theorem,

we need only show that, for any subset A of E that is closed relative to E,

{yeFo|T(y)nA#0}

is F-measurable. We will actually show the stronger result that this set is measurable

for any subset of E (it does not even need to be measurable).

The set above is empty if A = (), which is trivially measurable. Now suppose that A
is a non-empty subset of E. We will first show that v4(-) is real valued. To this end,
choose any y € Fjy and zp € A. Putting o = ®(z¢,y), note that

=1 < =1 < = Q.
v(y) ;ggé(m,y)_m(y) ;gg@(x,y)_@(wo,y) e!

Because I'(y) # 0, v(y) is a real number (it is equal to the function ®(-,y) evaluated at
some point in E) and therefore v4(y) € R as well.

The upper semicontinuity of v(-) and v4(-) now implies that both are measurable rel-
ative to F and B(R). Since

{lye o |T(y)NA#£0}={y € Fo |v(y) =valy)},

and because the right hand side is a set of values for which two measurable real valued
functions are equal, the set on the left hand side is F-measurable. Now the desired

result follows from the measurable selection theorem.

Q.E.D.
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3.6.3 The Basic Convergence Theorem for Convex Extremum Estimation

We are now ready to prove the core result for extremum estimation problems involving convex
objective functions. It states that a sufficient condition for weak convergence of a minimum
estimator is for the finite-dimensional distributions of the objective function to converge weakly.
This is a significant simplification in the sense that it allows us to replace the uniform convergence
in probability results required for the basic consistency and asymptotic normality theorems
with pointwise convergence. Since it was precisely the uniform convergence in probability result
that required the compactness of the parameter space, this theorem allows us to jettison the
compactness assumption as well. Thus, by imposing the additional condition of convexity on
the objective function, we are able to derive asymptotic results for the corresponding extremum
estimators under much weaker assumptions elsewhere.

We work with the following setting. Let E be an open convex subset of R with countable
dense subset Ey = {0;}icn,, and let R> be the space of real valued sequences equipped with
the product topology 7°°, which is induced by the metric d defined earlier. We define Fy as the
measurable subset of R that collects sequences corresponding to convex functions that attain
their minimum on F.

Let F be the trace of B(R>,7>°) on Fy, which is exactly the Borel o-algebra generated by the
subspace topology on Fy induced by 7°°, and similarly define £ as the natural Borel o-algebra
on E. Finally, let g, : Fy — E be the function, found above, that is measurable relative to F and
& such that

g+(y) € argminge p®(0,y)

for any y € R*°.

For the sample size T, the objective function is given as a real valued stochastic process
{Q7(0)}oep with paths forming convex functions that attain their minimum on E: for any
w € () the function f: F — R defined as

f(0) =[Qr(0)](w)

for any 6 € E is a convex function attaining its minimum on E. Because each Q7(6) is real-valued

a random variable, it follows that the random sequence Q7 : 2 — R*> defined as

Qr(w) ={[Qr(0)](w)}oek,

for any w € Q is measurable relative to H and the product o-algebra B(R)¥0; since (R, 7g) is a
second countable topological space, Fy a countable index set, and 7°° the product topology on
R°, it follows that

B(R)F0 = B(R™, 7).

Since Q7 maps into Fy, we can now conclude that Q)7 is measurable relative to H and F, and
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define the extremum estimator 6 corresponding to the above objective function as

éT = G« (QT);

by implication,

A~

Or(w) € argminge 5[ Q7 (6))(w)

for any w € Q. It follows from the measurability of g.(-) and Qr that fr is a random variable
taking values in F.

We want to establish the conditions under which weak convergence of the finite-dimensional
distributions of {Qr(0)}gcr to some real valued stochastic process {Qo(0)}ocr with paths in
Fp implies the weak convergence of the corresponding minimizers. It turns out that we must
impose an identification condition on the limiting objective function Qo (), similar to the case
of arbitrary continuous objective functions and compact parameter space. The formal condition

is given as follows:

Identification Condition There exists a Borel measurable subset ™ of Fy such that {Qo(0)}ecr, al-
most surely takes values in F'* and, for any y € F'*, the corresponding convex

function has a unique minimizer.

The latter part of the identification condition is familiar; it simply requires that the weak limit of
the sequence of minimizers is well-defined as the unique minimizer of the limiting objective func-
tion. The first part, which requires F'* to be Borel measurable, turns out to be necessary because
we want to preserve the uniqueness of the minimizer as a property possessed by the stochastic
process {Qo(0)}ock,, so that a stochastic process with the same distribution as {Qo(8) }ocr,
also has paths that correspond to convex functions with unique minimizers.

The main result, as well as its proof, is stated below. It is a more detailed version of lemma

A.1 in Knight (1989).

Theorem 3.36 (The Basic Convergence Theorem for Convex Objectives)

For any T € N, let {Q7(0)}gcr be a stochastic process with paths taking values in Fp, and let
{éT}TeN be the corresponding extremum estimators. Suppose that there exists some measurable
subset F™* of Fy such that {Qo(0)}zcr, almost surely takes values in F** and, for any y € F*, the

corresponding convex function has a unique minimizer.
If, for any N € N,

(Qr(61),-,Qr(Ox)) % (Qo(61), -, Qo(6))

as T — oo, then

as T — oo.
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Proof) For any T € N, define the random sequence Q7 taking values in Fj as
Qr(w) = {1Qr(0:)](w) Fien,
for any w € 2, and let pp be its distribution. By assumption,
—1 —1
HTOTy .. g 7 HOO Ty . gy

weakly for any N € N,, that is, the finite dimensional distributions of pur converge

weakly. As such, by the characterization of weak convergence on R*°,

KT — o

weakly, or equivalently,

d,

Q1 — Qo.

If g.(-) were a continuous function, then the desired result would follow immediately
from the continuous mapping theorem. However, in general g.(-) is not continuous, only

measurable, so that we need to take a different approach.

Note that (Fp,d) is a separable metric space. As such, by Skorokhod’s representation
theorem, there exists a probability space (©',H’,P’) and random variables {Q% }ren

defined on that space measurable relative to #' and F such that
Qr ~Qr forany T €N, and
U QE as T — .
Defining é; = ¢.(Q%) on Q' for any T € N, it follows that

0% ~0p for any T €N

as well. Let Q) C €' be the P’-almost sure set on which the almost sure convergence of
{Q%}ren, occurs. Similarly, define Q5 = (QF) ' (Fp). Since po(F*) =1 by assumption,
it follows that

P[] =P [(Q5) ' (Fo)| = po(F*) =1,
so that Q= Q) NQ5 is an almost sure set under P'.

Now choose any w € ). We want to show that 6% (w) — 85(w). First, for any T € N,
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define fr: E — R as

fr(0) = @(0,Q7(w))

for any 0 € E. By design, fr(-) is a convex function on F such that

fr(07(w)) = min fr(6).

fcE

Furthermore, because Qj(w) € F*, 0(w) is the unique minimizer of fo(-).

Since each Q% (w) takes values in R, it can be represented as a sequence {yr;}ien,

of real numbers; for any ¢ € N, , we now have
Jr(0;) =yr; foranyiec N,.
Since
lim d(Q(w), Q(w)) =0
T—00
and convergence in d implies elementwise convergence,

lim yr; = Yo,
T—o0

for any i € N4, so that fr(-) converges pointwise on Ey to fo(-). Since {fr}ren is a
sequence of convex functions, it follows that fr(-) converges pointwise on E to fy(+),

and that this convergence is uniform on any compact subset K of E.

By the openness of E, there exists some 1 > 0 such that B(%(w),n) C E. For any
e € (0,n), define the set

K6:{9€E|’9—§S(w)’:e}.

Then, K. is a non-empty set contained in E, and K. is closed and bounded, so it is a

compact subset of E in light of the Heine-Borel theorem. Define
§ = inf (fo(0) — fo(B5(w)));
it (fo(6) — fo(05());

because K, is a compact set and fo(-) — fo(655(w)) is continuous on E, there exists some
0% € K. such that

5= fo(607) = fo(O5(w)).

Since 07(w) is the unique minimizer of fo(-) and 6%(w) ¢ K., so that 6 # 05 (w), it
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follows that § > 0.

The uniform convergence of { fr}ren, to fo on compact sets implies that

sup | fr(0) — fo(0)| — 0,
K

0cK.

and the pointwise convergence of { fr}ren, to fo implies that

It follows that there exists some N € N, such that

) A A 1)
sup |fr(6) = fo(0)] < 7 and | fr(5() ~ fo(0(w))] < 5
feK.

for any T'> N. In particular, for any T'> N and 6 € K,

Fr(6)~ fo#) > 1

fo(0) > fo(05(w))) +06

]

fo@5(@))) > fr(B5(w)) — 5,

where the second inequality follows from the definition of § > 0. Putting these inequal-

ities together, we can see that, for any T'> N and 0 € K,

fr(0) > fo(0) -

S

> 26+ fo(O5(w))

>~ w

d

> 04 Fr(03()).

This holds for any 6 € K, so we have

inf (f1(0) ~ fr(05())) > § >0

0K,

for any T'> N.

Suppose

05 (w) — éa‘(w)‘ > ¢ for some T' > N. Then, defining
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and

0y € E by convexity and
07— 05(w)| = M) = A5 ()

=

O (w) — B (w)| = ¢,
so that 0y € K.. Furthermore, by the convexity of fr(-),
Fr(0x) < Mfr(05(w)) + (1= X fr(05(w)) < fr(B5(w)),

where we used the fact that, as a minimizer of f7(-), 04 (w) satisfies

A

fr07(w)) < fr(5(w)).

By implication,

Fr(03) — fr(05(w)) <0,

but because 0y € K., we must have

ﬁﬂ%%ﬁﬂ%@»zg>o

as well. This is a contradiction, so it must be the case that

for any T'> N. Note that N depends only on § and €, and ¢ is in turn determined by
€. Therefore, N is determined by €, and since we can find such an N for any € > 0, by

definition
TIEI;OQT(W) = Op(w).

Since this convergence holds for any w € ), where P'(£()) = 1, it follows that

in the probability space (€2,H’,P"). Since almost sure convergence implies convergence

193



in probability, which in turn implies weak convergence,

Finally, since éi} ~ O for any T € N,

Q.E.D.
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3.7 Quantile Regression

So far, we have applied the basic convergence theorem to establish the consistency of extremum
estimators under non-compact parameter spaces, and deduced asymptotic normality from the
basic asymptotic normality theorem under smoothness assumptions. However, the basic conver-
gence theorem can also be applied to obtain the asymptotic distributions of extremum estimators
corresponding to non-smooth objective functions. Perhaps the most useful result in this class of
models is quantile regression models. Below we establish the consistency and asymptotic nor-
mality of parameter estimators in quantile regression models, which holds even when the sample

is weakly dependent.

3.7.1 Quantiles and the Check Function

Let Y be a real valued random variable with distribution function Fy (-) on R. Suppose Fy (-) is
continuous and strictly increasing on R, so that F(y) € (0,1) for any y € R%. Then, there exists
an inverse function Fy 1:(0,1) = R of Fy(-) that is also strictly increasing and continuous.
Recall that F;l() is the quantile function of Y, so that F;l(T) yields the unique point y in R
such that the probability Y takes values less than or equal to y is 7. We often denote the value
Fy Y (1) by Q-(Y), and call it the 7th quantile of Y.

There exists a convenient characterization of the quantile of a real random variable whose
distribution function is continuous and strictly increasing on the real line. Given any 7 € [0,1],

we define the check function p; : R — R, as

(I—7)|ul ifu<O
pr(8) = (7 — Ty u = .
T|ul ifu>0

We can see that p,(-) is a convex function on the real line that attains its minimum 0 when
u =0, and which has slope —(1 —7) when v < 0 and 7 when u > 0. This implies that p,(-) is

differentiable on all points on the real line except for u = 0, with derivatives given as

u T ifu>0.

The following lemma reveals that the 7th quantile of an absolutely continuous real random

variable can be characterized in terms of the check function:

4By implication, the support of the random variable Y is the entire real line. At first glance this may seem
too strong of an assumption which, in particular, does not allow us to extend the setting to non-negative valued
random variables. But in practice this full support assumption is not too harmful, since we can simply log-
transform positive valued random variables to turn them into variables with full support.
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Lemma (Characterization of Quantiles)

Let Y be a real random variable with distribution py and strictly increasing distribution function
Fy :R —(0,1). Suppose that Y has finite first moment, and that py is absolutely continuous with
respect to the Lebesgue measure on R. Then, for any 7 € (0,1), @Q,(Y) is the unique minimizer

of the convex function

q—Elp; (Y —q)].

Proof) We can first show that Fy (+) is continuous and strictly increasing on R. The continuity of
Fy (-) follows from the absolute continuity of uy with respect to the Lebesgue measure;

if there exists a point y* € R such that Fy(-) is discontinuous at y, then

lim Fy(y) < Fy(y"),
Y,/ y*

so that

py ({y* ) = Fy (y") — yli/n;* Fy(y) > 0.

This contradicts the fact that {y*} has measure 0 under the Lebesgue measure and
therefore under py as well. This shows us that the 7th quantile Q-(Y) of YV is well-
defined as the unique value such that Fy (Q-(Y)) =r.

For any q € R, because p; (Y —q) = (T — [(_,q)©Y)(Y —q) is a random variable that is
bounded above by the integrable random variable (7+1)(|Y|+|q|), it follows that the
mapping

q—E[p: (Y —q)]

is a well-defined real valued function on R. This mapping defines a convex function on

R: for any A € [0,1] and ¢1,g2 € R, because
pr(Y = O+ (1= N)2)) = pr (MY — 1) + (1= N (Y — )
< Aor(Y =q1) + (1= N)p-(Y —q2)
everywhere on the sample space by the convexity of p.(-), we have

Elpr(Y = (A1 + (1 =N @)l < AE [pr (Y —q1)] + (1 = ME[p- (Y — ¢2)]

as well.
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Define the function f: R xR — R as

fy,a)=p-(y—aq)
for any (y,q) € R2. For any q € R, we already established that f(-,q) is a uy-integrable
function.

Furthermore,

of(y,q) _ 9p-(y—q)
dg dq

exists for any y € R such that y # ¢. Defining

Aq = R\ {q},

since A = {q} has measure 0 under the Lebesgue measure, and puy is absolutely contin-
uous with respect to the Lebesgue measure, py (A7) = 0 as well. The resulting function
of(y

Y= Tq’q) defined on A, is given as

of(y,q) | —(1—7) ify<g
T ify>gq

so that, being piecewise constant, it is a Borel measurable function.
Finally, we can see that, for any (y,q) € R? such that the derivative %Z’Q) exists,

pT(y—q—hf)L—pT(y—q) <1

f(y,q+h)—f(y,q)‘:
h

for any h # 0; a simple graphical argument suffices to establish this inequality, since
the mapping z — p,(z—h) is just the version of the wedge p,(-) shifted by h units to
the left.

Therefore, Leibniz’ rule tells us that the mapping g — E[p,(Y — ¢)] is differentiable on

R with derivative given as

c‘)E[pTéZ/—q)]:i/RpT(y_q)duy(y)

:A(W) dpy (y)

=—(1—=7) py((—=00,q)) +7- py (g, +00))

=—(1-7)Fy(q)+7(1 - Fy(q))
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for any ¢ € R. This tells us that

IE[p-(Y —q)]

5 =0 ifand only if —(1—7)Fy(q)+7(1—Fy(q))=0,
q

or if and only if Fy(¢) = 7. Under our assumptions, Q-(Y") is the only value that solves
this equation, so @Q-(Y) is the unique value that satisfies the first order condition for
minimization. The convexity of g — E[p,(Y —¢)] now implies that Q-(Y") is its unique

minimizer on R.

Q.E.D.

This characterization allows us to obtain a very straightforward formula to compute quantile

regression estimators via the analogy principle later on.

3.7.2 Motivating the Quantile Regression Estimator

We now extend the basic framework above to a more general setting of stochastic processes. Let
{Z; = (Y}, X4) }1ez be a doubly infinite stochastic process such that Y; is real valued and X; is
k-dimensional for each t. Let F = {F; |t € Z} be some filtration, and suppose that each Y; is
Fi-measurable, while each X; is F;_j-measurable. This implies that {Z;};cz is F-adapted.

This setting can accommodate many different modes of dependence among sample observa-
tions Zy. If {Z;}iez is iid, then we can simply define F; as the o-algebra generated by Y; and
the entirety of the exogenous regressors { X}secz. It can also describe the case where {Z;},c7 is
stationary and X; contains lags of Y;; in this case, F would simply be the filtration generated
by {Ys}sez-

Due to the non-linearity inherent in any model that deals with quantiles, we impose stronger
conditions than the usual weak stationarity assumption on {Z; },cz. Specifically, we assume that,
for any t € Z, there exists a regular version Q¢—1 : Q2 x B(R) — [0, 1] of the conditional probability
of Y; given F;_1; that is, Q;—; is a transition probability kernel from (€2, F;—1) into (R,B(R))
such that

Qi-1(,A) =PV, € A| Fi)
for any A € B(R). We also define F;_; : Q@ xR — [0,1] as
Fi1(w,y) = Qi-1(w, (—00,y])

for any (w,y) € Q2 xR. Since Q;—1(w,-) is a probability measure on (R,B(R)) for any w € ,
F;_1(-,y) can be interpreted as the conditional distribution function of Y; given F;_; evaluated
at the point y € R.

As in the preceding section, we assume that, for each w € 2, Fy_1(w,-) takes values in (0,1)
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and that it is strictly increasing on R. Furthermore, to make use of the check function charac-
terization of quantiles, we assume that each Q¢—1(w,-) is absolutely continuous with respect to
the Lebesgue measure on R; we saw above how this implies that F;_q(w,-) is strictly increasing
and continuous on R. Since F;_1(+,y) is a Fy—1-measurable function by the fact that Q;—; is a
transition probability kernel, it follows that F;_(-) is measurable relative to F;—1 @ B(R).

It follows that we can define the mapping Q,(Y; | Fi—1) : @ — R so that, for any w € ,
[Q+(Yz | Ft—1)](w) is the unique solution to the equation

thl(waq) =T.

We call Q- (Y; | Fi—1) the conditional 7th quantile of Y; given F;_1. The quantile characterization

derived above implies that [Q-(Y; | Fi—1)](w) is the unique minimizer of the mapping
q /Rpf(y = q)Qt—1(w,dy)
for any w € Q2. Equivalently, we can say that Q,(Y; | Fy—1) is the unique minimizer of the mapping

q—Elpr (Y —q) | Fr-1].

In a linear regression model, we model the conditional expectation of Y; given F;_1 as a

linear function of the regressors Xji:
E[Y; | Fi] = XiB

for some § € R¥. Similarly, in a quantile regression model, the 7th conditional quantile of Y;

given F;_1 is modeled as a linear function of X;:
Qr(Yy | Fi1) = X{B(7)
for some (1) € R*. Under this assumption, it follows that
E[pr (Y: = XiB(7)) | Fie1] SElpr (Vi = W) | Fii]
for any JF;_i-measurable real random variable W, and in particular,
E [pr (Y~ X{B(r)) | Fia] <E[p- (Y~ X{b) | Fer]
for any b € R¥. Taking expectations on both sides implies that

E [p,(Y: — X,8(7))] <E[p-(Y: - Xb)],
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so that
B(7) € argminycpr E [pr (Y — X[b)] .

This is how the coefficients 3(7) in a quantile regression model are identified, and they are
estimated by the analogy principle; given a sample of size T', the estimator ,@T(T) of B(r) is

found as the solution to the minimization problem

1z
min — (Y — X)b).
bR T;P (Y 1b)

In the next section we state the concepts we have introduced so far as formal assumptions, and
rigorously prove that the quantile regression estimator BT(T) is consistent and asymptotically

normal for 5(7) under our assumptions.

3.7.3 Asymptotic Properties of the Quantile Regression Estimator

We make the following assumptions:

Q1 Data Generating Process
Let {Z; = (Yi,X¢)}tez be a stochastic process, where Y; is real valued and X; is k-
dimensional. Let F = {F; |t € Z} be some filtration such that Y; € F; and X; € F;_;
for any t € Z.

We assume that {Z; }1c7 is strictly stationary and ergodic; in particular, for any measurable
function g : RFF! - R,
1 T
P
=" 0(Z) B Elg(%).

t=1

granted that the expectation on the right hand side exists, and we assume that there exists

some positive definite k x k matrix >, such that

1 T
7 Y X X] 5 Sen =E[XoX() .
t=1

Q2 Conditional Distribution Function and Density
We assume that for any ¢t € Z there exists a transition probability kernel Q;_1 from
(R¥, B(R¥)) into (R,B(R)) such that

Qi-1(-,A)o Xy =P (Y € A| Fi1)
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Q3

Q4

for any A € B(R). In other words, we assume that X; is a sufficient statistic for the
conditional distribution of Y; given F;_1. We define the conditional distribution function
Fi_1:RFFL 5 [0,1] as

Fioa(y | =) = Qea(x, (—o0,9])

for any (z,y) € RFFL.

We assume that there exists a conditional density function f;_; : R¥*! — R, such that

fi—1(+) is Borel measurable and
y
Fiay|o)= [ fiaz] @)

for any (z,y) € R¥T1. By implication, each F;_i(-| ) is absolutely continuous with respect

to the Lebesgue measure, and

OF-1(y | =)

By = fi—1(y | x)

for any (x,y) € R¥*! by the fundamental theorem of calculus. We assume also that Fy_1(- |

) is strictly increasing on R for any 2 € R*.

Conditional Quantile Function
For any 7 € (0,1), we let Q,(Y; | Fi—1) be the conditional 7th quantile of Y; given F;_;.
We assume that there exists some 3(7) € R¥ such that

Qr(Ye | Feu1) = X;B(7)
for any t € Z. By implication, 5(7) is a solution of the minimization problem

in E [p,(Yo— X)b)] .
min  E [pr(Yo— Xob)]

Local Uniform Equicontinuity Assumption
We assume that f;_1(-) is uniformly equicontinuous locally around each quantile; that is,

for any 7 € (0,1) and € > 0, there exists a 6 > 0 such that
sup|fi—1(y | ) — fie1(2'B(7) | 2)| <e
teZ

for any x € R¥ and y € R such that |y —2/3(7)| < 9.
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Q5 Miscellaneous Asymptotic Arguments

We assume that {Z;},cz has bounded fourth moments, so that

supE|Z|* < +oc.
teZ

Furthermore, we assume that, for any 7 € (0,1), there exists a positive definite k x k matrix
Y ¢(7) such that

T
EY i (XIB(r) | X0 XX, B ().
t=1

The strongest assumptions we make are the stationarity and ergodicity assumptions imposed
on the process {Z;}icz, and the local uniform equicontinuity assumption on the conditional
density function. The former is necessary to ensure that laws of large numbers hold even in
the presence of large non-linearities; it can be replaced with standard moment boundedness
conditions if the data is iid. The latter, meanwhile, is a technical condition that ensures the
convexity of the limiting objective function. This assumption is more plausible if the density
function is time-invariant, as they happen to be in many practical applications.

Below we show, using the basic convergence theorem, that the quantile regression estimator
is consistent and asymptotically normal under our assumptions. The argument is exactly that
of Koenker and Xiao (2004).

Lemma For any u,v € R and 7 € (0,1),

pr(u—v)—pr(u)=—v (T - I{u<0}) + /01} (I{ugs} - I{uSO}) ds.

Proof) For any u,v € R,
pr(u—v)—pr(u) = (T — I{u<v}) (u—v)— (T — I{u<0}) u
=—v (T - I{u<0}) + <I{u<0} - I{u<v}) (u—wv)

=—v (T — I{u<0}) + (I{vgu<0} - I{0§u<v}) (u—wv).

The second term can be expressed succinctly as an integral:
v
/0 (I{ugs} - I{u§0}> ds = (I{v§u<0} - I{0§u<v}) (u—w).
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To see that this equation holds true, we consider the following distinct and exhaustive

cases:

Case 1l v<0,v<u<0

In this case, the right hand side is equal to u —v. Meanwhile,

0

/OU (Tuzs) = Tusoy ) ds = - / (Tfuzsy —1) ds

— —[(0—u)— (~v)] =u—w.

Case 2 v<0,u<v<0
In this case, the right hand side is equal to 0. Meanwhile,

/Ov (I{ugs} - I{ugo}) ds = _/vo (I{ugs} — 1) ds

=~ [(0-v) - (-v)] =0.

Case 3 v>0,0<u<w

In this case, the right hand side is equal to v — u. Meanwhile,

/O(I{USS}_I{USO})dSZ/O I{ugs}dS:U—u.

Case4 v>0,0<v<u
In this case, the right hand side is equal to 0, while

/0 (Tuzy ~ Tusoy ) ds = /0 Hugspds =0.

We have manually verified that

pr(u—v)—pr(u) =—v (T - I{u<0}) + /OU (I{usS} - I{uSO}) ds

for any u,v € R.

Q.E.D.
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Theorem (Asymptotic Normality of Quantile Regression Estimator)
Maintain assumptions Q1 to Q6, and for any 7 € (0,1), let {BT(T)}T6N+ be a sequence of quan-
tile regression estimators, where BT(T) is obtained as a solution to the following minimization

problem:

1 T
in Y, — X1b).
min T;/JT( ¢ — Xib)
Then,

VT [Br(r) = B()] S N [Oper, 7= 1) (1) 'S0 (1) 7

Proof) Define
ur =Yy — X, 8(1).
We can then see that /T {BT(T) -p (7)} solves the minimization problem

T

min E

k
beRF

pT <Ut - \}Tb,Xt> —PT (Ut)} .

For any T € N, define the stochastic process {Vr(b)}ycrr as

Vr(b) =Y

t=1

pT (Ut - \/1Tb/Xt> —PT (Ut)}

for any b € R¥. The convexity of pr(-) implies that {V7(b)},cgr has convex paths, and
since /T {BT(T) — B(T)] exists as a solution to the minimization problem above, the

paths of {Vr(b)},cgr attain their minimum on R¥.

It follows that {Vr(b)},cqr is a random sequence in R* taking values in the Borel
measurable subset Fy. By the basic convergence theorem, our proof will be done if we

can just show that:

— The finite dimensional distributions of {V(b) },cqr converge to those of some ran-

dom sequence {Vp(b)}peqr-

— There exists some measurable subset F™* of Fy such that {Vg(b) },cqr takes values in

F* and, for any y € F'*, the corresponding convex function has a unique minimizer.

— The unique minimizer of {Vj(b) };cqr has the following distribution:

A

Bo(T) ~ N [Okx1, T(1—7)2z2].
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We start by showing that there exists some random sequence {Vy(b)},eqr such that,
for any distinct points by, --- b, € QF,

(V1) Vi (bn)) % (Vo(br), -+, Vo(ba)).

as T — oo.

Choose any b € QF. Recall from the above lemma that

pr(u—v)—pr(u)=—v (T — I{u<0}) +/0v (I{ugs} — I{u§0}) ds

for any (u,v) € R. Applying this result yields

Vr(b) =Y

t=1

pPT <Ut - \}Tb/Xt) — pr(ug)

e
+ Z/O (I(—oo,s] out — I(_OQ()] o Ut> ds.
t=1

T
= —b/ l\;f ;Xt (’7’ — I(—oo,()) out)

We focus first on the term on the left.

Note that the process {X;(7 — I(_,0) ©ut) }tez constitutes an MDS with respect to the
filtration F; it is clearly F-adapted, integrable and

B [Xt(T_I(—oo,O) o) | ft_l] =X, (1—P(u < 0| Fr_1))
=X, (r=P(Y; < X{B() | Fi-1))
= X¢ [1— Fr1 (5, X[ B(1))]
=X [1— Fi1(,Q- (Y2 | Fi1))] = Ok,

where the final equality follows from the definition of the conditional 7th quantile. We

can therefore apply the martingale difference CLT if we can establish the following:

i) Boundedness of Higher Order Moments
Note that, for any t € Z,

|X0(r = I ooy ou)| < (T4 1) X4,
so that

4
sup E|\ X3 (7 — I(_0) Out)‘ <(r+1)? (SUPE\Xt\4> < +o0,
tez teZ

where the final inequality follows from the assumption of bounded fourth mo-
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ments. It follows that {X;(7 — I(_oo o) 0 u) }ez is L*-bounded.

ii) Convergence of Sample Variance

For any t € Z,
/ 2 / 2
Xe Xi(T = I~ o0 0)0we)” = Xe X (7‘ —(27—=1) [(—s0,0 out) ,
so that
E [ X, X (7 = [—oopyom)?] =E[X, X[ (72— (2r = )P (u; < 0| Fia) )|

=E[X.X[(r? - (2r = 1)7)]
=17(1-7E[X: X[ =7(1 —7) X4,

Therefore, the ergodicity of the stationary process {Z;}+cz implies that

1z
T ZXth(T —I(—50,0) © w)? B T(1—7)202,
t=1

where the probability limit is positive definite by the assumed positive definiteness
of 3, and the fact that 7 € (0,1).

We can therefore immediately apply the MDS CLT to conclude that
fZXt T I( 00,0) ouy) %N[kala T(1—7)8g].
Letting Z ~ N [Ogx1, 7(1 —7)%.2], it now follows that

T
Z ’7' I( ooO)Out) —) vz

3\
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Moving onto the second term, define the triangular array {(7¢(b)}1<i<7,Ten, as

b X,
Cre(b /f (I( o0,s] O Ut — I(—oo,O]Out> ds

forany 1 <t <T and T € N,. By Fubini’s theorem applied to the bounded integrand,

we have

E(Gre(0) | Fiot] = | T By < 8| Fit)— P 0] Foo)ds
ﬁb’Xt
= [T a5+ XUB(r) | X0) = Fia (X0B(r) | X)) ds

Ly x,
_ / T b (XB(r) | Xy)sds

/ ! T X [Ft 1(s+ X B(T )|Xt)—Ft—1(Xt,/3(7—)|Xt)

s — fim1(X{B(7) | Xy)| sds.

Note that, for any s € R,

Fi1(s+X16(7) | X¢) — Fi—1(X{B(7) | X¢)

) ~ Fra(X{B()| X0)

SHXLB()
i / [ftq(z | X1) — fio1(X{B(7) | Xt)}dz

s|Jx18r)

Choose any € > 0. By the local uniform equicontinuity assumption, there exists a § > 0
such that

€

[ 12) = e @80 | 2)| < g

for any 2 € R¥, t € Z and any z € R such that |z —2/8(7)| < 6. By implication, as long
as 0 < |s] <4,

€
TS0+ 1

‘Ft_l(s—FXt'ﬁ(T) | Xy¢) — Fr1(X36(7) | X¢)

S

— fi1(XiB(7) | Xo)| <

Suppose that

max < and

1<t<T

Tb Xy

<1

1 T
v (T ZXtXt’> b—b'Sab
t=1

Then, since each ‘ﬁb’Xt’ <4,

/ L X, [Ft W(s+XIB(1) | Xy) — Fr_1 (X18(7) | X)

— fea(XIB(T) | Xt)} sds
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Ly X,

1 / _ /
S/O 7T Fi1(s+XiB(7) | Xti Fa(XiB(r) | X4) — fi1(X1B(7) | Xy)|sds
< € %b,Xt d

€

1
VXX
WYL t1 2T i

for 1 <t <T, so that

Y TR (s+ X1B(T) | Xy) — Fo1(X1B(7) | Xy)
>

S

— fa(X1B(r) | Xt)} sds

t=1

€
L —— XX} |b<
= YSbt 1 <2TZ t ) “

IroX {Ft (s XU8(r) | Xo) = Fooa (Xi8(r) | X1) N )

S
1 T
> 5) +P < v <T t§1xtxg> b—b'Sp0b| > 1) .

The rightmost term goes to 0 because the stationarity and ergodicity of {Z; };c7z implies

Therefore,

(=

— fr—1(X{B() | Xt)] sds

<P < max
1<t<T

1
—b X
,—T t

1 T
b (T ZXtX£> b5 b'S,,b.
t=1

Meanwhile, because

)
_ < .

P(l@tiXT bet >5> P(max\ | > T ﬁ)

and
e T

{lrg%xTthb TEss T}ctL:Jl{|Xt|> kS T},
we can see that

P(lrg% TbXt >5> ZIP’<|Xt|> CES xf)
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(ol +1)* 4
< — [ supE|X, .
- Tt teZp =

By the assumption of finite fourth moments, taking 7" — oo on both sides shows us that

)=

lim P —b'X
T <lglta<XT VT bXe

Therefore,

lim P <
T— o0

This holds for any € > 0, so

=V Xe {Ft 1(s+X,B8(7) | Xt) — F_1(X,B8(7) | X¢)
S

— f—1(X{B(7) | Xt)] sds

>e> =0.

T

T ﬁb’Xt
SCE[Cr(b) | Fra) =Y /0 i (XIB(r) | Xo)sds + op(1)
t=1 t=1

T
=t (;Tth—l(Xéﬁ(T) | Xt)XtX£> b.
=1

By assumption,
T

SCECr(b) | Fooa] & %b’zf(f)b.

t=1
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‘We have shown that

T

SCECr(b) | Foa] & %b'zf(f)b.

t=1

It remains to show that
) 1
> Cr(b) B Eb’E #(1)b
t=1

as well; to this end, we show that

T
3" (Cre(b) —E[Cre(b) | Foa]) B 0.

t=1

Define the triangular array {Wr;(b)}1<i<7,ren, as
Wrt(b) = Cre(b) —E[Cre(b) | Fi—1]-

Then, {Wr(b) hi<i<rTeNn . is a martingale difference array with respect to the filtration

F: each Wy (b) is clearly Fi-measurable,

E[Wr¢(b)] = E[¢7+(b)] = E[¢re(b)] =0

foreach 1 <t <T, and for 2<t¢t<T,
E[Wr(b) | Fie1] =0

It follows that {Wry(b),---,Wrr(b)} is a collection of mean zero serially uncorrelated

random variables for each T' € N, : by implication,

2

T T
EY Wr(b)| =Y EWr (b))
t=1 t=1

i E |E|(Cre —ElCre(®) | Fia])® | Foa ]

T

=S E[E ()| Fis| ~Elni(b) | Fir’]

t=1

T

<Y E[E[Gr(b)? | Fia]].

t=1
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Note that, for any 1 <t <T,

2
b’Xt
Cre(b (/ v (—o00,s] O Ut — L(—00,0] © ut) dS)

b’Xt 2
'b'Xt /\F Oo,s]out—l(_oomout) ds

b/Xt
’b,Xt /\F (—o0,s] O Ut + I(—oo,[)] our—2- I(—oo,s}ﬂ(—oo,O} out> ds,

where the first inequality is justified by Hdélder’s inequality. Since
E [Ivoo,s} Ot +I(—o0,0] Ut = 2+ I(—o0,s)n(—00,0 O Ut | F t—l}

P(ut S S ’ ft_l)—]P’(ut S 0 ‘ ]:t—l) if s Z 0
Pus <0| Fpe1) —Pluy <s| F—1) ifs<0

=|P(ut <s|Fie1) —P(us < 0| Fio1)ls
we can see that

L' X,
E [¢re(0)? | Feoa] < / - |Fi1(XiB(T) +s | X¢) — Fr_1(X{B(r) | X¢)|ds
0

1
— V' Xy
T

< 7bXt

b X,
/ fi—1(X1B(1) | X¢)sds
0

1 ’
/ﬁb X
0

Fr 1 (XiB(1) +s| Xi) — Fr_1(X{B(1) | X¢)

s — fi—1(X1B(1) | X¢)|sds.

|

It follows that

1
VX
vT !

)

[ ( th 1Xt ’Xt)XtXt>b+0p( )]

ZE [CTt *| Fee 1} < (II%I%XT

We know that
( th 1(X8( \Xt)XtXt>bO (1),

1
max | —b'X;

=o0,(1
1<t<T \/T OP( )7

211



SO

ZE [Cr(®)? | Fia] &

Denote

(r= ZE [CTt | Fie 1}
t=1
for any T' € N4, and note that
2 1 / !
Cre(b)* < 4Tb X X;b
for each 1 <¢ < T and therefore that
1T
(r < ( ZXtX£> b.
TH

It follows that

1,
|¢r| < 10| (TZ|Xt| )
=1

and
- s
[<ik _|b| Zle Z|Xt ;
where we used the fact that (3°7; ai)2 <nY" | a? for any non-negative reals a1, - ,ay.
Therefore,

El¢r|? < [b]*supE|X;|* < +o0,
teZ

where the final inequality follows from the assumption of bounded fourth moments.

Now, for any € > 0, we have

lZE[gﬂ 2| F IH =E[¢r]

=E [CT . I{CT>€}:| +E [CT ) I{CTSE}:|

N

< (E [C%D% [P(CT > 6)} +e

1
2 1
< o <supE\Xt4> P(er>a] +e,
tEL
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where the first inequality follows from Holder’s inequality. Since (7 - 0, it follows that

T
limsupE [ZE {CTt(b)Q \ }—t_l} <e

T—o00 t=1

and since this holds for any € > 0,

T—o0

lim E [XT:E[@(W | ftlﬂ = 0.
t=1

By implication,

2

lim E =0

T—o0

T
> Wr(b)
t=1

and, since L? convergence implies convergence in probability,

T
Z Wri(b) 2 0.
=1

It follows that

T
> Cr(b) B %b’E ()b
t=1
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Putting all the results together, Slutsky’s theorem implies that

L b’Xt

+ Z/ I( 00,s] © Ut — 1(70070} OU,:) ds

V(b [ ZXt<T I ooO)Out

1
V24 VS (b,

where Z ~ N [Ogx1,7(1 —7)22z]. While we have shown this result for a single b €
QF, this can easily be generalized to an arbitrary collection by,--- b, of finite distinct

elements in QF, since

Vr(b1) by

Vr(by) b,

Y Jo"

L b’Xt(

We saw above that

3\

XT: (T I(ooo)out)iz

and that

L b’Xt 1
Z/ (wo0.5) Ot~ (e 0t ) ds VS (r)by
for any 1 <¢ <n. It follows from Slutsky’s theorem that
Vr(bi) —0Z 4505 (7)bn
Vi (bn) b Z 40,5 (7)by,
Defining
/ 1 /
Vo(b) = =V 2+ %y (7)b

for any b € R*, it follows that the sequence of random sequences HVr(d) bpeqr fren,
converges weakly to the random sequence {Vp(b)}peqr, where {Vi(b)}peqr takes values

in Fy because each {Vr(b)}ycqr does.

All we need to show now to apply the basic convergence theorem is that {Vo(b)},eqr
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takes values in some Borel measurable subset F™* of R* such that each y € F* corre-

sponds to a convex function with a unique minimizer. To this end, we define
1
F*={yeR®|3zeRF s.t. %:—Mz+?§ﬂﬂm Vil,

where we enumerate QF as {bi}ien, . Clearly, F* C Fy because each y € F* corresponds
to a convex function on R¥ defined as b+ —b'z+ 10'S¢(7)b for some z € R, and this
function has a unique minimizer in X ¢(7)~12. We will be done if we can show that F'*

is B(R>,7°°)-measurable. We will actually show that F™* is a closed subset of R*.

To this end, assume without loss of generality that {b;};cn, is ordered so that the
first k vectors are linearly independent. Now let {y"},cn, be a sequence in F™* that
converges to some y € R®. We need to show that y € F*. By definition, for each n € N,

there exists an z, € R* such that
n __ / 1 / .
Y = —bizn—{—ibiEf(T)bi Vi.

It follows that

by . By (7)b1 Yt
e 5 : + :
by, b2 ¢ (7)bg Yy
B

for any n € Ny. The k x k matrix B is non-singular by assumption, so it follows that
b1 (1)by y

: +| || —=2z:=B""
b X f (7)bi y

=3

iy (1)b1 i
: +1

zn =Bt :
b5 (7) by, Yn

1
2

DN | =
3

as n — 00. Now choose any ¢ € N,: taking n — co on both sides of the equation
= L by b
yi*_izn"‘ii £(7)b;

shows us that

and as such that y € F'*.
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It now follows immediately from the basic convergence theorem that
VT |Br(r) = B()| 5 Sp(r) 2 ~ N [ Opr, 7(1= 1) (1) 80Ty (1) 7Y
since X (7)1 Z is the unique solution to the problem

1
i b)=—-b'Z+-b% b.
min - Vo(b) + 50 (7)

Q.E.D.
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Chapter 4

The Asymptotics of Bayesian

Estimation

In the previous chapter, we focused on the consistency and asymptotic normality of a wide
class of extremum estimators, including GMM and ML estimators. The asymptotic results in
the last chapter were approached from a frequentist perspective, with the population parameter
assumed to be fixed but unknown. In a Bayesian approach, the parameter is treated as a random
variable with its own distribution, and estimators are drawn from the posterior distribution of
the parameter updated using the data.

In this chapter we show that this Bayesian approach not only possesses desirable finite sample
properties (recall the complete class theorem), but also that it is consistent and asymptotically
normal from a frequentist perspective as well. These are remarkable results showing that, no
matter what prior we choose, the estimators drawn from the posterior distribution are well-
behaved in the limit. From this perspective, the prior distributions on the parameters of interest
can be viewed as finite sample corrections that help improve the finite sample properties of

estimators without affecting their asymptotics.

4.1 Existence of the Posterior

Since parameters are treated as random variables in Bayesian estimation, we first lay out the
basic setting in which the results below will be stated. In Bayesian analysis, all estimators,
regardless of whether they are point or set estimators, are constructed using the posterior dis-
tribution of the parameter. As such, we need only focus on the posterior distribution instead of
working with different settings depending on the type of the estimator under consideration, as
we do in a frequentist setting.

As in standard frequentist decision theory, we start by specifying the statistical model, that
is, the distribution of the data given the parameter. In addition, Bayesian models require the
specification of a prior distribution, which summarizes the information the statistician holds
on the parameter of interest. The model, which we call the likelihood, and the prior can be

combined to yield the joint distribution over the data and the parameter. If we assume the
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existence of a o-finite measure with respect to which the likelihood admits a measurable density
function, then constructing the posterior distribution of the parameter given the data based
on their joint distribution proves straightforward. However, in the general case where no such
dominating measure exists, the posterior distribution exists only for parameter spaces that are
also Polish spaces, and the proof of existence relies on the disintegration theorem.

We start by investigating the case where there exists a dominating measure, and then move

onto the more general case. The following objects are common to both approaches.

Suppose (E,£) is some measurable space and {X;}en, a stochastic process taking values in
(E,&). Let (©,9) be the parameter space, and denote by © the parameter as a random variable
taking values on (0,v). For each T' € N, the T-sample statistical model is given as a transition
probability kernel pz from (0,.A4) into (E,£)7 such that

pr(-,A)o6 =P (X" cA|0)

for any A € £T. That is, ur (6, ) is the distribution of X” = (X1,---, X7) given that the parameter
takes the value 6 € ©.

We let P be the unconditional distribution of ©. P summarizes the statistician’s prior infor-
mation about the parameter, and is accordingly referred to as the prior distribution. The joint

distribution Jyr, g of X T and O is determined as
Txr.o(Ax B) = [ (0. A)AP(O)

for any A€ ET and B € 9.

The marginal distribution mp of X7 is then defined as

Mr(A) = Jyr, o(Ax ©) = /@uT(G,A)dP(G) vAeer.

4.1.1 The Posterior Distribution under Domination

Assume for the time being that there exists a o-finite measure Ay on (E,£)T and a jointly

measurable function fr: ET x © — R, such that
1(6, A) = / fr(a | 0)drr(z) VAeET.
A

In other words, fr(-|6) is the likelihood of X7 given that the parameter takes the value 6 € ©.

In this case, the marginal distribution of X7 can be written as

Mr(A) = /@ jr (6, A)dP(6)

_ /@ /,4 fr(z | 0)dAr(z)dP(6)
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— /A ( /@ fT(xye)dP(0)> dAr(z)

for any A € ET. Defining the function mz : ET — R, as
mr(e) = [ fo(o|0)iP©) Voe BT,
O

mr is a £T-measurable non-negative function such that

OMr
ONr

mr €

We call mp the T-sample marginal likelihood. Heuristically, mp(z) can be interpreted as the
“likelihood” of the prior distribution P given that the data x € ET is realized. As such, it is

often used as a means of prior selection; more on this later. For the time being, note that

mp(z)dAr(z) =1,
ET

so that mp € R Ap-almost everywhere and thus Mp-almost everywhere.

Now we can directly construct the posterior distribution of © given X7 as follows:

Theorem 4.1.1 (Posterior Distribution under Domination). Define Ilp: E x ¢ — [0,1] as

[, fr(2l0)dP(O)
M) =) mew Fmr() €(0+00)
P(B) otherwise

for any (x,B) € E x 9. Then, It is a transition probability kernel from (E,E)T into (©,9) such
that

r(B)oX" =P(0€B|XT) VBeW.

Proof. For any x € ET | Tl (z,-) is a measure on (6,9) such that Il (z,0) = 1. Furthermore, for
any B € ¥,

}fB fr(-10)dP(6)

o +P(B)  Limpg(0,400)}

HT('a B) = I{mT€(0,+oo)

is a non-negative £7-measurable function. By definition, II7 is a transition probability kernel
from (E,€)T into (6,9).

We now want to show that

Mr(B)oX" =P(0cB|X") VB
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To this end, fix B € ¥ and choose any H € 0 XT. Letting H = (X7)71(A) for some A € T we

have

E[(Tr(- B)o X7 In] = /AHT(:U,B)dMT(x)
_ /A Ty (2, Bymy (z)dAr(z)

_ Ty (2, Bymy(2)d\r (z) + / P(B)my(z)d\r(x)
An{mr€(0,400)} ANn{mr=0}

- / / fr(x | 0)dP(0)dAr(z)
An{mr€(0,4+00)} /B

-/ ( / el e>dAT<x>> aP(0)
B \JAN{mr€(0,+00)}

_ /BMT(H,AH {mz € (0,400)})dP(6).
Since Ap({mr = +o0}) =0 and pur(0,-) << Ar for any 0 € O, it follows that
pr(6,{mr=400})=0 VOeO.
As such,
E[(Tr(- B)o X" In] = /BMT(H,Aﬁ{mT > 01)dP(8).

Finally, because

0< /BfT(:c 10)dP(0) < mp(z) Vo€ ET,
we can see that [5 fr(z |60)dP(6) =0 whenever mp(x) =0 and thus

0< [ ur(@.An{mr=opare) = [ | gy S [ O @P(E)

_ /A o < /B ol | e)dp(a)) drr(z) < 0.

Therefore,
E[(Tr( B)o X" In] = /B 1 (6, A)dP(6)
= Jxr.6(AxB) =P (X" €A, 6cB)=E[P(0cB|X") I|.

Since both Iy (-,B)o XT and P (é €EB|X T) are 0 X T-measurable non-negative valued func-
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tions,

My(-,B)o X" =P(6 e B|XT).

O]

Note the similarity of our construction of Il to the traditional Bayes’ rule formula. In fact,
when there exists a o-finite measure on (0,9) with respect to which P is dominated, then the

usual Bayes’ rule yields the posterior density of © given X7 .

4.1.2 The Posterior Distribution in the General Case

Now we drop the assumption that a o-finite measure such as Ap above exists. The existence of
the posterior distribution in this more general case hinges on an important result concerning the
existence of conditional distributions for random variables taking values in certain measurable

spaces. First, we state a deep measure theoretic result without proof:

Theorem 4.1.2 (Kuratowski’s Theorem). Suppose (X,X) is a Polish space, that is, there exists
a metric d on X such that (X,d) is a complete and separable metric space and X is the Borel
o-algebra on X induced by d. If X is uncountable, then there exists a bijection g: X — R such
that g € X/B(R) and g~' € B(R)/X.

This theorem implies, in particular, that any uncountable Polish space has the same cardi-
nality as the real line R. It is especially powerful because any euclidean space equipped with its
Borel g-algebra is a Polish space, as well as any of its compact subspaces.

Kuratowski’s theorem can be used to derive the following result:

Theorem 4.1.3 (Existence of Conditional Distribution for Polish Spaces). Let (F,F,u) be some
probability space and (X,X) an uncountable Polish space. Suppose x : F' — X is measurable

relative to F and X. Then, for any sub o-algebra F' of F, there exists a transition probability
kernel K from (F,F') into (X,X) such that

/HK(-,A)du:/H(Ion)du

for any Ac X and H € F'.

Proof. We first show that the result holds for (X,X) = (R,B(R)). Using the notation for gen-

eralized conditional expectations introduced in the section on the sufficiency principle, for each
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q € Q we define C, as the conditional expectation of the non-negative F-measurable function

I(—o0,q 0% With respect to F:

Cy=p(l(—oogox | F).
Note that

0<Cy<Cr <1 p-ace.

for any ¢q,r € Q such that ¢ <r by the monotonicity of conditional expectations. Furthermore,

defining the set
For={y e F|0<Cyly) <Cp(y) <1},

we can see that I, € 7' because Cy and C, are F'-measurable non-negative functions.

Define the sequence { fy}nen, of non-negative F-measurable functions as
fa(y) = I—oom)(x(¥))
for any n € Ny and y € F. Then,
fnT1 pointwise as n — oo.
By the monotone convergence theorem for conditional expectations,
Con=p(fn| F)T1 asn— oo p-ae.
Similarly,
C_,l0 asn— oo p-a.e.
by the dominated convergence theorem for conditional expectations. Defining the sets

Fioo={yeF| sup Cp(y) =1}, F_oo={yeF| inf C_,(y) =0},
n€N+ TLGJ\Lr

F and F_,, are also F'-measurable sets that have py-measure 0.

Now define

Fy= ( ﬂ Fq,r) NFiooNF_o.

q,r€Q,q<r

Then,

FyeF and p(Fy)=1.
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For each y € Fy, we define the function D, : R — [0,1] as

Dy(r) =inf{Cy(y) | ¢ € Q,q¢ > r}.

D, possesses the following properties:

i)

ii)

Increasing on R
For any 71,79 € R such that r; < r9, there exists some ¢ € Q such that ry < ¢ < ry. For any
¢ € Q such that ¢’ > ry, we also have ¢’ > ¢, so that Cy(y) > Cy4(y) and therefore

Dy(re) =inf{Cy(y) | ¢ > 12,4’ € Q} > Cy(y).

By definition, Cy(y) > Dy(r1), so we have Dy(r1) < Dy(r2).

Right Continuous on R

For any r € R and a sequence {7, },en, in R such that 7, | r, we want to show that
Dy(ryn) | Dy(r) as n — oo. To this end, note first that Dy(r) < Dy(ry,) for any n € N, so
that

nf Dy () = Dy,

Now suppose, for the sake of contradiction, that

nf Dy () > Dy,

Then, there exists some g € Q, ¢ > r such that

Dy(r) < Cq(y) < nlel}\fhr Dy(rn)'

By our choice of r,, there exists a N € N such that r <r, < ¢ for any n € N, and this
implies that

Dy(rn) < Cq(y) Vn € Ny,

and since inf,en, Dy(rn) < Dy(ry) for any n' € Ny by the fact that D, (-) is an increasing

function, we have

inf Dy (rn) < Cq(y),

neENL

a contradiction. It must therefore be the case that

0 Dy(r) = Dy ().
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iii) Limits as r — +00

Suppose that

sup D, (r) < 1.
reR

Since

sup Cy(y) =1
n€N+

by the way we designed Fyp, it follows that, there exists an N € N, such that

supDy(r) < Cp(y) <1 Vn>N.
reR

Since Cyp(y) = Dy(n) for any n € Ny, this implies that

supDy(r) < Dy(n) Vn>N,
reR

a contradiction. As such,

sup Dy (r) =
reR

Similarly, we can show that

rirelﬂf&Dy(r) =0.

We have shown that D, is a well-defined distribution function on R, so there exists a unique
probability measure v, on (R, B(R)) such that D, is the distribution function corresponding to

Uy

vy((—o0,r]) = Dy(r) VreR.

Now define the mapping K : F'x X — [0,1] as
K(y,A) = Ir,(y)vy(A) + Ir: (y)do(A) V(y,A) € F x X,

where §g is the Dirac measure that assigns a point mass to 0. We can easily show that K is a
transition probability kernel from (F,F’) into (X, X):

i) Fix any y € F'. Since v, and Jy are both probability measures, it follows that K(y,-) is a
probability measure on (X, X).
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ii) Fix any A € X. Then, for any r € R,
K(y,(=o0,7]) = Ik, (y) Dy (7) + Irg (y)do (=00, 7])
= I, (y) (inf{Cy(y) | ¢ € Q,q¢ > r}) + Ire (y)do((—00,7]),
so that

K(': <_OO>7”]) = IFO (qeg}£>rcq> +IFOC(50((—OO,T]).

The indicator functions are trivially F’-measurable non-negative functions, and the in-
fimum of a countable collection of F’-measurable non-negative functions is itself a JF'-

measurable non-negative function, so K(-,(—oo,r]) € F.

Now define the collection D of X-measurable sets as
D={AcX|K(,A) Efjr}.

We just showed that the m-system {(—oo,r| | € R} that generates B(R) is contained in
D. Thus, to conclude that K(-,A) € F/ for any A € X, we need only show that D is a

A-system on X. This is again clear:

e X €D because K(-,X) =1.

e For any A, B € D such that A C B,
K(y,B\ A) = Ip,(y)vy(B\ A) + Irc(y)do(B\ A)
— Iy (1) [0y (B) — 0y (A)] + Trs (1) [60(B) — 6o(A)]  (Finite Additivity)
= K(y,B)—K(y,A)
for any y € F, so that

K(-,B\A)=K(-,B)—K(-,A) € F,.

o For any {A,},en, C D such that 4, " A,

K(y,A) =Ig,(y) (nh_{go vy(An)) + I (y) <nh_>I& 50(An)> (Sequential Continuity)

= Jim_(7r, (w)vy (An) + Trg (1)d0(An) = Tim K (y,Ay)

for any y € F', and since measurability is preserved across pointwise limits, K (-, A) €
Fl.
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This proves that D is a A-system that contains a m-system generating B(R), and as such

that

K(-,A)e F, VAeX=B(R).

We have therefore shown that K is a transition probability kernel from (F,F’) into (X,X) =
(R, B(R)).

It remains to show that the equation

/HK(-,A)du:/H(Ion)du

holds for any A € X and H € F'. Again, we use a m — A\ construction. Fix H € F’ and define the

collection
p={4ecx| / K(-, A)dp :/ (Taox)dp}.
H H
For each ¢ € Q, we saw above that
K(-,(—o0,q]) = Ir,Cq +IF0050((_OO’TD7

so that

/K —00,q])du = / Cqdp,
HNFy

where we used the fact that p(F§) = 0. For each ¢ € Q,

/ quﬂ = / M(I(foo,q} ox | f/)dl’t
HNFy HNFy

= Juor (I(ioo’q] OX) w

by the definition of conditional expectations and the fact that H N Fy € F'. Therefore,

/K —00,q|)dpu = /H<I(_Oo’q]ox> du,

which shows us that (—oo, q] € D; the m-system {(—o00,q] | ¢ € Q} that generates B(R) is contained
in D.

D is also a A-system on X:

e X €D because

/K(',X)duzu(H)Z/ (Ix ox)dp.
H H
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o For any A,B € D such that A C B,
| KCB\Adu= [ KC.Bdp— [ KAy
H H H

:/H(IBox)d,,u—/H(Ion)du

= [ (1aox) du.

so that B\ A€ D.

o For any {A,},en, C D such that A, " A,

/HK(-,A)d,u:/H(lim K Au)) dis

n—o0

= lim [ K(-,A,)dp (MCT)

n—oo J g

= lim [ (I4,0%x)du

n—oo H

:/ ( sup (14, ox)) du (MCT)
H

neENL

:/H(Ion)d,u.

This proves that A € D.

Therefore, by the m — A theorem, B(R) C D, that is,
/ K (-, A)dp = / (Iaox)du VA€ X = B(R).
H H

This completes the proof for the case (X,X) = (R, B(R)).

It remains to address the general case where (X,X) is a Polish space. By Kuratowski’s
theorem, there exists a bijection g : X — R such that g € X/B(R) and g~! € B(R)/X. Define the

new variable z: F' —+ R as
Z=goX.

Then, by what we showed above, there exists a transition probability kernel L from (F,F’) into
(R,B(R)) such that

/L(‘,B)d,u:/ (Ipoz)du VH € F BeB(R).
H H

227



Define K : F x X — [0,1] as
K(y,A) = L(y,9(4)) V(y,A) € Fx X,

where K is well-defined because g(A) = (¢71)71(A) € B(R) by the definition of measurability.
K(-,A) is F'-measurable by the measurability of L(-,g(A)) for any A € X, and for any y € F,

K(Z/?Q)) :L<y7®) =0
and, for any disjoint collection {Ay}nen, C &,
K [y,UAn] =L ly,g (UAnN =L [y Ug(An)]
n n n
o oo
=Y Ly, 9(An) = > _ K(y,An).
n=1 n=1
This proves that K(y,-) is a measure on (X,X’), and since
K(y,X)=L(y,9(X))=L(y,R) =1
by the sujectivity of ¢(-), K(y,-) is a probability measure. This proves that K is a transition

probability kernel from (F,F’) into (X, X).
Finally, for any H € 7' and A € X, letting B = g(A) € B(R), we have

[ KC A= [ 16g(Ndn= [ (aoz)dn

:/H((IAogfl)oz)du:/H(Ion)d,u.

This completes the proof for the general case.

O]

One of the uses of the preceding theorem is to establish the existence of a conditional distribution
of a random variable Y taking values in an uncountable Polish space (X, X) given some sub o-
algebra F of ‘H. Specifically, note that, becuase Y : 2 — X is measurable relative to H and X
by the definition of a random variable, the preceding theorem tells us that there exists some
transition probability kernel K from (2, F) into (X,X’) such that

E[K(-,A)-Ig)=E[(IacY)ly] VAcX HEeF.
Therefore, by definition

K(,A)=P(Y € A| F)
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for any A € X. In particular, when (F,£) is an uncountable Polish space, it implies the existence
of the statistical model ur without the need to assume it.

The next result is the more relevant application of the theorem for our purposes. It tells us
that any probability measure on a product space can be decomposed into a conditional distri-

bution and a marginal distribution, granted that one of the constituent spaces is Polish.

Theorem 4.1.4 (Disintegration Theorem). Let (D,D) be a measurable space, (X,X) an un-
countable Polish space, and w a probability measure on (D,D)Q(X,X). Then, there exists a
transition probability kernel K from (D,D) into (X,X) and a probability measure p on (D, D)
such that

7r(A><B):/ K(-, B)du
A
for any A€eD and Be X.

Proof. Note that (D x X, D@ X, ) is a probability space, and define the measurable functions
xand y on D x X as

x(y,x) =2, yy,z)=y
for any (y,z) € D x X. Note that
y 1A =AxX VAeD,

so that the o-algebra generated by y, which we denote by the sub o-algebra F of DR X, is

given as the following collection of measurable rectangles:
F={AxX|AeD}.

By implication, a non-negative function f: D x X — R is F-measurable if and only if f(y,x) =
v(y) for some D-measurable non-negative function v. Let p be the marginal distribution induced

by 7 as follows:

wA)=nr(AxX) VAeD.

Since (X,X) is an uncountable Polish space and x is a measurable mapping from D x X
into X, the preceding theorem now tells us that there exists some transition probability kernel
L from (D x X, F) into (X,X’) such that

/L(-,B)dw:/ (Ipox)dr VH e F,BeX.
H H

By the definition of F and the fact that K(-,B) is F-measurable for each B € X, there exists
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some function vp € D, such that
L((y,x),B)=vp(y) Y(y,z)e DxX.
Define K : D x X — [0,1] as
K(y,B)=vg(y) Y(y,B)e DxX.
Then, for each Be€ X, K(-,B) =vp € D4, and for each y € D,
K(y,-) = L((y,70),")

is a proability measure on (X,X’), where 2o € X is an arbitrary point in X. This shows us that
K is a transition probability kernel from (D, D) into (X,X).
Now choose any A € D and B € X. Since Igox = Ipyxp, we can see that

TI'(AXB):/ (Ipox)dm = K(-,B)dr
AxX AxX

= vp(y)dm =/

vpdy = / K(-,B)dpu.
AxX A A

This completes the proof.

O]

It is now easy to see how the disintegration theorem implies the existence of the posterior dis-

tribution.

Theorem 4.1.5 (Posterior Distribution in the General Case). Suppose that (0,7) is an un-
countable Polish space. Then, for each T € N, there exists some transition probability kernel Il
from (E,&)T into (©,9) such that

/B 1r(6, A)dP(6) = /A Ty (2, B)dMrp()
for any Ac ET, B€ 1, and

Mr(-,B)oX" =P(6cB|X") VBev.

Proof. Since Jyr, g is a probability measure on the product space (E,£)T ®(0,9), and (©,9)
is an uncountable Polish space, by the disintegration theorem there exists some transition prob-

ability kernel IIz from (E£,£)7 into (©,9) and a probability measure A on (E,£)7 such that

Jyrvo(AX B) :/AHT(-,B)d)\
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for any A € £ and B € 1. Now note that
Mr(4) = Jyr.g(4x©) = [ Tir(©)dA=X(4)
for any A € ET, so that A = Myp. This proves that the first equation holds.
Now choose any B € 9. Then, for any H € 0 X7, letting H = (XT)~1(A) for some A € ET,
E[(r( B)o X") - I] = /AHT(-,B)dMT = Jyr,6(Ax B)
=P(x"cA, 0eB)=E[P(0cB|XT) Iy].
By definition,

My(-,B)oX" =P(6cB|XT).
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4.2 Consistency of Bayesian Estimators and Posterior Consis-

tency

From a frequentist perspective, the minimal asymptotic criterion that an estimator must satisfy
is consistency, that is, as the sample size grows, the estimator must zero in on the true parameter
with increasing accuracy. In a Bayesian context, it is unclear how we would search for consistent
estimators, since there is no “true parameter” in this case. The Bayesian notion of consistency
instead requires that, as the sample size grows, the posterior probability that the parameter
is contained in some set A converges to the truth, that is, whether the parameter actually is

contained in A. Formally, this can be written as
P(O €Al X1, Xr) = Lgen

as T'— oo. This notion of consistency is referred to as posteiror consistency. That posterior con-
sistency holds is our first major result. First proven by Doob in 1949, this theorem shows us that

Bayesian estimation clears the lowest bar to be considered valid from a frequentist perspective.

Theorem 4.2.1 (Doob’s Theorem). Suppose that © is a Borel measurable subset of R™ with
corresponding Borel o-algebra O, and that there exists a sequence {hr}recn, , where each hy is
a measurable function from ET into ©, such that hp(XT) 5 ©. Then,

a.s.

E[g(0) | X1, Xr| & 9(6)

as T — oo for any g: © — R such that g is ¥-measurable and g(©) is integrable.

Proof. Let F ={F; |t €N} be the filtration on N generated by the sequence { X };en, where we

take Xy to be any degenerate random variable on (E,£). As usual, define

Jtoo = \/ fta
teN
so that F is the o-algebra representing the information contained in the sample as the sample

size goes to infinity.

First, we use the condition that hp(X7T) 5 0. By implication, there exists a subsequence of
{hr(XT)}ren, that converges almost surely to ©; for the sake of notational simplicity, let this
subsequence be {hT(XT)}T€N+ itself. Define the subsets g and Q7 of Q as

m

Q= {hmsup hir(XT) = liminf hi,T(XT)}

m

0 = ﬂ {limsuphi,T(XT) =liminfh; 7 (X") = éi}7
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where h; 7 is the ith component of the function h7 and O, the ith component of the random
vector ©. We can immediately see that ; C Qg and P(Q;) = 1 by assumption, so that € is
also an almost sure set.

In addition, since each h; 7(X Ty is Fr-measurable and thus F..-measurable, the upper and
lower limits limsupy_, hi7(X7T) and liminfr_,oo by 7(XT) are both Fao-measurable, so that €

is also Fso-measurable.

Choosing any 6y € ©, for any T' € N, define the function Hr : Q — © as
Hr =hp(XT) - Iq,.

The Fso-measurability of Qg immediately implies that {I:IT}TG N, is a sequence of functions
that are measurable relative to F,, and 1. Furthermore, by design, {H7y}7c N, 1s convergent

everywhere on ). Letting

O(w) = TIEEOFIT(W)

for any w € ), since pointwise limits preserve measurability, © is measurable relative to Fso and
. Since

O(w) = lim Hr(w)=06(w)

T—o00

for any w € Q, we can see that © = © almost surely.

Define

Z =g(0);

since Z = g(0) almost surely, and the latter is integrable, Z is an integrable real random variable.
Define {Y;}ien as

Yi=E [2] :=E[Z | F]

for any t € N. Then, by the martingale convergence theorem and the characterization of uniformly
integrable martingales (theorem 7.17 in the probability theory text), {Y;}ien is a uniformly

integrable F-martingale, and

Y BB (2] =E[Z | Fu

as t — oco. By the Fy-measurability of Z, it follows that

a.s.

v, L 7
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as t — oo. Finally, since
E|g(®)| X'|=E[Z| X'| = V;

almost surely for any ¢t € N, and Z = g(©) almost surely, we have

a.s.
1

E[9(6)] X'| % 9(8)

as t — oo.

Corollary 4.2.2 (Posterior Consistency). Suppose that © is a Borel measurable subset of R™
with corresponding Borel o-algebra ¥, and that there exists a sequence {hr}ren,, where each

hr is a measurable function from ET into ©, such that hp(XT) 2 ©. Then,

_ a“?
IP’(@ cA|lXy, - ,XT) 5 Loea

as T — oo for any A € 9.

Proof. For any A € 4, putting g = I4 € (), and applying Doob’s theorem yields the desired

result.

O

There are two key conditions that allow the above theorem to hold. Specifically, the parameter
space must be finite-dimensional, that is, a subset of euclidean space, and there must exist some
sequence {hr}ren, of measurable functions such that hp(X7) % e.

In the proof, the second condition is used to show that, up to almost sure equivalence, 6 is
contained in the o-algebra generated by the sample as the sample size goes to infinity, that is, ©
is known when the sample size goes to infinity. The finite dimensionality of the parameter space
is more of a technical assumption. It ensures that the set on which pointwise convergence occurs
for the sequence {h7(XT)}ren . can be expressed in terms of its upper and lower limits and
therefore is known when the sample { X };cn, is known, instead of also requiring the information
contained in the limit 6.

Of the two, the second condition is clearly the more meaningful, and as such, it serves as our

identification condition for posterior consistency.
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4.3 Berstein-von Mises Theorem

Here we formally show that, in the limit, Bayesian and ML methods converge to the same dis-
tribution. In other words, no matter what prior we impose to derive the posterior distribution,
the information in the sample dominates that in the prior as the sample size goes to infinity.
This provides a theoretical basis for using Bayesian methods to perform statistical inference in

large samples.

4.3.1 Total Variation Distance

To evaluate how close Bayesian and ML mehods become in the limit, we must first furnish
a method to determine the distance between these two distributions, and then show that it
converges to 0 as the sample size goes to infinity. In other words, we require a metric on the
space of probability measures. One possible metric we can think of is the Prohorov metric, under
which convergence is equivalent to the weak convergence of probability measures.

There is another metric, called Total Variation (TV) distance, that is similar to the supremum
norm on the space of continuous functions. TV distance is stronger than the Prohorov metric
in the sense that convergence in TV distance ensures the pointwise convergence of probability
measures on any measurable set, in contrast to the Prohorov metric, which, by the Portmanteau
theorem, only ensures pointwise convergence for measurable sets whose boundary has measure
0 under the limit. Furthermore, while the Prohorov metric only induces the topology of weak
convergence for probability measures defined on a separable metric space, the TV distance can
be defined for probability measures on more general measurable spaces.

Formally, let (E,£) be a measurable set and M,(€) the set of all probability measures on
(E,E). The TV norm |||y, : Mp(E) — [0,1] is defined as

lullpy = sup u(A)
A€€

for any 1 € Mp(€); note that this value is bounded below by 0 and above by 1 because pu is a
probability measure. The TV distance is then the metric on M,(&) induced by the TV norm?,
that is, the TV distance of p,v € M,(€) is defined as

[ = vy = sup |u(A) —v(A)] € [0,1].
Aeg&

For probability measures on (E,E) that are absolutely continuous with respect to some o-finite
measure A on (E,€), we can obtain the following characterization of the TV distance in terms

of the L -norm:

!Technically speaking, the TV distance is not a metric induced by |-/ because My (€) is not a vector space.
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Theorem 4.3.1 (L' Characterizations of TV Distance). Let (E,E) be a measurable space, and
p,v € Mp(E) be measures that are absolutely continuous with respect to some o-finite measure
A on (E,E). Then, letting ||||; be the L'-norm on the L'-space L*(E,N),

2 o aa
“2/plox " o

where a’)f, a5 are the Radon-Nikodym derivatives of p,v with respect to X. Furthermore,

ou  Ov

ln=vllry =325~ 55

B B o Ow\T
I =vllgy = sup () o)) = [ (G5 -51) ax

Proof. By the Radon-Nikodym theorem, there exist Radon-Nikodym derivatives f,g € €4 of u,v

with respect to A. Since
plB)= [ far=1,
E
f is contained in L'(&,)), and likewise, g € L' (£, ). Define
B={recE|f(zr)=>g(x)}€f,
where B is measurable because it involves measurable functions f,g.
Choose any A € £. Then,
p(A) =v(4) = [ (F=g)dx
- [ u- g)cm/ (f~g)dx
ANB ANBe¢

/ (f~g<0on B

ANB

S/B (f —g)dA (0<(f—g)-Lans < (f —g)-Ip by Choice of B)
w(B) —v(B).

Therefore,

w(B) —v(B) = sup (1(A) —v(A)).

By an identical process, we can see that

o(BY) = p(B) = sup (v(4) ~ p(4).
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Note that, since
(1(B) —v(B)) = (v(B°) = u(B°)) = (u(B) —v(B)) = (u(B) —v(B)) = 0,
we have the equality

sup (1(A) —v(A)) = sup (v(A) — p(A4)).
Aec& Ac€&

Finally, we can see that

1 1 1
5 Llr=gar=5 [ (F-gar+3 [ g-nax

(u(B) ~v(B)) + 5 (v(B°) ~ n(B))

| =

- ;i?; (u(A) —v(A)) +;§41£ (v(A) = u(A4))

< sup |u(A) —v(A)] = [l = vllpy-
Aeg

Suppose the inequality holds strictly, so that

;i%% (1(A) — () + ;i%‘?; (0(4) = 1(4)) < supl(4) = o(A)].

By implication, there exists some C' € £ such that

550 (1(4) = o(4)) + 5 sup (6(4) = 4(4) < [u(C) ~ w(C)].
S €€

Without loss of generality, we can assume that p(C) > v(C). Then, the above inequality can be

written as

sup (u(A) —v(4)) < p(C) = v(0),
Aeg

which contradicts the definition of the supremum. Therefore, the inequality above must hold as

an equality, which shows us that

1
5 |17 =gldx= lu=vly.

In particular, this shows us that
1= vy = sup (4(4) ~v(4)) = u(B) o(B) = [ (1 = g)dx
Ae& B

The integral on the right hand side is equivalent to taking the integral of the positive part
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(f—g)" of f—g over the entire space E, so

ln=vllry = sup [u(4) ~v(a)] = [ (F=g)"dr

O

The above theorem requires p,v to be absolutely continuous with respect to some o-finite
measure A. If such a A is not readily available, for instance in non-euclidean spaces, the next best
option is to define A = p+v. Being the sum of two finite measures, A is >-finite and therefore
a o-finite measure. Furthermore, p << A and v << A, since if A\(A) = pu(A4)+v(A) =0 for some
A €&, then p(A) =v(A) =0. This shows us that the absolute continuity assumption above is

not at all restrictive when we focus our attention on a pair of probability measures.

We can also obtain a useful characterization of the TV distance in terms of the coupling of
two probability measures. Let (E,€) be a measurable space and (£2,H,P) a probability space.
Given any p,v € M,(&), a coupling of z1 and v is a random vector (X,Y") taking values in (E,&)?
such that the marginal distributions of X and Y are equal to p and v.

This can also be equivalently formulated in terms of distributions. A coupling of u and v is

a joint distribution 7 on (E,£)? such that the marginals of 7 are u and v, that is,
ToCrt=p, moCyl=uv,
where C1,Cs are the coordinate mappings
Ci(x1,22) = w1, Ca(w1,72) = T2
for any (z1,72) € E?. Thus, we can see that
T(AX E)=pu(A), w(ExA)=v(A)

for any A € £ when 7 is a coupling of y and v.

Because this formulation does not require the specification of an underlying probability space,
it is what we work with here. Let C'(u,v) be the collection of all couplings of probability mea-
sures u,v on (E,&). The following result shows us that there exists a coupling characterization
of the TV distance:
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Theorem 4.3.2 (Coupling Characterization of TV Distance). Let (E,£) be a measurable space,
and p,v € M,(E) be measures that are absolutely continuous with respect to some o-finite mea-
sure X on (E,E). Then, letting A = {(x,x) | x € E} be the diagonal of E X E,

e = vy = inf{m(A%) | 7 € C(p,v)}.

Proof. Choose p,v € M,(€), and let m be any coupling of y and v. Then, for any A € £,

H(A) —v(A) = T(A x E) —n(E x A)
=m(AX E)+7(E x A°) —
<T[(AX E)N(E x A (Subadditivity for Complements)
=7(Ax A°) < 7w(A°),

where the last inequality follows since, for any (x,y) € A x A®, x # y and therefore (z,y) ¢ A.
This demonstrates that

sup (u(A) —v(A4)) < w(A),
Aef

and in light of the previous theorem,

1= llgy < w(A).

We now want to show that there exists a coupling 7 that attains equality, that is, an optimal
coupling of p and v. This can be achieved as follows. Define the function ¢ : E — E X E as
Y(z) = (z,z) for any x € E; ¢ thus maps E into A. Note that

@D_l(Al X AQ) = Al ﬂAg
for any Aj, Ay € £. To see this, note that, for any x € A; N Ao,
Y(z) = (z,7) € Aj x Az

because x € A1 and x € As, which establishes that AN Ay C wil(Al x As). Conversely, suppose
x €1 (A x Ag). Then, ¢(z) = (x,2) € Ay x Ag, so that 2 € A; and x € Ay, or that x € Ay N Ay;
this show us that w*I(Al X Ag) C A1 N As. Since the collection of all measurable rectangles on
FE x FE is a w-system generating £QE, it follows that ¢ is a measurable function.

Let f,g € £+ be the Radon-Nikodym derivatives of p and v with respect to A. As in the

preceding theorem, define

B={rcE|f(z)=g(z)}
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Define the function h = min(f,g) € £;, and let m be the indefinite integral of h defined as
m(A) = / hd)
A
for any A € £. Using m, we can define the measure M on E x E as M =mo1~!; note that
M(A)=m(y~(A)) =m(E) =m(y~ (Ex E)) = M(E x E),

so that m places all its mass on A. If m(E) =1, then f=g=~h Ma.e., so that y=wv on (E,&).

In this case,
[ —vllpy = 0= M(A°),
so that M is the desired optimal coupling.

Suppose that m(E) =p < 1. In this case, to obtain the optimal coupling, we need to construct

a few more probability measures. Define the measures my,mg on (E,E) as

mi(4) = [ (F=mar= [ (7-gx

and

ma(d) = [ (g=mar= [ (9= pir

ANB¢

for any A € £, which are well-defined because f—h and g —h are non-negative measurable

functions. Note that
mi(E) :/ fd)\—/ hdx=1—m(E)=1-p,
E E
and likewise, mo(E) = 1 — p. Letting (m1 x ms) be the product measure on (E,&)? such that

(mi xma)(4) = [ [ Ta(ag)dims ()dma(y)

for any A € £2. Note that

(ml><m2)(A)Z/E/EIA(way)dml(x)dm(y)

=/Em1({y})dmz(y) =/chl({y})@(y)—f(y))dk(y)-

For any y € B¢,

m) = [ (@)= g@)ir@) =0,
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so it follows that
(m1 X mg)(A) =0.
This shows us that

(m1 X mg)(AC) = (m1 X TTLQ)(E X E) — (m1 X mg)(A)
=mi(E)ma(E) = (1-p)?,

so that (mj x mg) places the entirety of its mass on A€ in contrast to M, which places the

entirety of its mass on A.

The desired coupling 7 is now defined as

my X m
o TAXT
1-p
where m1 X mo is the product of the measures m; and mso. Note that « is indeed a probability

measure on (E,&)?;

_ m(B)ma(E)

m(E X E) .
—-Dp

+M(ExXE)=1—-p+p=1.

Furthermore, for any A € £,

ma (A)mQ(E)
l—-p
= ma(A) +m(~ (A x E)) = ma(A) +m(A)

:/A(f—h)d)\+/Ahd)\:/Afd)\=M(A)-

T(Ax E) = +M(AXE)

Similarly, 7(E x A) = v(A), so that x4 and v are indeed the marginals of .

Finally, note that, by the preceding theorem,
1
ln=vlley =5 [ 1 ~gldr
Moreover, since M(A) = M(E x E) = p, we have M (A°) = M(E x E)—M(A) =0 and
Cc 1 c Cc 1 C
H(A%) = 1 X ma)(A%)+ M(A%) = 1 (my xm2)(A%) = (1)

Therefore,

1
ln=vllry =35 [ 17 = gldx

= ;/E(J“rg—Qmin(f,g))dA
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:1—/ hA=1—p=m(A°),
E

which shows that 7 is the optimal coupling.

O]

Corollary 4.3.3 (Copuling Inequality). Let (E,£) be a measurable space, and p,v € My(E) be
measures that are absolutely continuous with respect to some o-finite measure X on (E,E). Then,

letting A = {(x,z) | © € E} be the diagonal of E x E, for any coupling © of u and v, we have

e =vli7y < 7(A%).

Proof. This is just the first thing proved in the preceding theorem.
O

Corollary 4.3.4 ( Coupling Characterization of TV Distance in Terms of Random Variables).
Let (E,£) be a measurable space, and p,v € Mp(E) be measures that are absolutely continuous
with respect to some o-finite measure A on (E,E). Then, there ezists a probability space (2, H,P)
and a random vector (X,Y) taking values in (E,E)? such that the marginal distributions of X

and 'Y are p and v, and we have

lp=vlizy =P(X#Y).

Proof. From the coupling characterization of the TV distance, we can tell that there exists an

optimal coupling 7 of u and v such that

e =vllpy, =7 (A%),

where A = {(z,z) |z € E} is the diagonal of E' x E. Let (Q,H,P) be a probability space and
(X,Y) a random vector taking values in (E,£)? that has distribution 7 (we can construct
such a probability space and the corresponding random vector by appealing to Ionescu-Tulcea’s

theorem; see the probability theory text). It follows that
T(A%) =P((X,Y) ¢ A)=P(X #Y),
so we have

HM—’UHTV =P(X#Y).
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4.3.2 Proof of the Theorem

Starting with some intuition, the Bernstein-von Mises theorem holds when the underlying log-
likelihood admits a second order Taylor expansion around the maximum likelihood estimator.
Since the first order term is equal to 0 by the definition of the maximum likelihood estimator,
the resulting expression is identical to the kernel of the normal log-likelihood. Meanwhile, the
information contained in the prior is drowned out by the information in the likelihood as the
sample size grows larger, so that the posterior density ultimately converges to the normal density.

The required second order Taylor expansion holds when the log-likelihood is sufficiently
well-behaved, for example when it is twice continuously differentiable and dominated by some
integrable function. In many cases these assumptions are overly restrictive; we often want to
consider likelihoods that are not even differentiable everywhere. It is for this reason that we turn
to the usual local asymptotic normality (LAN) property, which essentially posits that the log-
likelihood admits a second-order expansion around the neighborhood of the true parameter. The
LAN property follows from weak conditions such as differentiability in quadratic mean (DQM)
in the iid case and similar conditions for non-iid data, but for the time being we simply assume
that the likelihood satisfies the LAN property without delving into more primitive conditions.

Alongside the LAN property, we also require that the true parameter is well identified.
Specifically, we assume that the difference between the parameter © and the true parameter 6,
is bounded in probability when suitably scaled. This identification assumption is more stringent
than the one assumed to prove posterior consistency, since it specifies the specific rate at which
© must move toward 6.

In this section we discuss each sufficient condition in turn and examine the role they play
in the proof of the Bernstein-von Mises theorem. It turns out that the LAN property ensures
that the theorem holds on each compact subset of R¥: and that the identification condition
ensures that the posterior distribution is well-approximated by its truncation to a compact

subset. Formally, our assumptions are given as follows:

B1 Frequentist Foundations
Unlike the discussion of posterior consistency, we take an explicitly frequentist approach
here. Specifically, we let © be a Borel subset of the euclidean k-space R¥, and 6y € © the

true parameter of interest. Furthermore, we assume that 6 is contained in the interior of ©.

B2 Existence of Dominating Measure
For any T € N, there exists a o-finite measure Ay on (E,£)7 and a jointly measurable
function fr: ET x © — R, such that

MT(G,A):/AfT(x]G)d)\T(a:) vAcer.

We also assume that fr(z|-) is continuous at g for each z € E7.
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B3

B4-1

B4-2

We will denote

fr(z|0) =pre(x)
in line with the usual notation used in theories incorporating local asymptotic normality.
Existence of Lebesgue Density for Prior Distribution

The prior distribution P is absolutely continuous with respect to the Lebesgue measure

on O, and the density is denoted ¢: © — R :
P(A) = / q(0)do VA€ V.
A

Furthermore, ¢(fy) > 0 and ¢ is continuous at 6.

By implication, the posterior distribution admits a density 7 defined as

fr(@0)q(®) 5 e (0. +
wr(@|e) =] e )€ 0400)
q(0) otherwise

where mp(x) is the usual marginal likelihood defined as

m () = /@ fr(@|0)q(0)do Vo e ET.

Uniform Local Asymptotic Normality in Probability

There exists a positive definite k x k matrix V{, a non-singular k£ x k matrix dp such that
01 — Okxk as T'— 00, and a measurable function Ay, : ET — RF for each T € N, such
that

Aro(XT) % N [Opx1, Vol
and

1
sup logw(XT) — W A7o(XT)+ Zh'Voh| = 0,(1) as T — oo
heK P00 2

for any compact subset K of R¥, where the probability statement is made under the true

parameter 6.

Uniform LAN in Mean Square
There exists a positive definite k x k matrix Vj, a non-singular k£ x k matrix d7 such that

07 — Ogxk as T'— 00, and a measurable function Ay, : ET - RF for each T € N, such
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that
Aro(XT) % N [Orxr, Vo

and

2

1

log PLOEOTR () /A o) + <1/ Voh| (60, dr) = 0
Pr,0, 2

lim sup /
T—oopek JE
for any compact subset K of R¥.

Furthermore, for any compact subset K of R¥, there exists some C' > 0 such that

lim Hur [00, {l‘ c ET | sup 7TT(90+5Th | :L‘) < C/ 7TT(90—|—5T9 | x)dg}] =1.
T—oo heK K

B5 Identification Condition
For any sequence {Mr}7cn, of scalars such that Mr 1 +oo,

im [ Tip|z, {00 ‘5;1 (9—90)‘ > Mr}| pr (0, dz) = 0.

T—oo JET

In this setting, we will examine the roles of assumptions B4 and B5 in turn. We first introduce

some objects that will come in handy going forward.

Posterior of 0,.'(0—0p) and its Restriction to Compact Sets
We first define I : ET x B(R¥) — [0,1] as

Iy (z,B) = mr (0| x)df =1l (x, ©N (6o + 1 B))

/6)0(60+5T B)

for any (z,B) € ET x B(R¥). We can immediately see that II7 is a transition probability kernel
from (E,£)T into (R*, B(R¥)). In addition, for any B € B(RF),

fip(-, B)o X" =P(© €y+5rB| XT)
:P(é;l ((:)—90) eB|XT),

so that IIr is the conditional distribution of 5;1 ((:) — 90) given X7
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Given any compact subset K of R¥, we define

K (o) = | Trter) (R €0 +oo)

P(B) otherwise
ITX is once again a transition probability kernel from (F,£)” into (R¥, B(R¥)), and this time
ﬁ¥ (z,-) represents the truncation of the distribution II7(z,-) to the compact set K for those

values of € ET for which IIp(z, K) € (0,400). Note also that, because 6 is an interior point
of ©, 07 — Okxi as T — oo and K is bounded by the Heine-Borel theorem,

HT(.%',B ﬂK) = HT(.’L‘,90 —i—(ST(BﬂK))

= (0| z)do
90+5T(BQK)

:/ (et (57)w7(80 + 51 | x)dh.
BNK

It follows that, if Iz (z, K) € (0,+00),

7TT(90 +drh ‘ :L‘)IK(h)
1 (00 +07h! | 2)dl

h—

is the density of ﬁjlf (z,-) with respect to the Lebsegue measure on R¥ for large enough 7.

Conditional Distribution of N [VO*lAT,O(XT),VO*l} given X7

Now define &7 : ET x B(RF) —[0,1] as
1 %/ —1
br(a,5) = Volt [ oV (n=Vi Ara(o)) ] dn

1
where ¢ : R¥ — R, is the k-dimensional standard normal density and Vy® is the PSD square root
of V. @7 is also a transition probability kernel, with the Lebesgue density of ®p(x,-) given by
the mapping

e Vol |67 (1= Vit A (@) |.

As with Iy, we can define the truncation

Or(z, BNK)
O (z,B) = o (nK)
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for any compact set K that has non-zero Lebesgue measure (which ensures that ®p(x, K) > 0

as well). For each x € ET| the distribution ®% (x,-) has density

o [V (h= Vi ' Aro(a)) | Te(h)

h— - )
Jx @ [Vo?' (h - VolAT,O(x))] dn’

For notational brevity, we denote

or(h | 2) =0 | Vi (h =V Arol@))]

BvM Theorem on Compact Sets

Formally, our objective is to show that

HﬁT(XT, )— @T(XT,.)HTV = o0p(1) as T — oo.

As a preliminary step, we first prove that, for any compact subset K of R* with non-zero

Lebesgue measure,

which implies that
HﬁYIS(XTa ) - (I)g(XTv .)HTV (I{ﬁT(.7K)>0} OXT) = Op(l) as T'— oo.

It is this step that the LAN property justifies, as we show below.

Theorem 4.3.5. Suppose assumptions B1 to B3 hold, and that either B4-1 or B4-2 hold. Choose
any compact subset K of R that has non-zero Lebesque measure. Then,

1 NK o) — K . =
ooy IO @) = @F (@) ger (B da) =

Proof. Choose any compact subset K of R* with non-zero Lebesgue measure and € € (0,1). By
the continuity of ¢(-) at 6y, the assumption g(6p) > 0 and the fact that dr is o(1), there must
exist some Ny € Ny such that

(0o +o7h)

—1l<e
q(6o)
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for any T' > Ny. Define

1
Dr(h | @) = 1og PR (1) WA, o(2) + 5 W Voh
pT,@o 2

for any h € K and 2 € E7 for large enough 7.

From the L'-characteriztion of total variation distance, choose any compact set K and z €
ET such that Ip(z,K) € (0,+00) and fr(z |6y) € (0,400). Due to the assumed continuity of
0 — fr(z]6) and ¢(-) at 0y, as well as ¢(fy) > 0, this implies that

mp() :/@fT(x 10)q(6)d0 > 0.
Now we note that

L B - i mr(0o+0rg | 2)dglor(h| @) \ "
HHT (z,) -7 (2, .)HTV B /I(O{WT(90+5T'|90)>0} ( - 71—Tl((eﬂ +drh | x) [fK or (| :C)dh/]> e ()

For any h € KN {nrr(0p+dr- | x) > 0}, we have

¢r(h|x)
mr (00 +0rh | @) [[5 o (h | )dl]

[k mr(00+0rg | z)dgl¢r(h|x) _ [/ mr(6o + 679 | 7)
K

w1 (0 +0rh | z) [ o (h' [ 2)dh] or(9| ) or(g|z)dg

:/ nr (0o + 679 | x)pr(h | T)

K
dg).
K 7TT(00+5Th ‘ m)¢T(g ’ $) (I)T (1:7 g)

By the convexity of the mapping x +— (1 —z)" and Jensen’s inequality, we have

- 0o+ 0rg | x)pr(h | )
15 (z,-) — F (z,- </ / < _ 7rlf
H 7 (@) =7 ( )HTV_ Kn{nr(6o-+or-|2)>0} JK 77 (0o +drh [ x)dr(g | )

+
) O (. dg)i (z.an).
In addition, since my(z) € (0,+00) and fr(x|6y) > 0, for any g,h € K such that wp(6p + orh |
x) >0 we have

mr(bo+0rg|x) _ fr(z|bo+drg)e(bo+0rg)
nr(fo+orh|x)  fr(x|6o+0rh)q(bo+drh)

_ fr(z|6o+drg) (fT(JJ \ 90+5Th)>_1 q(0o+679g)
fr(z|6o) fr(z|6o) q(00+drh)

= exp<(9 —h) Aqp(z) - % l9'Vog —W'Voh] + Dr(g | &) — Dr(h| ‘“)) m
orhla)
ool

X exp(

(h V5 Aro(@)) Vo (h - VO—IAT,O(:B)))

N = N =

(9-Vi Arole)) Vo (9 - V5 Aro(a)) ).
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so that

(0o +0rg | z)pr(h|T)
(0o +o7h | x)or(9 | )

q(6o +9079)

=exp(Dr(g|x) — Dr(h|x))

This holds for any g € K and h € K such that mp(6p + drh | ) > 0, and

q(0o+90rg) _ q(bo+d19g) " q(6o) S l1—e

q(6o +orh) q(6o) q(fo+drh) ~ 1+e€

for any T' > Np.
Now we can use either assumption B4-1 or B4-2 to justify the remaining steps.

Case 1: Assumption B4-1 holds

By uniform LAN in probability,

sup |Dr(h | XT)‘ = o0p(1) as T — oo,
heK

or equivalently,

lim_pur |6, {meET\}ngE’DT(h|XT)‘>n} =0

for any n € (0,1).

Using what we have already shown above, we now have

+
- 1—e¢
K R Y19 . . .
HHT(;C,) K (z, )HTVS (1 1+€exp< 22221DT(h|x)|>>

for any T' > Ny. We can see now that

/. [ (@) = @ (2, s (B0, d)
{Tir (-, ) >0}0{fr(-|60) >0} v

1—e¢
<

/{ﬁT(-,K>>0}n{fT<~|eo>>0} ( l+e

1
T —
Ao, {IEGE |1 I

<n+ur

€
exp<2 sup | Dr(h | x>|> >n}
€ heK

1
<n+ur |6, {a: c ET| zuE\DT(h | )| > —2log(
€
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q(0o+drh)

1+e¢
1—

+
exp <—2 sup |Dr(h | iﬁ)’)) pr (0o, d)
hek

a-n)}]



for any T' > Ny. By assumption, the latter term goes to 0 as T'— oo, so that
timsup | [0 ()~ ® (2. ) | per (B, ) <.
T—oo J{Ip(,K)>0} v

This holds for any n € (0,1), so we have our desired result.

Case 2: Assumption B4-2 holds

Now suppose that we know that
i?lelIIz/ET |Dr(h | a;)\zuT(Hg,da;) =o(l) asT — o0
and that there exists some C'(K) > 0 such that, if we define the measurable set Hy(K) € £ as
Hr(K) = (v € " | supmr(6y + drh | ) < O(K) /KWT(QO 4 Sph! | 2)d'},

then

ur [Oo,HT(K)C] = 0(1) as T — oo.

First, note that, because AT,O(XT) LYY [Okx1, Vo], the sequence {AT,O(XT)}TeN+ is bounded
in probability, that is, there exists some natural number Ny > Ny and some M > 0 such that

ur [00,{x € BT | |Arg(2)] > M}| <e VT >Ny
Define

Mr = {z € ET | |Aro(z)| < M}.

Noting how (1 —x)" < [log(z)| for any = > 0, we can see that, for any 7' > Np,

(o +0rg | @)or(h | 2)\T Cex 2 o 400 +6rg) "
(1 w(eowmmwgm)) = (1-e(Dr(s|2) - Drtr ”q(eo+5Th>>
q(0o+979)
< ’DT(Q | ) — Dr(h | 33)+10gm
q(6o+619)
< IDr(g | @)]+1Dr(h | )|+ log S5
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for any g,h € K. We saw above that

q(0o+679g) S 1—e¢
q(fo+orh) ~ 1+¢

for any g,h € K, which implies that

q(0o +619) < Lte
q(90—|—5Th) “1—e¢

for any g,h € K. Therefore, for any T > Ny,

K K
/{ﬁT(~,K)>0}mHT(K)mMT HHT ()=l .)HTVMT(QO’ )

< [, ] \Prto | 210 (@ do)yur By, )

~ 1
] J 120 | DI o) B, d) +10g (5.
{7 (-,K)>0}nHr(K) /K 1—€

Starting with the first term, note that

VO% (h— V01AT,0(35))‘ <tr(Vp) (]h\ + HVJIH X |AT,0($)|>

for any « € My and h € K. Since K is bounded by Heine-Borel and |Arg(x)| < M by the
definition of My, it follows that there exists some B > 0 such that

1
V2 (hvolAT,O(:c))‘gB VreMy, heK.

Therefore,

INIES

<Z5(Voé (h—Vo_lﬁT,o(m))) > (217r> 5

where 1, € R¥ is the k-dimensional vector of ones. Since the maximum possible value that the
k

standard normal density ¢(-) can attain is (%) ?, we can see that the density of ®%(x,-) is

bounded above by

vol(K)’
where vol(K) is the (non-zero) volume (or Lebesgue measure) of K. Denoting

B2

G €)= vil(K)’
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we can now see that

[, | 1Drl olek @ dopronan <o [ ([ 1Dr | a)nrnd) g

(Fubini’s Theorem)

< C1(K, e)vol(K) (52}13/ET |Dr(g | x)\QﬂT(QO,dUC)> y

(Jensen’s Inequality)
Meanwhile, recall that, for z € Hp(K) such that fIT(:U,K) >0,

(6o + 0rh | x)
< K K
S (00 +07h | x)dh — C(K) VhekK,

so that

TFT(H() +orh ’ :C)
fK 7TT(90 +orh! ‘ l‘)dh/

[ 1Dr(h | DI @ dn) = [ 1Dr(h]2) dh
K K

< C(K) [ |Dr(h| 2)ldn
K
This allows us to interchange the order of integration:

J D2 | DI oy (6o da) < O) [ ([ D20 2)lr 60,da) )

(Fubini’s Theorem)

/{ﬁT("K)>O}mHT(K)

[un

< C(K)vol(K) (22}8/ET |Dr(h ] $)|2ﬂT(907dm)> 2 .

(Jensen’s Inequality)

As such,
ﬁK N _@K Z,- Q,dx
/{ﬁT(~,K)>0}mHT(K)nMTH T () 7 ( )HTVNT( 0,dx)

1

< (C(K)+01(K,€))VOI(K) <21612/ET |DT(h | x)|2MT(907dx)> 2 +10g<1ji> |

Taking T'— oo on both sides yields

Hﬁg(li’ )= 2w ')HT\/“T(Goadﬂf) <log (1 +Z)

limsup / 3
T—o0 {HT(',K)>O}OHT(K)QMT

by assumption B4-2.
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Now note how

/- 0 () = ©F (2,1)|| (0o, d) < 2 (00, Hr(K))+ e [0, M),
{7 (-,K)>0}N(Hr (K)°UMZ,) v

so that, as T"— o0,

lim sup ‘ﬁ%(x,')—@jlf(x,-)HTv,uT(Go,daz) < 2e.

Ttoco /{ﬁT(~,K)>0}ﬂ(HT(K)CUM%)

Putting the two results together,

. B 1+4+¢€
lnsup U 2, )= 080, e (s ) < 26 +log (1),

Ttooco /{I:IT(-,K)>0}'
This in turn holds for any € > 0, so

/{ o sernoy T (@2 = @5 (@) (B, o) = o(0)

Corollary 4.3.6. Suppose assumptions B1 to B3 hold, and that either B4-1 or B4-2 hold.
Then, there exists a sequence {Kr}ren, C R* of closed balls centered at the origin with radii
{Mz}ren, such that My / +o0o and

. T N Kr . —
S {ﬁT(-,ch>>o}HHT (@) = @57 @) O ) =0

Proof. Define the sequence {K, }nen, as
K, = B(Ogx1,n) Vne€ Ny,
so that it constitutes a sequence of compact sets that increase to R¥. Define
K, K
aT:/~ HH "(x, ) —® ”az,H ur (6o, dz
= i oo [T @) = @ @) ()
for any n,T € N,. By construction, a,7 — 0 as T'— oo for each n € N,..

We will construct here a subsequence {nr}ren . of Ny such that a,,. 17— 0as T — oco. We

start by noting that, for each n € N, there exists some Ny(n) € N such that

where we choose {No(n)}nen, so that No(n) < No(n+1) for any n € Ny.
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Let the subsequence {N,, }men . of N be constructed as follows:
leNo(l), Nm+1:max(N0(m+1), Nm-l-l).
By construction, N,, > No(m) for any m € N.. Now, we define {ny}ren, as

1 ifT <N
nr = .
m  if Ny <T < Nyt

Since N,;, = +00 as m — o0, it follows that ny — 400 as T'— oo as well; intuitively, {nr}ren,
represents the staggered rate at which we progress through the sets in {K,}nen, .
Now, for any T' > Ny, letting N, <T < Np,41 for some m € Ny, since No(m) < N,,, <T, we

have

1
OganT,T:amT<*:7~
m  nr

Taking T'— oo on both sides shows us that
li =0.

Finally, define {Kr}ren, as
Kr=K,

T

so that Mp = np for each T € Ny as well. We have just shown above that
lim Hﬁ?T(x,-)—@?T(x,-)HTVuT(HO,dw) =0,

T—o0 {ﬁT(~JCT)>0}

and Mp — +oo as T — oo as desired.
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The Full BvM Theorem

It remains to see how the identification condition helps complete the proof of the BvM theorem.
So far, we have seen how the LAN property helps us show the total variation distance between
the posterior and the appropriately centered normal distributions converge in probability to 0
when they are conditioned on an increasing sequence of closed balls centered at the origin. The
identification condition reveals that the posterior assigns positive mass to these closed balls with
probability approaching 1 as T'— 0o, so that we can arrive at the desired result. We first state

and prove a preliminary lemma.

Lemma 4.3.1. The following results hold true:

i) Let (X,X) be an arbitrary measurable space, and P some probability measure on (X, X).
For any set K € X such that P(K) >0, defining the truncation PX : X —[0,1] as

P(BNK)

P = Thw)

VB e X,
we have

-], <2

ii) Let V € R**k be some positive definite matriz, and let Nm,v denote the probability measure
on (R¥,B(RF)) corresponding to the normal distribution with mean m € R* and variance

matriz V. For any fixed L >0 and € > 0, there exists some M > 0 such that

inf Ny [B(Ogx1,R)| >1—¢ VR>M,
|m|<L

where B(kal,R) is the closed ball centered at the origin with radius R.

Proof. i) For any Be X,

P(B) = PR (B)| = 5551 PB)PU) ~ PBO E)
_ P(1K)|P(B\K)P(K) +P(BNK)P(K)—P(BNK)|
_ P(lK)|P(B\K)P(K) _ P(BNK)P(K®)|
< P(B\K)+ P(]f(;)mp(w).
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Since B C X, the monotonicity of measures tells us that
P(B)— P¥(B)| < 2P(K).
This holds for any B € X, so

HP—PKHTV = sup |P(B) —PK(B)’ < 2P(K°).

ii) Because V is positive definite, so it admits an orthogonal eigendecomposition V.= ADA’,
where A is an orthogonal matrix and the diagonal entries Ay,---,Ar > 0 of D are the

eigenvalues of V. Note that
B(Opx1,L) c N[-L,L)",

since B(Ogx1,L) C [~L,L)* and balls around the origin are invariant to rotations.

Choose any 7 > 0, and consider the rotation A’[—r,r]* of the k-cell [—r,r]¥. For any m €

A'[—L, L], by a linear change of variables we can see that

Nm,v (A’[—r, r]k) = \ Zf[l)\i_l -/A’[—r,r]k (2171-> : exp (—;(az —m)'A'D7'A(z — m))dx]

_ ﬁ At /[]k (;ﬂ) . (;(x —Am)'D\(z Am))d:v]

=1 L

11 (- ghn-amin]

=1

We have thus reduced a k-dimensional problem to a sequence of univariate problems. The

problem

: Nm A/ -7, k
emin Ny (A[=rr)

now reduces to

k
v 1 )
i - i —w;)” |dx;| .
i T oo (g o) Jas

1

It is clear from solving each univariate problem in turn that

inf - Ny (A1) = Nowe(zy v (NT=r117)

meA/[—L,L)k
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where we choose
m*(L)=A"| :
L
Furthermore, the fact B(Ogx1,L) C A'[—L, L]* that we established at the outset allows us
to see that

inf Nmv (A’[—r,r]k) > Nm=(L),v (A'[—r, r]k) )

Im|<L

m*(L) is completely independent of the radius r, and we now that the singleton {/\/m*( L)y}
is a tight collection of probability measures. By definition, there exists a compact subset
K of R such that

Ny v (K) > 1—e.
By the Heine-Borel theorem, K is bounded, so there exists some r* > 0 such that
K C B(Opx1,7*) € N[—r*, 7],
Thus,
1—€ < Np+(1)v (A'[—r*,r*]k)
< it N (V).

Finally, since the set A’ [r*,r*]k , being a rotation of a k-cell, is bounded, there exists some
M > 0 such that

A/[—T*,T‘*]k C B(Opx1, M).
It follows that
L=< inf Ny (B(Og1,R)) VR> M,
<L

which concludes the proof.
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Theorem 4.3.7 (Bernstein-von Mises Theorem). Suppose assumptions B1 to B5 hold. Then,

|Tr(X7, ) = op(xT, .)HTV =o0p(1) asT — o0,

where the probability statement is made under the true parameter .

Proof. Let {Kr}ren, be the sequence of compact balls centered at the origin and {Mr}ren,
their radii found in the preceding corollary. To show the desired result, we will make use of the

triangle inequality applied to the total variation norm: for any 7' € N,

[T (X7, ) —@r(xT,) | < || (X7, — 15T (x|

<|
TV — TV

-y,

+ H@?T (X7, ) = (X7, ')HTV’

We already showed that the middle term vanishes in probability as T'— oco. It remains to show
that the remaining two terms are op(1).

Starting with the first term, we define
Hp ={z € ET | ly(z,Kr) > 0}.
Then, from the preceding lemma
T (@) =157 ()| < 20T (1, K5)
for any x € Hp, so that
(T o XT)|| Tl (XT,) = T (X7 < 200 (X T, K5),
If we can show that
(X7, K5) =0,(1), and Tne, o X' =0,(1),
then we can conclude that

[ (x? )= T8 (X7 = 0,0,

By the identification condition,

[ Ttr(e, Ki)ur(bo,do) = [ Tir [z, {9€ 0 [57'0=00)| > Mr}] r (B0, da) 0
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as T — oo because My /' +00. By implication,
~ 1
(X", Kf) % 0,

which immediately tells us that TI7(X”, K5) = 0,(1). By the definition of convergence in prob-
ability,

- 1
. T c —
TlgréouT 6o, {xEE |HT(37,ICT)>2}] =0.

The event {x € ET | ly(z,Kr) = O} is contained in {x ¢ ET | Tlp(z,K5) > %}, so by the mono-
toncity of measures,
. T\ T _ -
Th_I)I;O,u,T [90, {:r e E' | lp(z,Kr) = OH =0,
which is equivalent to the claim that
IpoXT B,
Thus, we have

Ige o XT, Tr(XT,K$) = o0p(1)

and it follows that

It remains to show that

@27, - #r (XT), = anl)

To this end, note that, because

Vi Ao (XT) 4 N [Opar, V]

-1
by assumption under the true parameter 6y, the collection {ur(6p, )~ 1o (1/0_1AT70) }ren,
is a tight sequence of probability measures on (RF, B(R¥)) by the necessity part of Prohorov’s

theorem. By definition, for any € > 0 there exists a compact subset K of R* such that

Tien]\f]+ HT [(90, {x € ET ‘ ‘/O_IATVO(.CE) € K}} >1—e.
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The Heine-Borel theorem tells us that K is bounded, so we can find some L > 0 such that
. T —1 _
TlenJ\fuMT [90, {x ek ‘ ‘Vb ATyo(x)’ < L}} >1—e.
Denote
Ap={ze BT ||Vi'Arg(z)| <L} vTeN,.
Now, by the preceding lemma, we can find some M > 0 such that

inf A, o [B(kal,R)]Zl—e VR > M.

|m|<L

Choose Ny € N4 so that M7 > M for any T' > Ngy. Then, for any T' > Ny, we can see that

AT (I)T(OUJC?F)MT(HOydﬂU) = ®T($,K%)MT(90,d$)+AC (I)T(xalc%):u’T(e()?dx)
T

Ar

< ur (B, A5) + /{ vty oot [B Ot M) o)

_1_|nllr|l<fLNmV [7(ka1, MT)} <e

because My > M for T' > Ny, it follows that
|, @r@ Ki)ur(0,de) < (1= pr(Bo, Ar)) + ¢ < 2

for any T' > Ny. Taking T'— oo on both sides reveals that

timsup [ @ (oK pur (B0,dr) < 2,
E

T—o00
and since this holds for any € > 0, we can see that
lim Op(z, KT) (0o, dz) =0,
T—oo JET
or equivalently,

er(XT,KF) = 0p(1)

under the true parameter 6.

260



From this and the fact that
K c
|or(@,) - @fr(@,)||, < 200(2,k5)

for any = € ET we have our desired result.
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4.3.3 Primitive Identification Conditions

Instead of directly verifying the identification condition, econometricians usually try to show

the existence of suitable test sequences that separate the true paramter from parameter val-

ues outside a small neighborhood of the true parameter. This works when we have iid data;

however, if the data are serially dependent, then identification assumptions of the form found

in Chernozhukov and Hong (2003) concerning the tail behavior and quadratic curvature of the

log-likelihood seems more suitable. Below we adapt the assumptions of that paper so that as-

sumption B5 can be established.

Under assumption B3, fr(z |6) € (0,+00) for any (0,2) € © x ET and T € N,. This allows

us to define the log-likelihood function i7: © x ET — R as
I7(0| z) =log fr(z|0) VY(h,z)c©xET

for any T' € N,. We impose the following assumptions on the log-likelihood:

B5.1 Tail Condition
For any n > 0, there exists a ¢ > 0 such that

liminf o7 | 6, {x cET| |0—Sz>p>nH6;1H2 (lr(0 | z) —lr(bo [ 2)) < —c} =1.

B5.2 Annulus Condition
For any € > 0, there exists an n > 0 and an M > 0 such that

lr(0|x)—17(6p | x)
’2

liminf pp | 6o, {x e ET | sup

<—6} >1—e.
e sr<loz o-o0) <z 0 |07 (6 —60)

B5.3 Miscellaneous Conditions

For any ¢ > 0,

— 2
lim |det(57)le~cllor I = .
T—o00

Furthermore, the essential supremum of the prior density ¢(-) with respect to the Lebesgue

measure on R¥ is bounded: ||¢|| . < +oo.

As before, we write 77 (6 | z) for the posterior density of § given z € ET defined as

Fr@l0)a®) ity (2) € (0,400

q(0) otherwise
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for the marginal likelihood mr(-) = [g fr(- | 0)q(0)df, and Iy for the transition probability

kernel defined as
Ty (x, A) :/ ap(0] 2)d0 Yz, A) € ET x 0,
A

so that we can interpret IIp(x,-) as the roughly the posterior distribution of © given X7 = z.
We now prove the following theorem, which shows that the posterior distribution of § has

the desired rate of convergence dr.

Theorem 4.3.8 (Frequentist Consistency of the Posterior Distribution). Suppose assumptions
B1 to B3 hold alongside assumptions B5.1 to B5.3, and that either assumption B4-1 or B4-2
hold. Then, for any sequence {Mr}ren, of scalars such that My T 400,

lim [ Tip [z, {00 ]5;1(0—90)] > M }| pr (60, dz) = 0.

T—oo JET

We proceed by proving a sequence of preliminary lemmas.

Lemma 4.3.2. Define
Ar ={z € ET |mg(z) =0} U{x € ET | mp(z) = +o0}
for any T € Ny. Then, A\p(Ar) =0 for any T € Ny, so that we can focus on x € ET such that

mr(x) € (0,4+00) when making probability statements.

Proof. Suppose that myp(x) =0, so that fr(z | 0)q(f) =0 for Lebesgue-every § € © by the
vanishing property. Since ¢(fy) > 0 and ¢(-) is continuous at , there exists an neighborhood N/
around 6 such that ¢(#) > 0 for any § € N'. A/ has non-zero measure under the Lebesgue measure,
so there must exist some 6 € N for which fr(z | 0)q(f) =0, and by implication fr(x |6) = 0.

This contradicts our assumption that fr(x |#) > 0 for any 6, so it must be the case that
{x € ET | mp(z) =0} =0,
Meanwhile, if A\p( A7) > 0, then

1= [a@do= [ [ friz|0)a®)drr(w)ds

_ /E ) < /@ ol | 9)q(9)d9> ()

= mp(x)d\p(z)
ET
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> mr(x)dAr(z) = +oo.
Ar

This is a contradiction, so it must be the case that Ap(Ar) = 0.

Now define
Hry = {0 €6 | [071(0—0)| > m}

for any T'€ N4 and m > 0. The next two lemmas deal with integration over carefully chosen

versions of Hr,, and its complement.

Lemma 4.3.3. For any € > 0, there exist Cy(€),Ca2(€) >0 such that

1
liminf yir {90, {eeET| / el Ol =tr(tolr) g (9)dp >~ |det(61)]g(00)Cale) }| > 1—e.
T—0c0 He 2

T,C1(e)

Proof. Choose any € > 0. Then, because A o(X7T) = O,(1) under pur(6p,-), it follows that there
exists some M (e) > 0 and Ny € N4 such that

for Dy 7(e) defined as
Dir(e) ={z € ET | [Aro(z)| < M(e)}.
Since the mapping
1 2
e g (1= Volie?) = e (e)

is continuous and converges to 0 as ¢ — 0, it follows that there exists some C(¢) € (0,1) such
that

5 (1= 1Vl (6?) ~ Cr(e) M () > 0
Define

Cale) = vol(Bey (o (Onr)) | (1= W1 (0) = Ca(@M(e)] >0,

where BC1(E)(Ok><1) is the closed ball of radius C1(€) around the origin and vol(BCl(e)(kal)) is

its volume (or Lebesgue measure).
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Let « € Dy r(e). For any h € R¥, define
1
Dp(h|x) =100+ 0rh | x)—1lr(0) — h/ATp(fL‘) + §h,V0h,

and notice how, because e® > 1+ a for any a € R,

Js

elT(9|CL‘)—lT(90|I)q(6)d9 > / (1417(0 | z) =17 (00 | z))q(8)do

e —1
5.01(0 |61 (6—00)|<C1(e)

— |det(57))| (1+17(80 +0rh | ) — (8o | ) q(Bo + d7h)dh
IhI<C1 ()

(Linear Change of Variables)

= |det(d7)] q(0o +o7h)dh
|h|<C1(e)

+|det(87) Dy (k| x)q(60+5rh)dh
|R|<C1(e)

1
+ |det(67)] <h’AT,O(x) - h’Vgh> q(0o + d7h)dh.
|h|<Ch(€) 2

Since ¢(+) is continuous at 6y and g(0y) > 0, there exists some x > 0 such that

q(6o)
2

g(6) —q(0o)| < V|0 — o] < k.

By implication, for any h € By (Ogx1),

q(0o)

q(90 + 5Th) > 5

for any T'€ Ny such that supj, <1 [67h| < [|07| < . [[07]] = 0 as T'— oo, so it follows that there
exists some N7 > Ny such that

q(6o+orh) >

0
q(20> VIh| < Ci(e) <1, T>N.

As such, for any T' > Ny,

o _
/H elT(9|$)—lT(90|I)q(0)d9 > |det(67)| q(20) VO](BCl(e) (Orx1))

;,Cl(e)
0
(o) G [ D w)lan
[RI<C1(e)
_1det(00) 29 o1 B o (O Ci(e)|A Lever v
et(0r)| 5 vol(Bgy () (Okx1)) | Ci(e)] T,o(x)\+2 1(e)*[Voll ) -
Define

Rr(z) = / \Dr(h | 2)|dh.
<1 ()
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Choose any 1 > 0. Under assumption B4-1,

pr |00, {x€ ET|  sup |Dr(h | x)| > nvol(Be, () (Okx1)) }H = o(1)
hEBcl(e)(kal)
so that
pr [0, {z € BT ||Re()| > n}] = o(1)
as well.

Meanwhile, under assumption B4-2,

/ | Ry (x)|pr (6o, dx) :/ </ |Dp(h | x)\,uT(Ho,da:)> dh (Fubini’s Theorem)
ET Ih|<Ci(e) \JET

1
</ (/ \DT(h|x)\2,uT(00,dx)>2dh (Jensen’s Inequality)
[h|<C1(e) \JET
<vol(BeyOwa)) | s [ Do @) (Bo.de) | =o(D).
heBe, (o (Opx1) BT

Therefore, by an application of Markov’s inequality, we once again have

ur (6o, {w € BT | |Rr(@)| > n}] = o(1).

In any case, we can see that there exists some Ny > Nj such that, for any T > Ny,

€

pr (0o, Dar(e)] >1— 3

where
Dyr(e) = € BT | |Re(e)| < vol(Be o (Orx))-
Define
Dr(€) = D1,7(€) NDar(e).
Then, for any = € Dr(e), we know that

elT(G\w)—lT(Holm)q(g)dg

Hr oy (0

1 q(6o) = 1 1 2
> —|det(d (B, @) 1-— = R e A —-C Vi
_2| et(or)| 5 vol(Be, () (Okx1)) vl Boo (Ore)) 7(7) — C1(€)|Ar ()] 5 1(e)"[[ Vol
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W) o1 By ) (O [~ Crl01(6) — LCr(?1Ma

1
> §|det(5T)|

_ \det(éT)\q(go)Cg(e).

Furthermore, for any T' > No,
pir (0o, Dr(e)] = pr (0o, Dir(e)]+ pr (0o, Dor(e)] =12 1—¢,
so that
liminf pr [0y, Dr(e)] > 1—e.
T—o0
Finally, the set

1
{x cET| Ol =lr(Bole) 4 (9) 4 > §|det(5T)’q(90)CQ(6)}

H’%’Cl ()

contains Dr(€), so the lemma follows immediately from the preceding result.

Lemma 4.3.4. Choose any € > 0. Then, there exist constants c(e), M (e) >0 such that

liminf o7 [90, {m cET| elrOle)=trOolz) ¢ () qh

Hr \

< |det(d7)| % ||ql| o (/ 6—6h2dh> +ec<6>||6T1||2}] >1—¢
{M<|hl}

for any M > M (e).

Proof. Choose any € > 0. By assumptions B5.1 a nd B5.2, there exist n(e) >0, M(e) > 0 and
c¢(€e) > 0 such that, for any M > M(e),

liminf iz (0o, Br(M,e)NCr(e)] =1 —¢,
o0

where

Br(M,e) = {:U cET| sup (6] )= lT(eOJ z) < —e}

m<loz o-eo)| <oz o) |7 (0 —00)|

CT(E)

{:L’ eET| sup

(0| 2) —1r(8 | 2)] < —c(e) }-
16—60]>n(e)

5;1“2[
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Note that

/ elT(le)—lT(Golx)q(Q)dQ
Hr v

/ - G ggyag 4 [ el @l g g)dp
{M<|d7"(0—00)|<[]67" ||[n()} (|87 (0—60)[>|57"|n(e)}

Annulr(z) Tailp(x)

These are the annulus and tail terms, respectively.
By our choice of z, for any 6 € © such that M < ‘5}1(0—90)‘ < H(S}l‘

1, we have

lr(0]z) —lr(0o | 2) 2

2
(0 | ) — (6o | ) < 0710 60)|” < —e|o7" (90— o)

-1 2 ’
671 (0—00)|
so that
— 2
Annulp(x) §/ e—<lor (6-60)] q(6)do
{M<o7" (0=00)|<[|o7"||n}
= \det(&T)|/ e_e‘h|2q(90 +0rh)dh  (Linear Change of Variables)
{M<|n|<||67"||n}

< [det(or)] % [lallc ( / e—e'“dh>
{M<|n<||67"||n}

< [det(6r)] X [lallc ( / e—ﬁ'“dh) -
{M<|n}

Meanwhile,
Taily(z) < / 7 (012) =1 (00l2) 4 () dp
{16—60|>n}
< eXp< sup {ZT(Q | 2) =7 (6o | 33)}) (/ Q(Q)Cw)
|6—60|>n Hr m
2
< exp(—cHéElH >
Therefore,

/ elTW\x)—lT(‘)olx)q(e)deg|det(5T)|x\|q||oo/ e~ qn | 4 eellorlI”,
Hr v {M<|h|}

The desired result then follows from the same containment argument as in the preceding lemma.
O
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Lemma 4.3.5. There exists a mapping I : (0,400)? x Ry such that, for any ¢ >0,

lim I(m,e) =0

m— 00

and there exists some M (e) > 0 such that, for any M > M (e),

limsup/ 7 [z, Hr v pr (6o, dz) < I(M,€)+2e.
T—oco JET
Proof. Choose any x € A%, so that mp(z) € (0,+00) and

J4e72)q(6)do
Joer®l)g(0)db

HT [.CC, A] =

for any A € 9 using the definition of the posterior density. Let C1(¢€),Ca(¢€),c(e) and M (e) be the

ones chosen in the preceding lemma, so that, for any M > M (e),
liminf pr [0o, Br(e)NCr(M,e)] >1—e¢
T—o00

where

Br(e)={zc E"| el ) 0o) g (9)d9 > et (67) a(60) Ca(c)

Hz 61 ()

Cr(M,e) = {we BT | / @10~z (G0l (9) 4
Hr p

_ 2
< |det (7)) % [lqllo (/ e—6|h|2dh> 4 e—c@]I57] }
{M<|n|}

For any = € A5 NBr(e) NCr(M,e), it now follows that

Sitns elr @l)=lr (ol) ¢ (9) dp
o el Ole) =iz (bol2) () do

Urp [17, HT,M] =

fHT . elT(9|1‘)—lT(90|x)q(9)d9
< fHC elT(9|x)—lT(90|x)q(0)d0

2||q]| / —eln? L @t
— 2 e " dh 4+ ————e A9lI°r )
= q(00)Ca(e€) |Jinj>m |det(07)]

By assumption,

1 —12
L O} [ |
det(o7)| =0
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as T — oo, so it follows that, for large enough 7',

2|[q|l / —elh)?
Iplx, H < — e " dh+e.
7l .M} q(00)Ca(€) Jin>m

Define the function I : (0,+00)? — R, as

2||q|l / —elh)?
I(m,e) = —M9lleo bl gp,.
(m.©) q(00)Ca(e) |h\>me

Since f\h\>m e~ dh — 0 as m — 400 for fixed € > 0, we can see that

lim I(m,e)=0.
m—0o0
Furthermore, defining
Sr(M,e) = A-NBr(e)NCr(M,e),
we know that
limsup pir [0o, ST(M,€)°] <,
T—o00

so that

/ 7 [z, Hr v pr (0o, dx) =/ 7 [z, Hr v pr (0o, dx) + 7 [z, Hr v pr (0o, dx)
ET St (M,e) St (M,e)e

< I(M,e€)+ e+ pr b0, Sr(M,e)]
< I(Me)+2e

for large enough T'. This completes the proof.

Lemma 4.3.6. For any sequence {Mr}ren, of positive reals that increase to +oo,

lim HT [.’L‘, HT,MT] MT(eo,dw) =0.

T—oo JET

Proof. Choose some € > 0. We know that, for fixed € > 0,

lim I(m,e) =0,

m—0o0
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and that there exists some M (¢€) such that, for any M > M (e),

limsup/THT [z, Hr ] pr(6o,dx) < I(M,e)+2e.
E

T—00

Let M* > M (e) be chosen so that I(M*,e) < e and choose N € N, so that My > M* for any
T > N. Then, for any T'> N, Hr . C Hr p+ and we have

1imsup/ Hr [z, Hr ) pr(0o,dz) < limsup 7 [z, Hrp+] pr (0o, dx)
ET

T—o00 T—oo JET
< I(M*,e) 4 2¢e < 3e.
This in turn holds for any € > 0, so
- 7z, Hr pmp pr(o,dz) — 0

as 1" — oo.
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Chapter 5
Linear Regression Models

Here we finally introduce the linear regression model with which most of the econometric liter-
ature is concerned. We first state the most basic version of the model with normally distributed
errors and independent observations; then, we drop the normality assumption and derive large
sample properties of the coefficient and error variance estimators. Afterward, we present gener-

alizations, such as non-linear models and models with dependent data.

5.1 The Normal Univariate Linear Regression Model

We first study the benchmark linear model under the traditional Gauss-Markov assumptions

from a frequentist perspective. Most other models are generalizations of this basic model.

5.1.1 Model Assumptions

Our model assumptions are as follows:

A1l : The Sample
There is a random sample {(Yz, X¢) }1<i<7 of size T, where each Y; takes values in R and

X, in R¥. The errors are defined as
€ =Yy — thﬁ

for any 1 <t < T for some parameter [ € R¥,

For notational simplicity, we arrange the data in matrix form as

Y1 X{ €1

272



A2 : No Perfect Collinearity
We assume that the k x k random matrix X’ X is nonsingular with probability 1. Note that
this is equivalent to assuming that X has k linearly independent columns with probability

1, since X'X and X have the same null spaces in R”.

A3 : Exogeneity (Mean Independence)

We assume that the errors are mean independent of the data Xi,---, X7, that is,
Ele; | X1,---,X7]=0
for 1 <4 <T. This, in particular, implies that E[e; X;] =0 for any 1 <4,5 <T.
A4 : Normal and Spherical Errors
Given the data Xq,---, Xy, the errors are spherical and normally distributed, that is,
€| X1, X NN[O,O’Z-IT}

for 1 <i < T, where 02 > 0 is our error variance parameter.

One final assumption we make is that the distribution of X does not depend on the parametrs
B and o2. Given these assumptions, we can see that the conditional distribution of ¥ = X3 +e€

given X is normal with mean X/ and variance o2 - I7:
Y| XNN[XB, 02-IT] :
The joint likelihood of the data (Y, X) is therefore given as

fY,X(y?x | B,UQ) :fY|X(y | 'IaBaO-Q)'fX(x)

(] )5exp<2;<yw>’<yxm)-fx(x).

2mo?

It follows from the Neyman factorization theorem that the quantities Y'Y, X’X and X'Y are
sufficient statistics for the parameters 3,0%. Thus, any sample information about these param-
eters are contained in these three quantities; we will see soon that the estimators of 3,02 we

consider are functions of these sufficient statistics.
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5.1.2 MLEs of Model Parameters

The first order of business is to obtain estimators of 5 and 2. The log-likelihood function is

given in this case as

1(8,0% Y, X) = —g (log(27) +1log(o?) ) - %(Y — XB)(Y — XB) +log fx (X).

Therefore, the MLEs 3 and 62 satisfy the first order conditions

alp,62 Y, X) 1

33 EX’(Y—XB) =0

B, X),6* |V, X)  T1 1 3 3
o2 262 2(62)?

The MLEs are given as:
B=X'X)"'X"Y

§?= L (Y = XBY(Y -~ X).

SSR

The MLE of 3 is simply its ordinary least squares (OLS) estimator, while the MLE of o is the

average SSR, or sum of squared residuals.

5.1.3 Matrices, Residual Makers and FWL

Before talking of the finite sample distributions of the MLEs, we first define some useful matrices
and where they appear in the model. The projection matrix Px and residual maker Mx of X

are defined as the following 7' x T' random matrices:
Px =X(X'X)"'X', My =Iy—Px.

Some simple computation shows us that Px, Mx are symmetric and idempotent, that is, P)% =
Px and M)Q( = Mx. Furthermore,

Px - X=X, Mx-X=0pxr.
The fitted values ¥ of Y, defined as V=X B , can be written as

YV =X(X'X)"'X'Y =Px Y.
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Likewise, the residuals e=Y — X B can be written as
E=Y - X(X'X)'X'Y = (Ip — Px)Y = Mx -Y.
Since Y = X 5+ ¢, the residuals are equivalently given as
E=Mx(Xp+e)=Mx-e.

Now we can express MLE 62 of o2 as

1 1
62 =_de=

T TGIMXG.

This is a quadratic form involving a symmetric idempotent matrix Mx and (conditionally)
normally distributed random vectors e. We study the distribution of these kinds of quadratic
forms below.

The projection and residual makers also have uses aside from allowing us to obtain a concise

representaitn of 2. One major example is given below:

Theorem 4.1 (Frisch-Waugh-Lovell Theorem)

Suppose the data matrix X can be partitioned as X = (X1,X3), where X is T x k;-dimensional for
i=1,2 and k1 + ko = k. Let 8 be partitioned similarly as 8 = (31, 35)’, where 3; is k;-dimensional
for ¢ =1,2. Then, the OLS estimator of 31, that is, the first k; elements of B, are given as

Br = (X MoXy) 'K MY,
where Ms is the residual maker corresponding to Xo defined as

My = I — X5 (X5X,) 71X,

Proof) We first study the properties of the residual maker M3 and the matrix product X; MyX.

By assumption, the matrix

XX X/ X

X' X 141 1482
(X’X XLX )

DRSS DEE

is almost surely nonsingular. It follows that X]X; and XXy are also almost surely
nonsingular, since X; and Xy have almost surely linearly indepenedent columns. This
allows us to see that My is well-defined. Furthermore, due to the nonsingularity of

X4X5, we have
0 det (X'X) = det(X}Xs) - det (X1 X1 — X1 Xa(XXz) "' )
= det(X5X2) - det (X] MaXy),
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almost surely, so that X]M>X; is almost surely nonsingular as well. As such, all the

expressions in the statement of the theorem are well-defined.

Moving onto the actual claim, note that, because (X’'X) B = X'Y, we have

XY\ (XX XX\ (B

XY X5X1 X5Xo ) \ B
_ (X X1)B1+ (X4 X2)Ba
(X5X1) 51+ (X4Xa) B2 )

This yields two equations

(X)X1) 1+ (X(Xo) By = X1 Y

(X5X1) 31 + (X5Xo) By = X5
Solving the second equation for Bg shows us that

B = (X5Xa) ™" {Xlzy - (Xéxl)gl} :
Substituting this for 5 in the first equation yields
(X1X1) B+ (X1 X2) (XpXo) ™" [KpY — (XpX1)B1| = X1,
so that
X4 [ — Xo(X5X0) 7' X5)| X1 - B = X) [Ir — X, (X5Xa) !X V.
Therefore,
B = (X|MoXq) X M,Y,

which is the result we desired.

Q.E.D.
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5.1.4 Finite Sample Distributions of MLEs

We can obtain the finite sample distributions of B and 62 without much effort. Starting with B ,
note that

so that

B=(X"X)'X'(XB+e) =+ (X'X)"'X'e,

BlX NN[ﬁ, aQ(X'X)—l}.

To obtain the finite sample distribution of 62, we require the following lemmas:

Lemma 4.2 (Eigenvalues of Idempotent Matrices)

Let A € R™*™ be an idempotent matrix, that is, a matrix such that A2 = A. Then, the eigenvalues

of A are equal to either 1 or 0 and if, in addition, A is symmetric, then the rank of A is equal

to its trace.

Proof) Suppose A is idempotent, and let A € C be an eigenvalue of A. By definition, there

exists a non-zero vector v € C" such that Av = Av. Pre-multiplying both sides by A

shows us that
M= Av = A%v = A(\w) = A(Av) = \2 0.
Therefore,
A2 = A@'0) = N2 (T'v) = N2|v]?,

and since |[v| > 0, we are left with the equation A = A?. The only complex values that

solve this equation are 0 or 1, so A =1 or 0.

Now suppose that A is also symmetric. Then, by the principal axis theorem A can be
orthogonally diagonalized as A = PDP’, where P is an n x n orthogonal matrix and D
is a diagonal matrix collecting the eigenvalues of A. The rank of A is then equal to the
rank of D, which is exactly the number of eigenvalues of A that are equal to 1, or the
trace of D. On the other hand,

tr(A) = tr(PDP") = tr(D- PP') = tr(D),

so that the trace of A is exactly the rank of A.

Q.E.D.
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Lemma 4.3 (Quadratic Forms with Normal Vectors and Idempotent Matrices)
Let Z be an n-dimensional standard normally distributed random vector, and A an n x n sym-

metric and idempotent matrix. Then,

Proof) Let tr(A) =k be the rank of A. By the principal axis theorem, A can be orthogonally
diagonalized as A= PDP’, where P is an n x n orthogonal matrix and D is a diagonal
matrix collecting the eigenvalues of A. Since A is idempotent, its eigenvalues are either
1 or 0, with the number of eigenvalues equal to 1 being the trace, or rank, of A. The
rank of A is assumed to be k, so letting the eigenvalues equal to 1 be arranged first in

D, we can see that

D ( Iy Okx(n—k) )
Otm—t)yxk  Omn—k)x(n—k)
Therefore, letting P € R™* collect the first k columns of P, we can write
A=PDP = PP
Note that, since the columns of P form an orthonormal set,
P'P=1I,.

It follows that the k-dimensional random vector Z = P’Z follows a k-dimensional stan-

dard normal distribution:
Z~P -N[0,I,]=N[0,1}].
As such,

Z'AZ =7'PP'Z =7'7 ~ x3.

Q.E.D.

Lemma 4.3 is crucial to the derivation of the finite sample distribution of 2. Recall that

T-6%=¢Mxe,
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where Mx is symmetric and idempotent, and
€

We can now write

and
tr(Mx) =T —tr(X(X'X)'X) =T —tr((X'X) ' X'X) =T — k.

As such, by lemma 4.3, we have

T-62

2
o2 | X ~ X7

5.1.5 Testing Linear Hypotheses for

Now that we have derived the finite sample distributions of B and 62, we are now interested in
forming test statistics using these estimators. For starters, we note that 3 and 62 are condition-
ally independent given X. More specifically, X’e and My -€ are conditionally independent given

X. This can be seen by noting that

X’ X/ X'X  Opun
‘ | X ~ 'N[O,O’Q-IT}:N 0,02 x
Mxe Mx Onxn  Mx

In other words, X’e and Mxe are jointly normal given X with conditional covariance 0, and as

such they are conditionally independent given X by the equivalence of independence and uncor-
relatedness for jointly normally distributed random variables. B is a linear function of X'e, while
&2 is basically the scaled norm of Myxe, so it follows that B and 62 are conditionally independent

given X.

We can now form test statistics. First consider testing the hypothesis Hy : RS = ¢ against
Hi : RS #r, where R € R¥*" has full rank r < k, and ¢ € R”. From the finite sample distributions

we obtained above,

RB—Rﬁ’XNN’[O, gQ.R(X/X)flR/}’
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so that

(RB-R8) [ RX'X)'R] " (RE—RB) | X |}

T-52

This statistic is conditionally independent of the chi-squared random variable =3

by definition the statistic

given X, so

2

L(RrA- Rﬁ)/ (02 R(X
1

ko2

'X)1R! (RB—RB)
T-6

N~

follows an F distribution with degrees of freedom equal to k and T — k, given X. Since this
distribution does not depend on X, F follows the same F distribution unconditionally as well.

To clean up the expression for F', we define the scaled sample error variance

Then,
1 (RB-RB) [0* R(X'X)"' R (R~ Rp)
F=-_.
k Ea

- % (RB - Rﬁ)' [52 : R(X’X)*R’} - (RB - Rﬁ)/ ~ For—g.
Thus, under the null Hy,
P (RA—q) [#-ROCX)R] T (RE—q) ~ Fur s,

and we can use this to find the appropriate critical values given the significance level a.

5.1.6 Equivalent Test Statistics for Zero Restrictions

When the null hypothesis tests whether a certain subset of §s jointly equal 0, we can derive a
familiar version of the F statistic in terms of the difference of restricted and unrestricted SSRs.
As in the statement of the FWL theorem, let the data matrix X be partitioned as X = (X, Xs),
where X; has dimension T x k; for i = 1,2, and let 8= (3], 5)" be partitioned conformably.
Consider the null hypothesis Hy : f2 = 0. This is a special case of the linear restrictions that

we considered above with R = (Og,xk,,Ik,) and ¢ = 0. The F statistic is then given as

where M) = I — X (X4 X1) 71X/ is the residual maker of the block X; and (X4M;Xs) ™! is the
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lower ko X ko block of the inverse matrix (X'X)~!.
Let 31 be the OLS estimator of 8 under the null Hy, that is, the OLS estimator of f3;
obtained by regressing Y on X; only. By definition,

fi = (X(X1) "X,
and the corresponding restricted SSR is given as
SSR, = (Y =X151) (Y =X151) = Y'MyY.
Since
Y =X181+XoB2 + e,
expanding the restricted SSR shows us that
SSR, = (X181 +Xof2 + €)' My (X181 +Xaf2 + )
= (X2f2 + €)' M (X +¢)
= B4XG M1 X0 8 + 285X, Mye + € Mie.
Using the formula for matrix inversion, we can see that
ree) (52 ()

_ _ —1 _ _ -1
_(X X) (X)Xq) ™+ (X)X1) 7K Xo (XEM1Xo) T XEX (X)Xy) ™! —(XIXq) TIX Xy (X5 M1 Xo) X
1 2 —1 _ —1
— (X5M1Xo) XX (X)Xy) ! (X5M1Xs) X5

= P+ PiXo(X5M1Xa) ™ X5 P — Py Xa (X5 M1 Xo) ™ X5 — Xo (X5 M1 X2) X5 Py +Xo (X5 M X2) ™1 X)
=P — P1X2(X12M1X2)_1X/2M1 +X2(X’2M1X2)_1X/2M1
=P+ M1X2(X/2M1X2)_1X12M1.

As such,

My = Iy — Py
= M, — M Xo(X5M Xo) 71X, My,

and it follows that the unrestricted SSR is
SSR=¢Mxe

= G/Mle — €/M1X2(X/2M1X2)71X/2M16.
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Using this in tandem with the fact that
By = o+ (XM Xp) "' Xh Mye,
we can see that
Bh (XLMXy) o = BoXh M1 Xo8s + 2/ My Xo By + € My Xo (XM Xo) ™1 X5 M€
=SSR, —SSR.

By implication, the F statistic can be written as

(SSR, — SSR)/k

F="ssrim—r

which is the alternative of the statistic taught in introductory econometrics courses.

5.1.7 Testing for Single Zero Restrictions

Another popular null hypothesis that we often test is the null Hy: 8; =0 for some 1 <i <k,
that is, the significance test for the ¢th independent variable. Note that

Bi—Bi| X ~N [0702 : (XQM—iXi)_l} ;

where X; is the collection of the T sample observations of the ith variable, and M_; is the

residual maker associated with the remaining regressors. Thus, the Z statistic

N

7, = Bi — Bi
Vo2 (KM X!
is conditionally standard normal given X, and is conditionally independent of V' = (T_UIE)'SQ given

X, which conditionally follows a chi squred distribution with T'— k degrees of freedom given X.

Therefore,

A

Z; Bi — Bi

b VT k) V52 (KM %)~

| X ~ t_p.

Since the distribution on the right hand side does not depend on X in any way, we can see that

the unconditional distribution of T is also given as

A

Bi — Bi

T, =
V% (M%)~

~tp_.
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We can use this t statistic to perform two-sided tests for the null Hy : 5; = 0 against the alternative

H,:5;#0.
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5.2 The Generalized Univariate Linear Regression Model

So far, we have studied the linear regression model under the traditional Gauss-Markov assump-
tions, which included the normality of the errors and homoskedasticity. These assumptions prove
to be overly restrictive in practice, which leads us to study the properties of the OLS estiamtors
of the model parameters even when these assumptions have been relaxed. It turns out that,
even without the normality or spherical error assumptions, and indeed the assumption of identi-
cally distributed sample observations, the MLEs of 5 and o2 continue to possess desirable large
sample properties. These properties are used to construct asymptotic test statistics, including

White’s famed heteroskedasticity-consistent covariance matrix estimator.

5.2.1 Model Assumptions

The assumptions of the model are now given in their more general forms below:

A1l : The Sample
There is a sample {(Y;, X¢) }1en, , where each Y} takes values in R and X; in R¥. The sample

observations are independent but not identically distributed. The errors are defined as
€@ =Y— Xéﬁ

for any t € N for some parameter 3 € R¥.

A2 : No Perfect Collinearity

We assume that the k£ x k random matrix
T
Y XX = <X1 XT)
t=1

is nonsingular for any 7' > k with probability 1.

A3 : Exogeneity (Uncorrelatedness)
We assume that the errors have mean 0, and that the tth error is uncorrelated with the tth
regressors, that is, E [, X;] = 0. This represents a weaker version of the mean independence

assumption from earlier.

A4 : Asymptotic Behavior of the Data
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There exist a k x k positive definite matrices () and X such that

1 1<
Y XX, 5, TE XX, DS
t=1 t=1

el

A5 : Boundedness of Moments
There exists a § > 0 such that

sup E|e X, [>T < +o0.
teNy

In addition, {X;};en, has finite fourth moments:

sup E|X;|* < +o00.
teN,

We comment on each of the new assumptions. For one, we relax the mean independence assump-
tion in the normal model earlier to the requirement that the errors and regressors are only un-
correlated. The assumption that the sample averages % ST X, X/ and %E;‘le €2X; X] converge
in probability to positive definite matrices is standard, and holds automatically by Khinchin’s
WLLN if the data are i.i.d., and the means E [X;X}] and E [¢? X; X[] are positive definite. In par-
ticular, if the data are i.i.d. and the errors are homoskedastic, that is, if E [¢? | X;] = E [¢}] = o2

for any t € N, then
E |1 X, X}| = o*E[X,X]]

and therefore %Z?:l €2 Xy X] converges in probability to 02Q.
The boundedness assumption is also standard in the literature. The first assumption can be

written alternatively as

sup E|e2 XX,
teN,

1+3
’ < 400,

which is exactly the version of the assumption that appears in White’s 1980 paper. In the special
case that the data are i.i.d., this implies that €7 X X; has finite moments of order slightly higher
than 2. The assumption that the regressors have finite fourth moments is also found often in the
literature; in the special case that the data is i.i.d. and the errors are homoskedastic in the sense
above, the assumptions E| X;|* < +00 and E [e} | X¢] = 04 < +0oc are sufficient for E|e; X;[* < 400,

since

Ele,X|' =E[E|¢f | Xi|-1Xi|*] = 04B|X[* < +o0.
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5.2.2 Asymptotic Properties of the OLS Estimator

Fortunately, under assumptions A1l to A5, the OLS estimator Br possesses desirable large sample

properties; less fortunately, it is unclear now what the estimator 6% is estimating, since we

dispensed with the homoskedastic environment that we worked with above. Recall that

. T -l 7 LT )
t=1 t=1 t=1 —1

This expression allows us to show that BT is consistent and asymptotically normal:

Theorem 4.4 (Asymptotic Properties of OLS Estimator)
Under assumptions Al to A5,

and

Proof) First, for consistency, note that
-1

T
1 _
<T§ :XtX;) 5ot
t=1

by assumption A4 and the continuous mapping theorem. On the other hand, {€;X;}ien,
is a sequence of independent k-dimensional random vectors with common mean 0 (as-
sumption A3) and bounded 2+ §-moments (assumption A5). By Chebyshev’s WLLN,
which holds for uncorrelated sequences of random variables with bounded second mo-

ments,

1 T
*ZetXt £> 0.
Tt:l

Therefore, we can see that

-1

T T
BTZB-F(lthXé) <1ZXt€t> 5B+Q'o=5
T Ti=

as T — oo.
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For asymptotic normality, we can write

-1

\/T{BT_B} = (;iXt)g) (\/1? zf:Xth> .

Note that {e;X;}ie N, is an independent sequence with common mean 0, and there-
fore a martingale difference sequence with respect to the filtration that it generates.
Furthermore, it is LP-bounded for p=2+46 > 2, and

T

1

TG X X[ 5%
t=1

by assumption, where ¥ is positive definite. Therefore, by the martingale difference

sequence CLT,

1 T
ﬁZXtEt i}N[O,Z] .
t=1

By Slutsky’s theorem, we can now see that

VT [Br—5] 4@ W0, =N [0.Q7'2Q .

Q.E.D.
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5.2.3 Heteroskedasticity Consistent Covariance Matrix Estimation

For statistical inference to be possible at all, we must be able to consistently estimate the
asymptotic variance Q7 'XQ~!. @ is by definition the probability limit of the average data
matrix, so our main concern will be X. By definition, this is the probability limit of the sample

average
1 d 2 /
7 > XX
t=1
Here, the only unknown is the error ¢;, so White, in his 1980 paper, suggests replacing ¢; with
the residual & 7 =Y; — X{BAT. White’s estimator for ¥ is given as
1 d ~ ! 1 d 15 \? /
= S ErXX{ =5 (vi— X;Br)” XX].
t=1 t=1

Under our assumptions, White’s estimator consistently estimates X::

Theorem 4.5 (Consistency of White Estimator)
Under assumptions Al to A5,

Proof) The proof is simple if we just expand S out as

~ /5 2 ,
Sy = - XtBT) X, X!

N
IIMH
=

~
—_

{Xé(ﬁ —Br)+ €t} ’ X X

i
N

I
el
M=

{(5 — Br) X: X[ (8~ BT)} XX

I
I\

I
S
[~

1

T
Z [ 8- pr) Xth} X X, + TZethX’
=1 t=1

11 111

Since term I1] goes to X in probability by assumption, we need only show that terms
I and I are op(1).

Focusing first on the term I, we start by searching for an upper bound to the trace
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norm of I:

T
=S [(8 By XeX{(3— )] XX

t=1

2
kE k 1

T -
33 |73 [(B=Br) X X{(8 = Br)| Xeg Xom

o fhowsf

k

) _ :
=35 |- Br) fzxtxtxmxtm (8= Br)

j=1m=1 t 1

1 T
7 > X X Xtj Xom
t=1

A . k. k
S’ﬁT—5’ >

j=1m=1

)

D

Z Xt]Xththtp

j=lm=1[l=1p=1

where we used the definition of the trace norm to justify the first and last equalities, and
the trace norm inequality |Az| < ||A]|-|z| for any matrix A and conformable vector x to
justify the inequality. For any fixed 1 < j,m,l,p < k, repeated applications of Holder’s

inequality show us that

1 T
D Xy Xim XuXp| <

7 Z]E\Xt]XthuXm
t=1

t 1

1 T 1 1 1 1
=3 (EX1") " (BIXuml*) " (BIXal") " (BIXG|")

t:l

Since
E| X" <EIX[*

for any 1 < j <k, this implies that

T

1

T E X Xem XuXup
=1

1 T
< =Y EX!
Tt:l

Finally, since the fourth moments of X are bounded,

Z thXththtp
t=1

< sup E|X:|* < 400

T

for any T' € N4. This tells us that

— ZthXthﬂti =0 (1) as T — oo
t 1

for any fixed 1 < j,m,l,p < k. Since the (finite) product and sum of O,(1) processes
is also O,(1), and Br—p= op(1) as T'— oo by the consistency of Br for B, we can
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conclude that

T
%Z[(B—BTYXt 18— Br)] x.X ]ﬁT 5] ZZZZ ZXt]Xthuti = 0,(1).
t=1 ~—— j=1m=1i=1p=1
op(1) o)

As such,

1< R R

T > [(/3 — br) X X{(6 - 5T)} Xi X[ =o0p(1) asT — oo.

t=1

Moving onto the term I1, we similarly start by bounding the trace norm of I7:

2

- FE 1 ,
HT Z [ 5 ﬁT Xtet} XtX = Z Z T [(,8 — 6T)/Xt€t:| thXtm
t=1 j=1m=1 t=1
k k R r 2
- Z (5_5T) ZXt]XthtEt]
j=1m=1 t 1
R s b k|1 T 2
< ﬁT - B . Z Z T ZthXthtEt
j=1m=1 t=1

IA
ey

~

|

o)
M?v
M?v
N
N -
NE
&
>
3
=
=

N 9 k k 1 T 1 T
<[pr-o 33 (33l (3350007
j=1m=1 t=1 t=1
R 9 1 T T
= |fr—> ‘(TZ\XthF) [Z Z ( Z thXtm)2>] )
=1 j=1m=1

where the first equality follows from the definition of the trace norm, the first inequality
follows from the Cauchy-Schwarz inequality for the dot product on Euclidean space,
the second inequality from the triangle inequality, and the last inequality from the

Cauchy-Schwarz inequality for finite sums. Note that
1 & 1 &
T > | X6 = tr (T Zeth)Q) L tr (%),
t=1 t=1

so that 1 ST 1 Xie|* = 0,(1) (since convergence in probability implies convergence in

distribution and sequences of random variables that converge in distribution are O,(1)).
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On the other hand, for any fixed 1 < j,m <k,

1 T T
E|= Y (X Xem)?| < Y E[Xy Xyl
Tt:l t=1
<1 S E|X, [ : E|X,,,|* :
<72 (BIXyl")" (ElXiml")

1 T
< = D EIX| < sup B[ < oo
Tt:l teEN

for any 7€ N4, so that %Z;{:l(thXtm)z = Op(1). This holds for any fixed 1 < j,m <k,

so we have
1 Z R 2 X 2 (1L ko k /1 T
T Z [(5 —BT),Xth] X Xi{|| < ‘BT - 5’ : <T Z |Xt€t|2> [Z Z (T Z(thXtm)2>]
t=1 —_— t=1 j=1m=1 t=1
—_—————

op(1
o Op(1) Op(1)

and therefore

T
> { (8- Br) tht] X1 X[ =o0,(1) asT — cc.
=1

N~

We have shown that terms I and I are both o,(1) as T'— oco. Therefore,

M)

T
Z X X[+ 0,(1) B 2.

This completes the proof.

Q.E.D.

Thus, a consistent estimator of the asymptotic variance Q' Q™! is given by the so-called

“sandwich” estimator:
-1

- 1 & 1 &
V==Y X X{ Z ErXeXi| | =D X X|
T t=1 T t=1

t 1

-1

This can be used to form tests for general non-linear null hypotheses.
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5.2.4 Testing for General Non-linear Hypotheses for

Consider a null hypothesis Hy : g(3) = ¢, where g: R¥ — R" is a continuously differentiable
function with derivative Dg(8) € R™*¥ of full rank r < k, and ¢ € R". Then, under the null Hy,
by the Delta method

VT |9(Br) =) = VT |9(Br) - 9(B)| > 2, ~ N[0, Dg(B)Q"'£Q ' Dy (8)'| .
By the continuity of the derivative Dg : R¥ — R™** and the continuous mapping theorem,
Dg(Br) * Dg(B),
so that
Dg(Br)VrDg(Br) & Dg(8)Q~'£Q ™" Dy(8),

where the limit is an 7 X r positive definite matrix. It follows that

Wi = T(g(Br) ~a)' [Dg(Br)VrDg(Br)] (aBr) —0)

d _ _ —1
4 2, (Dg(B)Q'SQ ' Dg(B) ) Zy ~
We can therefore use this asymptotic Wald statistic
-1

Wr = (g(Br) ) [Do(3r)- (V) Da(ry|  (o(3r) ~a)

to test for Hy : g(8) = q against Hy : g(B) # q.
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5.3 A Bayesian Approach to Univariate Normal Linear Regres-

sion

So far, we have discussed frequentist approaches, both under normality and under non-normality,
derived finite or large sampe properties of the OLS estimators of 3, and used these results to
formulate exact or asymptotic tests for hypotheses on 5. An alternate way to think of the model
is by taking a Bayesian approach. The advantages of the Bayesian approach over the frequentist
approach to a non-normal linear regression model is that we do not need to impose independence
or stationarity conditions on the sample observations in the Bayesian approach, while these are
required to derive large sample properties in the frequentist case!. The downside is that we do
need to specify the distribution of the errors, so that the model becomes fully parametric, as

opposed to the semi-parametric flavor of the generalized model.

5.3.1 Model Assumptions

We make the following assumptions, which may be better understood in this context as the

model specification.

A1l : Data Generating Process
Let there be a sample {(Y;, X¢)}1<t<7 of size T, where X; may include lagged values of Y;.
We do not impose any restriction on the dependence structure on the data, and instead

assume that the following distributional assumption holds:
Y | X(],B,O'Q NN[Xﬁa 02 In:| )

where X collects the elements of Xi,---, X7 that do not appear in Y. This type of DGP
includes the basline i.i.d. case with Xy = X, but also encompasses more general models
such as pth order autoregressive processes with Xo = (Yp,---,Y_,41) collecting the initial
values and Xy = (Yi—1,--,Yi—p) for 1 <t <T.

Furthermore, we assume that X is conditionally independent of the parameters /3,02,

which are now random variables and not assumed fixed.

A2 : Prior Specification

We let the prior distributions of 3 and o2 be given as

6 | 02 NN[b07B0]7

LOf course, to speak of Bayesian asymptotics, we do also need to assume these restrictions on the dependence
structure of the sample, but here we are only interested in finite sample Bayesian inference for now.
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where the prior hyperparameters by, By may or may not depend on o2, and

where ZG represents the inverse gamma distribution. By is a positive definite matrix given

o2,

We also assume that the usual regularity assumptions for Bayesian inference, such as those
introduced in the last chapter, hold true, so that we can use Bayes’ rule to obtain the posterior
density. Under the above DGP, the likelihood of Y, X given the parameters 3,02 becomes

frxo (Y, X0 | B,0%) = fyix, (Y | X0,8,0%) - fxo(Xo)

B (27302)

N

exp (—Q;(Y _XB(Y —Xﬁ)) - Fxo(Xo0).

5.3.2 Full Conditional Distributions of § and o?

In the process of computing the posteriors of # and o2, it is often useful to first obtain the full
conditional distributions of these parameters, namely, the conditional distribution of the param-
eters given all the data and the other parameter. Formally, the distributions 3| Y, Xo,0% and
02 |Y, X, 3 are the full conditional distributions of 8 and 2. These can be used in an iterative

process to sample from the posterior distribution of the parameters.

Full Conditional Distribution of

Using Bayes’ rule, we can obtain the kernel of the full conditional density of £ as follows:
W(ﬂ | Y7X0702) X fY,Xo(KXO ’ ﬁ’gz)p(ﬁ | 02)

ocexp(—#(Y—Xﬁ)’(Y—Xﬁ)) -exp(—;(ﬁ—bo)lBo_l (ﬁ—bo))

Likelihood Prior

x exp(—; [5’ (;X’X+Bgl) 8—28 (;X’Y—i—Bglbgﬂ )
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The last term ends up being proportional to the following expression:
(8 Y,Xo,0%) o(cxp(—; [ﬁ— (%X’X+BO’1)71 (%X’Y+Bglbo):|/ (U%X’X-‘-B;l) {ﬁ— (U%X/X+BO*1)71 (;X’Y+B01b0>:|>.
This is the kernel of a normal distribution with mean

b (Y, X,0%) = L xxip B L Xyt

1 ,NA,0 ) = 0_2 0 0_2 o Y0
and variance
1 —1
B (Y, X,0%) = <U2X’X+BO_1> ,

so it follows that

B1Y, X0, 0% ~ N [b1(Y, X,0%), B1(Y, X,0%)| .

Full Conditional Distribution of o2

Again, the kernel of the full conditional density of o2 can be obtained using Bayes’ rule as:
m(0? | Y, X0,8) « fr.x,(Y,Xo | B,6%)-p(8 | 0*)p(a? | B)
= fY,Xo(Y>X0 | 5702) 'p(aj)

() sl o) () o)

Likelihood Prior

N

I e T)]

o2

The right hand side is the kernel of an inverse gamma distribution, so

UQY’Xo,ﬂrvIg[TJrO‘O’ 50+(Y—X6)’(Y—Xﬁ)]'

2 2
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5.3.3 Sampling from the Posterior Distribution

In general, even though we can obtain a closed form expression for the full conditional distribu-
tion of B and o2, the posterior of 3 and o2, that is, the distributions 3 | Y, Xy and o2 | Y, Xo, are
unknown distributions. Therefore, to sample from 3,02 | Y, Xy, we must rely on Monte Carlo
Markov Chain (MCMC) methods.

One useful MCMC method that works in this case, and indeed in any case where the full con-
ditional distributions of the parameters are known, is Gibbs sampling. The algorithm proceeds

as follows:
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5.3.4 The Posterior Density for a Special Case

It turns out that for the prior
Blo*~N |:0,0'2B0} ,

where By is a positive definite matrix, the posterior density for 3 and o2 given Y, X, has an
analytical form as a multivariate ¢ distribution. Let p(3 | 0?) and p(c?) represent the prior den-

sities of B and o2.

Bayes’ rule tells us that the posterior density of (3,02) given (Y, X) can be obtained as

7['(6,0'2 | Y7X0) X fY,XO(KXO ’ 670’2)19(6 | 02)p(02)
1\2 1 _k 1,
x (02) exp(—gﬂY—Xﬁ)’(Y—Xﬁ))-(02) exp(—%'2 B, 15)
Likelihood Prior for 3

1 040/24-1 50
() =)

2

Prior for o

T+k+ag

1 2
x | —
0-2

X exp (—%iz [Y/Y -0 (Y, X)'B1(Y, X)lbl(KX)D

+1

exp( =53 [f0-+ (3= (¥ X)) Bu(¥, X) 7 (- (V. X))

T+k+ag
erl

~(2) exp( = 503 [V X) 4 (8- b (VX)) Bi(V.X) T (B - (V. 0)] ),
where

Bi(Y,X)=(X'X+B;")™!
b (V,X)=(X'X+ By 1) ' X"Y,
1Y, X)=00+Y'Y —by (Y, X)'B1(Y,X) 'y (Y, X).

Posterior of

The posterior density of 5 given Y, Xy can now be obtained as

w31, X0) = [ T n(B.0% | Y, Xo)do?
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T+k+ag
L&)
o il
0o \o?
The integrand is the kernel of a inverse gamma distribution with parameters
(V. X)+(B=b1 (VX)) Bi(VX) T (B=b1 (VX)) o that
2 Y

+1

7T+ké+a° and

(01(Y, X) 4+ (B—b1(Y, X)) B1(Y,X) " (B— b (Y, X)))(T-Fk-i-ao)/?] -1

(B 1Y, Xop) x [ 2(T+k+a0)/2r((T+ k+ap)/2)

_Thog _k
2

o [31(Y.X) + (8= b (Y, X)) Bu(Y. X) T (B=ba (V. X)|

_ THaq _
2

k
2

-1
(3-nx) (B gy x) w—bl(Y,X))]

@

1+

T+ ag

This is the kernel of a k-dimensional multivariate t distribution with location vector by (Y, X),

5;5}:’055) B1(Y,X) and T + o degrees of freedom, so that

scale matrix

b (Y, X), (Sl(Y’X)Bl(Y,X)]

Y Xo~t
B1Y, X0~ tria, T o

The posterior mean of § given Y, Xy is surprisingly easy to find, since the full conditional

posterior mean of 3 does not depend on ¢? if the prior mean by is 0:
E[B]Y, Xo] =E[E[8]Y,Xo,0%] |V, Xo|

= (X'X +B;H) ' X'Y = b, (Y, X).

Posterior of o2

The posterior density of o2 given Y, X, can be found similarly to that of 3:

7o |V, Xo) = [ #(8,0%| Y. Xo)ds

(1 )T’“TOH ( 51(Y,X)>
X 0_2 exp 20_2

< [ exp (5o (3= b)Y BU(Y.X) (5 - bi(Y. X)) )do

-(2)

T+k+ag
f—%l

exp <—51(2YU’2X)> . (27r)g \/det(0231 (Y, X))
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T+ag
ERUES |

(00

202

()

where we use the formula for the normalizing constant of a multivariate normal distribution to

evaluate the integral. The rightmost term is the kernel of an inverse gamma distribution, so

T 51(Y, X
02|yszpvzg{ +ao Al )}.

2 2

The posterior mean of o2 given Y, Xy can now be obtained via the formula for the mean of

an inverse gamma random variable:

61(Y, X)
Elc?|Y,Xg| = —2 .
aied T+ao—2
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Chapter 6

Endogeneity and GMM

In the preceding model, we dealt with models in which the regressors were exogenous, that is,

uncorrelated with the errors. Heuristically, the assumption that the regressors are exogenous is

tantamount to equivalent to assuming that we can “keep all other things equal” when studying

the effect of a certain independent variable on the dependent variable. This, however, requires

that all relevant variables be included in the vector X; of the regressors, which is generally not

possible. There are a few reasons why we cannot control for all relevant variables in general:

Omitted Variables

It might not be possible to include some relevant variables that we want to control for in
X, for instance if these variables are unobservable. The classical example of a model with
omitted variables is a Mincer-type regression in which we want to investigate the effect of
eductation on income. In this case, it is important that we control for each individual’s

ability, but ability, being unobservable, cannot be included as a regressor in X;.

Measurement Errors

Some variables included in X; might be measured with error, which can also skew our
estimators of the partial effects in which we are interested. For instance, returning to the
example above, we might want to use IQ as a proxy for ability; but because 1QQ measures

individuals’ abilities with some error, we are still unable to fully control for ability.

Simultaneity

If the dependent variable and independent variable are determined simultaneously, then
we cannot properly estimate the effect of the latter on the former for a variety of reasons,
one of which is that changes in the dependent variable might also give rise to changes in
the independent variable (this is called a problem of reverse causality). The most famous
example of simultaneity in economics is the classical problem of estimating supply and

demand, which are determined simultaneously at market equilibrium.
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6.1 An Illustrative Example

To see what happens when the exogeneity assumption breaks down, consider an i.i.d. sample
{(YV},X;)}ren,, where ¢ =Y; — X is a mean zero error term for any ¢t € Ny and some fixed

parameter [ € RF. As before, let
1 & »
T ZXtXé = Q
t=1

for some positive definite k x k matrix (), so that % Zthl X X} is positive definite with probability
approaching 1 as T' — oo.
Suppose in this case that the exogeneity assumption E [e; X;] = 0 breaks down; specifically,

assume that
Ele:Xi] =7

for some v # 0. The OLS estimator in this case continues to be defined as
R T -1,
pr = (Z XtX;> (Z m) ,
t=1 t=1
and using the fact that Y; = X[8+¢ for any ¢ € Ny, it can be expanded as
R 1z -1 1 Z
/BT:ﬂ+ *ZXtXé 72Xt€t .
T T
t=1 t=1
By the continuous mapping theorem,
-1

1 & _
(7o) sa
t=1

and by Khinchin’s WLLN,

1T
T ZXtet £> E [QXt] =7.
t=1
Therefore, we can see that
br—p55Q ",

where Q! # 0 because 7 is non-zero. This means that the OLS estimator converges to a vector
other than the true parameter 3, or in other words, that the OLS estimator is inconsistent, or
asymptotically biased, for 5.

Investigating the asymptotic bias Q~!v in more depth, note that it can be written as

E [Xth] -1 E [Xtﬁt] .
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If we assume that X; has mean 0, the asymptotic bias becomes
Var [Xt]il Cov [Xt, Et] .

Heuristically, when X; is correlated with ¢;, then we cannot “keep ¢; fixed” when studying
changes in X3, so that the OLS estimator BT ends up capturing not only the direct effect of X;
on Y, but also the indirect effect that X; has on Y; through changes in €. It is this indirect
effect that is reflected in the asymptotic bias term above.

So given that the regressors are endogenous, that is, that they violate the exogeneity as-
sumption, how should we estimate 37 By far the most popular way of dealing with endogeneity
is to use intrumental variables, that is, variables Z; that are uncorrelated with the error term e¢;
but related to the original regressors X;. The intuition for using instrumental variables is that,
since the variables in Z; are chosen to be uncorrelated with €;, we might be able to capture at
least part of the direct effect of X; on Y; if we investigate the effect that X; has on Y; through
Zy. In other words, if we restrict our attention to changes in Y; in response to changes in X; that
also shift Z;, then the fact that Z; is uncorrelated with e; might allow us to isolate the changes
in Y; that X is directly responsible for, while keeping ¢; fixed.

Below, we formalize this intuition by presenting an efficient GMM estimator of 5 using the
instruments Z;. We study its basic asymptotic properties, and then conclude the chapter by
presenting a couple of specification tests that we can perform to help us decide whether we are

using the right instruments or whether to use OLS or GMM.

6.2 GMM Estimation of

We present here the instrumental variable approach to linear regression, which is the most pop-

ular means of overcoming the endogeneity problem.

6.2.1 Model Assumptions

We make the following assumptions:

A1l : The Sample
There is a sample {(Y;t,Xt,Zt)}ter where each Y; takes values in R, X; in R*, and Z; in
R, The sample observations are independent but not identically distributed. The errors

are defined as
¢=Y,— X,

for any t € N for some parameter 3 € R¥. We assume that the errors have mean 0.
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A2

A3

A4

A5

: No Perfect Collinearity
We assume that there exist a k x k positive definite matrix (), and an L x L positive
definite matrix @),, such that

1< 1
ZXtXtI £> mea fzztzé E) sz-
t=1 t=1

M|

By implication, %ZthlXtXé and %Zle 7,7 are positive definite with probability ap-
proaching 1 as T'— oo.

: Exogeneity of Instruments

We assume the instruments Z; are uncorrelated with the errors, that is,
E [EtZt] =0

for any ¢t € N;.

: Relevance of Instruments

We assume that there exists an L X k matrix @, of full rank k£ such that
1T
7 Z; Zi X5 Q.
t=

This implies that £ < L and that %Z;{:l 7 X} has full rank k with probability approaching

lasT — oo.

: Boundedness of Moments
There exists a 6 > 0 such that

sup Ele Z* T < +o0.
teNy

In addition, {X;}ien, and {Z;}ien, have finite fourth moments:

sup E|X|* < 400, sup E|Z|* < 0.
teN, teN,
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A GMM estimator of 3 is an estimator of $ based on the moment condition
E [EtZt] =K [Zt(Yt - thﬁ)] =0.

We can then think of a sequence of weighting matrices that yields the smallest asympotic vari-
ance; the GMM estiamtor of 8 under this optimal sequence of weighting matrices is called the
efficient GMM estimator. As before, all statements below hold with probabiltiy approaching 1
as T — oo.

6.2.2 Setting up the GMM Problem

Here we set up the GMM objective function under an appropriately defined sequence of weight-

ing matrices.

Let © = RF be the parameter space, and let the Borel subset E C RM*#+L be the data space.
We can then define the function ¢g: E x © — R’ as

9((y,2,2),8) = 2(y — 2'B)

for any (y,z,z) € E, so that the moment condition can be written as

Elg((Ye, X+, Z:), 8)] = 0.

The correpsonding sample moment condition is
1 x
T ZZt(Yt - Xéﬁ) =0.

t=1

This represents a system of L equations for & unknowns; since there are more equations than un-
knowns, there are potentially multiple solutions to the above system of equations, and we must
instead estimate § via the minimization of a quadratic form involving the sample moments. To

this end, we first consider an aribtrary sequence of weighting matrices.

Let {Wr}ren . be a sequence of L x L positive definite valued random matrices such that
Wr 5w,

where W is a positive definite L x L matrix.

We can now consider the sequence of real stochastic processes {{Q7(b)}pco }ren . such that

N

T ! T
QT(b): ;Zg((}/Vt)Xth)ab)‘| WT l;zg((naXtaZt)7ﬁ) .
t=1 t=1
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for any T'€ N and b € ©. The sequence of GMM estimators {BT}TG ~, of B is found by solving

the minimization problem

!
A 1 & 1 &
min - Qr(b) = | =Y Z(Yi— Xib)| Wr | %> Zi(Y: — Xb)
be® T s T Pt

for each T'€ N. Note how, unlike what we assumed to establish the asymptotic properties of
GMM estimators under general (possibly non-linear) moment conditions, the objective functions
here are formulated not as continuous functions of the data and parameters, but instead as ran-

dom functions defined on ©. This reflects the fact that the sequence {Wr}ren, of weighting

matrices may not directly depend on the data.

6.2.3 The Existence and Asymptotic Properties of GMM Estimators
As we saw above, the GMM estimator of 3 given a sample of size T under the weighting matrix
Wr is found as the solution to the following problem:

/

A 1 d / 1 d /
%éiél Qr(b) = lT;Zt(Yt_th)} Wr lT;Zt(Y;ﬁ—th)} :

Note that

6@ b 1 4 /, 1 d /
37;)( ) =-2. lTZZtXt] Wr [T;Zt(ﬁ_‘xtb)}

t=1
N /
9?Qr(b) 1 &, o, 1 &, o,
oy 2 i;tht Wr T;ZtXt :

Since % ST, Z,X! has rank k < L and Wy is positive definite valued,

1z ' 1z
—ZZth W —ZZtXt’
Tt:l Tt:l

is also positive semidefinite with full rank, that is, positive definite. Therefore, the objective
function is strictly convex, and since the parameter space © is also open, any estimator of g

that solves the first order condition
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will be the unique minimizer of the objective function and therefore the desired GMM estimator

of 5. Solving the above equation yields our estimator

N

1L ! 1 X ! 1z ! 1T
Br=||=>_ZX, | Wr| =Y ZiX| =S z.x) ) Wr [ 5> 27 ).
= Ti= TS =

Using the fact that Y; = X[8+ ¢, for any ¢t € N4, we can now expand BT in a manner similar

to what we did for the OLS estimator:
-1 1z / T
<TZZtX£> ( Z Xﬁ—l—et>
t=1 t=1

1z 1
=D Z X[ | Wr | =) ZiX{
T t=1 T t=1

/ T
( ZZtXt> WT(XL ) T) (;;ZPX;)

t=1

Br =

Tz ' 1z
=0+ — E Zth Wr| = E Zi€r | .
T T

The consistency and asymptotic normality of the GMM estimator for 5 now follows easily from

this expansion, as shown below:

Theorem 6.1 (Consistency and Asymptotic Normality of the GMM Estimator)
Suppose assumptions Al to A5 hold, and let {BT}TG N, be the sequence of GMM estimators

obtained under the sequence {Wr}ren, of weighting matrices. Then,
Br 5 8,
and
VT [fr =B8] S N0, V]
for the k x k positive definite matrix V' defined as

= (lexWsz) ! lea;WZWsz (lexWQz:v)_ !

Proof) From the expansion of Br established above, we can see that

-1

! T ! T
Br—pB= ( ZZtXt> W (;;tht) < tZthXt> Wrp G;Zm).

t=1

By assumption,

1 t
W 2w, fgztxg 5 Q.
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for some positive definite L x L matrix W and L x k matrix @),, of rank k. Therefore,
L. WQ., has full rank k, so that it is invertible. By the continuity of the matrix

inversion operation under the trace norm, we now have

-1
£> (QIZIWQZJC)il

!/

[EERC

t=1

from the continuous mapping theorem.

Similarly, since {Z€; }ten, is an independent (and thus pairwise uncorrelated) stochas-

tic process with common mean 0 and bounded second moments, by Chebyshev’s WLLN

1

T
T ZZtEt ﬂ) 0.

t=1

From the continuous mapping theorem again, we have
/3T -8 £> (Q/szsz)ilQIZIWO =0,

which establishes the desired consistency result.

For asymptotic normality, we rely on the expression

1 ’
1< ) 1 &
Nz x| wr [ ==Y Zie | .
T; t t T \/T; t€t

Since {Ze}ien, is a sequence of independent random variables with mean 0, it is au-

. 1T ! 1 T
\/T{BT_/B} = [(TZZQQ) Wr (TZZQQ)
t=1 t=1

tomatically a martingale difference sequence with respect to the filtration it generates.
In addition, {|Z;et|}ren, is L>T°-bounded, and

1 T
> gzz;5%
thl

for some L x L positive definite matrix 3 by assumption A5. Therefore, by the martin-

gale difference sequence CLT,

1 & d
— > Ziege— N[0, X].
\/T; tCt

Therefore, by Slutsky’s theorem,

VT [Br =8| % (QLaW Q=) ' QLW - N[0, 5]

=N10, (QLWQ.:) ' QWEWQ.. (QL,WQ.)
1%
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Q.E.D.

Note how we were able to establish the existence and consistency of the GMM estimator
of B for large enough T without having to the turn to the basic consistency theorem. This
was made possible because of the linear structure of the moment equation g. In particular,
note how we can establish consistency without even having to directly check that the universal
identification condition holds, and also under the assumption of a non-compact parameter space.
Which assumption is the key for identification?

To investigate this, we once again investigate the population moment condition, which is
taken as the probability limit of the sample analogue of our primitive moment conditions. Under

the exogeneity assumption for the instruments, we have L (primitive) moment conditions
E[th] =E [Zt(Y;g - Xéﬁ)] = OL><1.
The sample analogue of these conditions is

1

N

T
> Zi(Yi— X{B) = Opx1,
=1

and letting 5y be the true value of 5, the left hand side has probability limit

1 Z 1 &
S Z(Yi— X[B) ==Y Ze(X{(Bo— B) + &)
Tt:l Tt=1

1 & o, 1o P
= <TZZtXt> (Bo—B)+ 7 >_ Zeet = Qza(Bo—B).
=1 i=1

Here, because @) ,, has full rank k, the population moment conditions are exactly satisfied if and
only if 8 = By, meaning that the parameters in the model are identified. Thus, the relevance

condition guarantees that the parameters are appropriately identified.
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6.2.4 The Optimal Weighting Matrix

Now that we have established that, given our assumptions, any GMM estimator of 3 obtained
under a sequence of weighting matrices {Wr}recn, that converges in probability to some positive
definite matrix W is consistent and asymptotically normal. We want to use the most asymptoti-
cally efficient of these estimators; fortunately, it turns out that the most efficient GMM estimator
can be obtained under a simple asymptotic weighting matrix W, which also produces a simpler
expression for the asymptotic variance. We first present two lemmas which are of independent

interest.

Lemma 6.2 (Simultaneous Diagonalization of Positive Definite Matrices)

Let A, B € R**F be symmetric matrices such that A is positive definite and B is positive semidef-

kak

inite. Then, there exists a non-singular P & and a diagonal matrix D € R*¥** with non-

negative diagonal entries such that
A=PP and B=PDP.

In addition, P'P has the same set of eigenvalues as A, and the diagonal elements of D are

solutions to the eigenvalue equation

det(B—X-A)=0.

Proof) To see this, let A= A1D;A] be the orthogonal diagonalization of A (which exists by the
1

principal axis theorem). Defining D? as the diagonal matrix whose diagonal elements
1 1

11 1
are the square roots of the eigenvalues of A, D} 12/ = D; and D} is nonsingular because
1
A is positive definite. Defining C'= A1 D7{, it follows that A= CC".

Since C~'B(C’)~! is a positive semidefinite matrix, it has eigendecomposition
C7'B(C")™' = A2 DAY,

where A is an orthogonal matrix and D collects the eigenvalues of C~*B(C’)~!, which
are all non-negative valued by the positive semidefiniteness of C~'B(C’)~!. Defining

P = CAs, we can immediately see that
B = (CA2)D2(CAy) = PDy P,
and that

PP’ = CA N, C' = CC' = A,
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To establish the claims about the eigenvalues of P’ P, note that

1 1
PP= AIQC/CAQ = 12D12 AllAl Dy Ay = A/2D1A2.
~——
Iy,

As such, the characteristic polynomial of P'P is given by
Chp/p()\) = det(P'P— A Ik) = det(A,QDlAQ —A -Ik) = det(D1 X Ik),

where we used the fact that As is orthogonal to justify the last equality. Thus, P'P

shares the same eigenvalues as D and therefore A.

Finally, the final claim can be seen by first making the observation that the diagonal
elements of D are exactly equal to its eigenvalues. The characteristic polynomial of D

is given as
2 2
chp(A) = det(D = A+ I) = det(P~")"- det(PDP' — X- PP') = det (P~!) " det(B — AA),

so the eigenvalues of D are exactly the solutions to the equation det(B—\-A)=0.

Q.E.D.

Lemma 6.3 (Evaluating Positive Definiteness of Matrix Differences)

Let A, B € RF** be positive definite matrices. Then, the following are equivalent:
i) A— B is positive (semi)definite.
ii) B~!— A~! is positive (semi)definite.

iii) The solutions to the equation det(B — \-A) =0, which are all real positive valued, have

modulus less than (or equal to ) 1.

kak

Proof) By the preceding lemma, there exists a non-singular P € and a diagonal matrix

D € RF¥*¥ with non-negative diagonal entries such that
A=PP" and B=PDP.

Since B is positive definite, the diagonal elements of D are all positive; otherwise, B
has reduced rank, which contradicts is positive definiteness. We saw above that the
diagonal elements of D are the solutions to the equation det(B — \-A) = 0; thus, the
solutions to the equation det(B — A- A) =0 are all positive. Let Ay >--- > A\ > 0 be the

diagonal elements of D.
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The difference A — B can now be written as

1—X - 0
A-B=P(I,—-D)P' =P : : P
0 1—Xg
Therefore, for any non-zero a € R¥,
1—X - 0
o(A-B)a=d'P : : Pa> <1 — max )\7;> . |P’oz|2,
1<i<k
0 N

where P’'«v is non-zero because P’ is non-singular and « is non-zero. It follows that

A — B is positive (semi)definite if and only if

1>(2) 1H<1?<Xk)\i'

Similarly,

1 2
B 1-AHa> < min — — 1> : ‘P_la’ .
1<i<k \;

We can thus see that B~! — A~! is positive (semi)definite if and only if

1
in — > (>)1
i, 7 G

which is equivalent to the inequality

This establishes the claim.

Q.E.D.
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Theorem 6.4 (Choice of Optimal Weighting Matrix)
Suppose assumptions Al to A5 hold, and let {ﬁAT}TE N, be the sequence of GMM estimators

obtained under the sequence {Wr}ren, of weighting matrices. Assume in addition that
Wwr 5 st
Then, the asymptotic distribution of BT is given as
VT |Br =8| S N[0, QL' Q) ]

and the asymptotic variance (Q’,%71Q.,)~! is the most efficient asymptotic variance that can
be achieved by a GMM estimator.

Proof) That 7 is asymptotically normal with asymptotic variance equal to (Q., 2 1Q.,) !

follows immediately from the preceding theorem by substituting £~! in for W in the

expression

V= (QLWQ:) ' QLWIEWQ.u(QLWQz)

It remains to establish the asymptotic efficiency of BT- To this end, we choose any L x L

positive definite matrix W and show that

(LW Q) QL WEW Q0 (QL,W Qi) = QLY ' Qua) ™!

is positive semidefinite.

In light of the preceding lemma, we need only show that the matrix

A=Q.,Y Qs — (QWQ) QU WEWQ12) QLW Qi)

is positive semidefinite. Letting 3 = C'C’ be the Cholesky decomposition of the positive

definite matrix X, we can expand A as follows
A=QLy 27 = WQu(QLWEWQu) ' QLW | Qua
= QLu(C) 7 [ I = C'W Qe [(QLIWONCWQe)] ™' QLW C] €7 Qua
Denoting D = C'W (.., the above equation can be written as

A=QL(C) [I,—D(D'D) ™D €7 Qe

Mp

where Mp is a symmetric and idempotent matrix. Since the eigenvalues of Mp are

equal to 1 or 0, Mp is positive semidefinite, which indicates that A is also positive
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semidefinite.

Q.E.D.

In light of the above theorem,

T ! T -1 T ! T
AE 1 / -1 1 / 1 / -1 1
br = 724X 27 524X T2 LX | BT 5D 4v .
t=1 t=1 t=1 t=1

is called the efficient GMM estimator of 5, and its asymptotic distribution is

VT |BF = 8] BN [0, (QL271Q:0) Y.
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6.2.5 Feasible Efficient GMM

One problem with the above estimator is that we do not know . As such, for testing and

inference to be made feasible, we must use the feasible efficient GMM estimator

-1

(g ()] () 1)

where {2T}Te N, is a sequence of random L x L matrices that converge in probability to .
Since {iT}TG N, can be viewed as a sequence of weighting matrices under which the asymptotic
variance is efficient, {BgE }ren, can itself be viewed as a sequnece of efficient GMM estimators.

To construct a consistent estimator of 3, we take inspiration from White’s heteroskedasticity

robust covariance estimator and consider an estimator of the following form:

1T
=7 P A
t=1
where we define
gzz,t = (Yt - Xt/BT)2

for some consistent estimator B of 8. It turns out that this estimator is fortunately consistent

for 32, as we show below:

Theorem 6.5 (Consistency of Weighting Matrix Estimator)
Suppose assumptions Al to A5 hold, and let BT be a consistent estimator for 5. Then, the

sequence {fJT}TE N, of L x L random matrices defined as

A

T
Sr=— Z — X57)%*2:Z]

for any T' € N, converges in probability to X.

Proof) The proof is almost identical to the proof of the consistency of White’s covariance
estimator. Like in the proof of that result, we first use the fact that Y; = X[8+ ¢ to

decompose S as follows:

XT:( (8- P5r) +€t> 77,

’ﬂ \

(8= Br)/ X, X{(8 - Br)| 2.2

~~
Il
N

'ﬂ\'—‘
™=

T
Z [ B—Br) Xtét] Z1 7+ TZe?ZtZ’.

t=1

N \
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Once again, the proof will be complete if we can show that the first two terms are op(1)

as T — oo.

As before, we can expand the trace of the first term out as

T 2 L L T 2
1
HTZ{ﬁ Pr) X: X (8~ /BT] ZZ Z{B Br) X: X} (8 — 5T)} ZitZim
t=1 Jj=1m=1 t:l
N 4 L L 2
< ‘IBT_/B‘ Z ZXtXt ]tZ]m
j=1m=1
_ 4 L L k k 2
= ‘/BT _ﬁ‘ Z ZZ ( ZXltXptZ]tZ]m>
j=1m=1[=1p=1
Since
1z
= fZXltXpththm = ZE|XltXpththt|
t=1 TS
S 2\ 2 2\ 2
T;(MX”XM )7 (BIZjt Zo?)
Ly 41 a\1 nt: n%:
< TZ(E’XH’ ) (E‘Xpt‘ ) (E’th‘ ) (E’th’ )

—_

t=

NI
NI

<Sup E|Zt]4> < +oo,
teNL

< (sup E!th“)

t€N+
we can see that %Zthl X Xpt Zjt Zjm = Op(1) as T — oo. Since fr — B = 0p(1), this

implies that

T 2
H;Z {(5 — Br) X X{(6 - BT)} ZiZy|| =o0p(1) as T — oo.
t=1
Similarly,

1 I B 2 L LT i 2

f Z [(5 _BT),Xtet} ZtZt/ = Z Z f Z [(5 —ﬁT),Xtet} thth

t=1 j=1m=1|" t=1

~ s L L 2

< ‘5T—ﬁ‘ Z ZXtEt it Lmt

j=1m=1
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~ o L Lk 2
:‘6T_’B‘ ZZZ( ZXptﬁththt>.

j=lm=1p=1 =

Since

’ ZXptetZ]tht

ZE|Xpt€ththt|

<13 (Bl

t=1

< ( sup E|Z[*
teNy

1 1
3 3
< (sup E\Zt]4) (sup E\etXt]2> < 400,

teN4 teN,

[NIE
=

(B1Z01")* (E1Zoil*)

o=
ol

)|

we can see that %Zle Xpt€t Zjt Zme = Op(1) as T'— 00, so that, as above,

2

1< N

T > {(5 _ﬁT)/Xtet} ZiZy|| =op(1) as T — oo.

t=1
Therefore,
S ZethZt+op(1) 2y,
T=

Q.E.D.

The theorem above shows us that, to complete our derivation of a feasible efficient GMM
estimator, we need only procure a consistent estimator of 8 that does not depend on any un-
known quantities (this rules out using ﬁ}g to construct f)T). The next section concerns the most

popular such estimator, which is of independent interest on its own as well.
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6.2.6 The 2SLS Estimator

This is perhaps the most well-known estimator of 8 based on instrumental variables, and is
defined as

1
A2SLS
BT =

1z " B Tz " A
“Szx!) (23 2z “Szx!) (25 2z “N 7y ).

In other words, it is the GMM estimator of 8 obtained using a sequence of weighting matrices

ZZQ({)
T t=1

2SLS :
{Wiz%>}Ypen, given as
-1

1 T
”r2SLS _ } : /
S (T t=1 ZtZt)

There are two main ways we can motivate this choice of weighting matrices: one purely statis-

tical and the other more intuitive.

Motivation 1: Efficient GMM under Homoskedasticity

The 2SLS estimator is the efficient GMM estimator of $ under homoskedasticity. To see this,
suppose that the data is i.i.d. and

E |:6$ ’ Zt:| = 02
for any t € N4, so that

E[¢22] =E[E|¢}| 2] 2.2]) = *E 2.2
Qs

and
1 < ,
T QLI BE QL7 =0 Q.
t=1

This means that ¥ = 02 Q.., and as such, the GMM estimator obtained under the sequence of

weighting matries {W}}recn, given as

-1

1 T
Wi = (02 : Tng)
t=1

will be the asymptotically efficient GMM estimator 3%, since W % (0‘2sz)71 =¥~ It turns
out that this efficient GMM estimator is exactly the 2SLS estimator B%SLS :

T / T -1 T ! T

AE 1 / * 1 / 1 / * 1

Br = TE Zi X, | Wr TE Zy X, f§ Zy X, | Wr TE Zi Yy
=1 t=1 t=1

t=1
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1 —1

(1 a 1 & g B
ZZtX,;> (ZZ,QQ) (ZZ@)
Tt:l Tt:l Tt:l

1

1 & ' - 1 &
!
- |(rx2%) (7527) (7x27)

p2SLS

Motivation 2: Partialling Out the Endogeneity in X;

This is a more intuitive derivation of the 2SLS estimator. We already saw that the usual way of
regressing Y; on Xy to estimate [ does not work when X; is correlated with ¢;. But what if we
extract the part of X; that is unrelated to ¢; and regress Y; on that part? In this case, we would
be able to obtain a consistent estimator of 3, since we will be regressing Y; on a quantity that
is orthogonal to €;.

The question then becomes how to decompose X; into a part related to € and a part that is
orthogonal to the errors. This is where the instruments come in; by the way they are chosen, our
instruments Z; are exogenous and relevant, that is, they are orthogonal to the errors ¢; but are
correlated with the regressors X; of interest. As such, we can obtain the desired decomposition of
X; by decomposing it into the sum of its projection on the L? subspace spanned by the variables
in Z;, and the residual. The projection of X; on the subspace spanned by the Z;s will be a linear
function of the Z;s and thus orthogonal to €;. The residual will be contained in the orthogonal
complement of the subspace spanned by Z;, and therefore contain the part of X; that is related

to €.

The estimation scheme then becomes: first obtain the projection of X; on the subspace
spanned by Z;, and then regress Y; on this projection, which will be orthogonal to €; by design.
For a simple illustration of how this estimation may proceed, suppose (X;, Z;) are jointly normal
with mean 0, so that E[X; | Z;] = II'Z;, where IT € REXF, Then, defining v; = X; —II'Z;, we can
see that, by design,

]E[Ut | Zt] = E[Xt | Zt] —H/Zt = 0,
so that E[v;Z}]] = Okxr; v¢ and Z; are uncorrelated. This means that X; can be written as
Xt = H/Zt + Vt,

where Z; are the “regressors” orthogonal to the “errors” v;. This regression equation is called
the first stage regression equation.

Now we return to our original regression equation Y; = X|3 + ¢;. Here, the problem is that
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X, is correlated with €, so substitute in for X; the first stage regression equation:

V;=X{B+e
=ZJ-B+v,B+e€.
—_——

ut

This is the second stage regression equation. Here, since v} is orthogonal to Z; by design, and
€; is orthogonal to Z; by assumption, the above equation can be interpreted as a regression
equation with regressors I’ Z; and errors u;, which are uncorrelated with one another. Classical
linear regression theory then indicates that we can consistently estimate 3 by regressing Y; on
the projection II' Z;.

The usual facts from conditional distributions of jointly normally distributed random vari-

ables suggests that
' =E[X,2}] (E[Z:2]]) " = QL.Q="

The sample analogue of this would be

-1

1 E 1 E
= =N x,72 | =N 2,7
i=(ron) (724)

which is just the OLS estimator of II' from the first stage regression. Afterward, our estimator
of 5 would be obtained by regressing Y; on fI’TZt, that is, as the OLS estimator from the second
stage regression:
. M T 1 T
b= |t (Y2 | i (32 )

L t=1 t=1

1 1

ZZJ}).
thl

This is simply the 2SLS estimator of 5, and we have just illustrated where the estimator earned

(1T "1 N T AR B
(=S zx) (=S 22z “Nzx! “Nzx! | (25 2z

its name; it is the estimator of 8 obtained by running a regression in two stages. The remarkable
thing then is that, even though the above estimator was motivated under restrictive i.i.d. and

normality assumptions, it is consistent and asymptotically normal even in more general settings.
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The Bottom Line

Since the 2SLS estimator is a special case of the GMM estimator with weighting matrices given

by {W%SLS }ren, , it is consistent and asymptotically normal with asymptotic variance

(QLQ: Qz) !

Under i.i.d. data and homoskedasticity, this is the asymptotically efficient variance.

Under our more general assumptions, the asymptotically efficient variance is

(Q;:CE_IQZ:E)_la

and we can obtain a feasible efficient GMM estimator of 3 as

o) )

where one possible choice for the sequence of weighting matrices {flT}Te N, that converges in

‘1( S o5t (L5 m)

probability to X is
. 1 & .
Sr= > (Y- Xippr0)? 2,2,
t=1
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6.3 A Test for Instrument Exogeneity: The J Test

In choosing to use efficient GMM estimation over OLS estimation, we are making the huge
assumption that the regressors X; are endogeous. This is huge precsiely because the OLS esti-
mator of 8 has such good asymptotic properties when X; and ¢; are uncorrelated; it is consistent,
asymptotically normal, and is even asymptotically efficient among the class of linear estimators
of 5. What this means is that we must have a very strong justification for using an estimator of
[ other than the OLS estimator.

In the current setting, the justification for using efficient GMM over OLS comes from three
sources. First, OLS is inconsistent because X; is endogenous. On the other hand, our instru-
ments Z; are not only exogenous, or uncorrelated with €, but also relevant, or correlated with
X;. Therefore, whenever using efficient GMM, we must run three tests: we must test whether X,
truly is exogeous; we must test whether the instruments we have procured are truly exogenous;
and finally, we must test whether our instruments are sufficiently highly correlated with X;. In

the sections below we develop tests that deal with each type of problem in turn.
We first study test statistics designed to test Hy : E[e;Z;] = 0 against H; : E[e;Z;] # 0, that
is, to test whether our instruments satisfy the exogeneity requirement. To motivate our search

for an appropriate test statistic, suppose that Z; truly is exogenous, so that E[e;Z;] = 0. Then,

we would expect the sample analogue
1< 1
TZZtet = TZZt(Yt —X;p)
=1 t=1

to also be close to 0. Although we cannot observe § directly, because B;E is sufficiently close to

B if assumptions Al to A5 hold, we can expect
1 & R
=2 Zi(Yi = XiBr")
t=1

to be close to 0. Suppose k < L', so that the sample moment above does not exactly equal 0. In

this case, if E[Z;¢;] = 0, then some quadratic form involving & >/, Z,(Y; — X BEEY will be close

'Here is a catch at this point: if k = L, that is, if the model is just identified, then B; Big precisely the estimator
that solves the system of k equations

for b.
In this case,

1 L o 1 )
ArE = <T > th£> (T > Zth)
t=1 t=1

and B;E is called the IV estimator of 8. Thus, in this case we cannot construct a test statistic based on

%Zthl Z (Y —X{B;E ), since it will equal 0 every time instead of admitting a distribution when scaled ap-
propriately.
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to (but not equal to) 0. We can then test for instrument exogeneity by comparing this quadratic
form to a critical value chosen from an appropriate one-tailed distribution (chi-squared, F or

otherwise) and reject the null when the former is larger than the chosen critical value.

We now formally develop this intuition into a test for instrument exogeneity. Earlier, we
noted that the GMM objective function

o R o

t=1

converges in probability to
Q(b) = (6 - b>/Q,zxZ_le.t(6 - b)

as T'— oo pointwise for any b € ©. Therefore, it seems as if, under the proper scaling, the GMM
objective function might converge in distribution to a quadratic form with a chi-squared distri-

bution. This turns out to indeed be the case, as we show below:

Theorem 6.6 (Asymptotic Distribution of General J Stastistic)

Suppose assumptions Al to A5 hold, and let BﬁE be the feasible efficient GMM estimator of
[ obtained under the sequence of weighting matrices {i;l}Te N, computed using the 2SLS
estimator. Suppose L > k. Then,

d 2
— XL—k-

/ T
T-Qr(B [sz X|pF )] (T- %) [ZZA&@—XQB%E)
t=1

Proof) Consider the following expansion:

r. T / T
T Qn(B) = | 13- X0 >] o [zztm—xm%]

"ﬂ\

(Zth(ﬁ_BTEE)+Ztet)] —1 [XT:( )—i—Ztet)]

t=1

I
N
M=

I
—

t

~(vr -l (A e s (L) (vl o)

1 I " 1 T
+|—=) % Xl —=)) Zier|.
() 5 (Gr5 )
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The asymptotic distribution of this quantity can be obtained by observing that

(e ()] () ()

VT [ - 8| =

Thus,

(=) (5 ) o2 () (V7 )

= | —= Zt6t> 2; ( ZtX£>
\/thl T t=1

and similarly,

It follows that
o 1 T ’A 1 T
TQT( 5E) = (ZZt€t> E; <ZZt€t>
Ti= T4
T

RO D
Y =X
Defining
11X ,
Cr =32 T;ZtXt




and

My = I, — Cp(CHCr) 1O,

we can see that T'- Qr(BEF) assumes the familiar form

A 1 & a1 &
T-Qr(fEY = = Zie, | .2 M2 | —=Y Ziey |
T \/T; T T \/TZ
Letting %3 be the Cholesky factor of X,
Cr B C =230,

Mp B M:=I,—C(C'C) ' C' =1 -5 2Q.0(Q,,5 ' Qur) QLT 2

VTS

M is a symmetric and idempotent matrix with rank

1 T 1
£t <1ZZtet> 5 ET2N0, £ = N[0, Iz

1 1
tr(M) = L—tr (872 Qa0 (QL Y ' Qua) QLY 2 ) = L—k.
Therefore, by the continuous mapping theorem and lemma 4.3,
T-Qr(Bf") S LML~ ] 4,

where Z ~ N[0, 11].

Q.E.D.

The statistic defined as
Jr =T -Qr(Br)

is called Sargan’s J statistic, and it can be used to conduct an asymptotic chi-squared test of
the null Hy : E[Z;¢;] = 0 against the alternative H; : E[Z;e;] # 0; the intuition we presented in

the beginning of this section suggests that the J test has power against this alternative.
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6.4 The Hausman Specification Test

In this section we introduce a class of tests called Hausman specification tests. A Hausman test

can be used to test for whether the original regressors are endogenous.

6.4.1 Model Assumptions
The general setting is given as follows. Let there be a statistical model M for a parameter of
interest 3 € R¥. We want to test the null hypotheses

Hy : M is the true model v.s. Hjp:Mj is not the true model.

Suppose BT and fr are two estimators of 8 that satisfy the following assumptions:

Hausl : Consistency Assumptions

BT and S are consistent for 3 under Hy, but only fr is consistent for 8 under H;.

Haus2 : Joint Asymptotic Normality under the Null
Br and fBr are jointly asymptotically normal under Hy. Specifically, there exists a sequence

{ar}ren, of real numbers monotonically diverging to 400 such that

=] 4 el (¥ €
BT_/B C/ V2

ar

v

where V is a 2k x 2k positive definite matrix.

Haus3 : Efficiency Assumptions
We assume that BT is asymptotically efficient under Hy in the sense that, for any linear

combination
gr = B1Pr + Bafr
where B, Bs € RE*k such that By + By =1 ks ﬁT is more asymptotically efficient than §r.
Haus4 : Consistent Covariance Matrix Estimation
We assume that there exist estimators VLT and VZT of V7 and V5 such that VQ,T - VLT

has the same rank as Vo —Vj for any T' € N, and which are consistent under both Hy
and Hj.
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6.4.2 Hausman’s Result for Asymptotically Efficient Estimators

We now establish prelimiary results concerning the asymptotic behavior of the two estimators
BT and Sz under the null. The following is the key observation, namely that under the efficiency
assumption above, the asymptotic variance of B — BT is simply the difference Vo — V; of their
asymptotic variances. This lets us ignore the asymptotic covariance term and therefore shows

us that, asymptotically, BT is orthogonal to Br— BT-

Theorem 6.7 (Hasuman’s Result for Asymptotically Efficient Estimators)
Suppose assumptions Hausl to Haus3 are satisfied, so that Br is an asymptotically efficient

estimator of 5 in the sense of assumption Haus3. Then,
> 51 d
ar [ﬁT - BT} — N[0, Vo - V]

under the null hypothesis.

Proof) For any By, Bs € R¥** such that By + By = I, define the estimator
dr(B1,B2) = By Br+ B - Br.
By assumption Hausl, under Hy
4r(B1,B2) 5 By - B+ By B =,

so that ¢y (B, Bs) is a consistent estimator of 5 under the null hypothesis. Furthermore,

Br—8
Br—B

5 (B By)-N[0,V]
N

by the continuous mapping theorem,

ar [qr(B1, B2) — ] = (Bl 32) : (GT

[0, BiV1 B} + BaVa By + BoC' By 4 B1C By .
By assumption Haus3,
B1V1 B} + BoVo By + BoC'By + B1C By — V;
is positive semidefinite. Since By 4+ By = I, we have

Vi = (By + B2)Vi(B) + By) = BiV1 B} + BoVi By + BoVi By + B, Vi B
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and therefore
By(Va — Vl)Bé + By (C — Vl)/B1 + B (C— Vl)Bé

is positive semidefinite. In particular, let B; = (1 —«)I} and By = «- I}, for some a € R.
Then, B; + By = I}, so that

a2(Va =) +a(l —a)(C =) +a(l —a)(C - W)
=a?(Va=Vi—(C=Wi) = (C=W)) +a(C'+C—21A)
=a?(Va+ V1 —C'—C) +a(C'+C—2W)

is positive semidefinite.

Note that

Br—pr = (Ik _Ik) (B:T) ;
p
so that, by the continuous mapping theorem,
ar |Br—Br| SN0, Vi+V5—C'—C].
We want to show that
Di=V1+Vo—-C"—C, Dy=Vo—V,

are the same matrix, where D; is positive semidefinite because it is the asymptotic

variance of B — BT-

We just showed above that, for any o € R,
o?D1 +a(Dy— Dy)
is positive semidefinite. For any « € (0,1), it follows that
aDy+ (Dy—D;1) = (a—1)D1+ Dy
is positive semidefinite, and likewise,

*OéDl — (D2 *Dl) = (1 *a)Dl *DQ
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is positive semidefinite. Choose any non-zero vector v € R¥. For any a € (0,1),
v'((—=1)D1+Do)v = (a—1)-v'Dyv+v"Dov >0
and
V'(1—a)Dy — Do)v=(1—a)-v'"Dyv—v"Dyv >0,
so we have the chain of inequalities
(1—a)-v'Dyv <v'Dyv < (1 —a)v'Dyv,
and therefore (1 —a)v'Djv =1v'Dav, for any « € (0,1). Taking o — 0 yields the equality
v'Div =v'Dyv.

This holds for any non-zero v € R¥, so we have D; = Ds, as desired.

Q.E.D.

The result above actually implies that
2V =C'+C,

so that, if k=1, C' —V; =0. In particular, this implies that

Br— Br N Br—B1\ 4 Vo+Vi—2C C-W;
ar |- = ar | - = N | Oax1,
Br—B I Opxs Br— B c-W" Vi
=N

V-Vi 0
02><1a ( 20 ! ‘/1>

so that By — BT and BT are asymptotically independent if k= 1.

9

6.4.3 Pseudoinversion of Positive Semidefinite Matrices

Now we can construct the desired test statistic. To this end, we first define the pseudoinverse of
a positive definite matrix A € R¥** with non-zero rank r. By the principal axis theorem, such
a positive definite matrix A has eigendecomposition A = PDP’, where D is a diagonal matrix
collecting the eigenvalues of A, and P is an orthogonal matrix whose columns are mutually

orthogonal eigenvectors correspnding to the eigenvalues in D. Since A has rank r, D assumes
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the form

D O,x (k—r)
Ot—ryxr  Ok—r)x(k—r)

D:

I

where D is an r x r matrix collecting the positive eigenvalues of A. Likewise, let P € RF*7
collect the first r columns of P, which are orthonormal eigenvectors corresponding to the non-

zero eigenvalues in D, and as such satisfies P'P = I,.. Then, we can see that
A=PDP';

we refer to this as the reduced eigendecomposition of A.

We define the pseudoinverse of A as
Al =PDP

where D! exists because the diagonal entries of D are positive. AT is a k x k matrix with rank r;
when k =, so that A is positive definite, we can see that AT = A=, so that the pseudoinversion
operation can be seen as a sort of generalized inverse matrix for positive semidefinite matrices.

Despite the non-uniqueness of the eigendecomposition of A, its pseudoinverse is unique. To
see this, let Q € R¥*" be another matrix whose columns are r orthonormal eigenvectors of A

corresponding to the eigenvalues in D. Then,
A=QDQ,
and we want to show that AT = QD~1Q := B’. Since
AQ=QD, AP=PD
by the definition of eigenvectors, we have

AOD'G) = A(PD1P)) = I,
B At

and therefore

B=B(AB) = B(AB)(AA") = (BA)(BA) AT = AT,
—— —— N
I I, Iy, Iy,
This demonstrates that the pseudoinverse is unique; more formally, the pseudoinverse is invariant
to the choice of eigenbasis.
The next result motivates our definition of the pseudoinverse of reduced rank positive

semidefinite matrices.
Lemma 6.8 (Quadratic Forms with Pseudoinverses)
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Let A € R¥** be a positive semidefinite matrix with rank 0 < < k, and suppose Z ~ N[0, A].
Then,

7' ATZ ~ X2

Proof) Let A= PDP' be the reduced eigendecomposition of A, as defined above. Recall that
At is defined as At = PD1P’.

Suppose Z ~ N [Ogx1, A]. Then,
P2~ N [Orr, PPAP].
Here,
PAP = (P'PYD(P'P) = D,
so that
(P'Z) D™ (P'L) ~ x}.
Rewriting the left hand side, we can see that this result is equivalent to saying that

7' ATZ ~ 2

Q.E.D.

Therefore, defining the pseudoinverse of a positive semidefinite matrix in the above manner
allows us to continue to form chi squared random variables using normal random vectors with
reduced rank covariance matrices.

The pseudoinverse operation is also continuous on sets of positive semidefinite matrices with

constant rank, as we show below:

Lemma 6.9 (Continuity of Pseudoinversion for Matrices of Constant Rank)
Let S¥*¥ be the set of all positive semidefinite matrices with rank 0 < r < k, metrized under the

trace norm ||-||. Define the operation G, : S¥*k — §kxk ag
G.(A)=AT for any A e S¥*F,

Then, G, is a continuous function on S¥** with respect to the trace norm.

Proof) Choose some sequence {4y, }nen, C SF*F with limit A € S¥**. For any n € Ny, let 4, =
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P,D,P) be the eigendecomposition of A,, D,, the k x k upper block of D,, collecting
the first r eigenvalues of A,, and P, the k x r matrix that collects the first 7 columns
of P,. By definition,

Gr(A,)=Al =P,D;'P'.
Letting D collect the r positive eigenvalues of A, by the continuity of ordered eigenval-

ues of symmetric matrices, D,, — D and D,;! — D=1 as n — oo in the trace norm.

Furthermore, since HP”H = tr(]sflpn)% — /T, the elements of P, take values in a compact
set. Thus, the Bolzano-Weierstrass theorem tells us that any subsequence of {Pn}ne Ny
has a further convergent subsequence with limit P € R¥*". For the sake of notational
simplicity, assume without loss of generality that {]-:’n}ne N, itself converges to P. Then,
since lf’,’lpn = I, for any n € N, taking limits on both sides implies that

I, = lim PP, =P'P.

n—o0

This shows us that the columns of P collect r orthonormal vectors. In addition, since

for any n € Ny and A,, - A and D,, — D, taking n — co on both sides yields

AP = PD,

This shows us that the r columns of P are orthonormal eigenvectors corresponding to

the first r eigenvalues of A; therefore,

This indicates that

as n — oo. We have just shown that any subsequence of {G,(Ay)}nen, has a further
subsequence that converges to G, (A); by the selection principle for subsequences, this
implies that {G,(A,)}nen, itself converges to G(A). Therefore, G, is a continuous

function on SE*F,

Q.E.D.

The above lemma has an important corollary. Let {W7}ren, be a sequence of k x k positive

semidefinite valued random matrices with rank 0 < r < k converging in probability to a k x
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k positive semidefinite matrix W, also with rank r. Then, from what we showed above, the

continuous mapping theorem tells us that
Wi =G.(Wp) L G, (W) =w'

as T'— oo. This means that we can use the usual method to construct consistent estimators of
the pseudoinverse of a positive semidefinite matrix W, with the added caveat that the sequence

of random matrices converging to W in probability must all have the same rank as W.

6.4.4 Construction of Hausman Test Statistic

We can now define and derive the asymptotic distribution of the Hausman test statistic. The

test statistic is defined as
Hy = a% (BT - BT)/ [Vz,T - VLT}T (BT — BT) ;

which is the usual quadratic form found in many tests, for instance, in the Wald and J tests.

Below, we show that this test statistic has the desired chi squared asymptotic distribution.

Theorem 6.10 (Asymptotic Distribution of Hausman Test Statistic)
Suppose assumptions Hausl to Haus4 are satisfied, and let Vo — V; have rank 0 < r < k. Then,
under the null hypothesis,

Hy = a (BT — BT)/ [%T - VI,T]T (BT - BT) 4 X2

Proof) First, by assumption Haus4 and lemma 5.9 above, the continuity of the pseudoinverse
for matrices of rank r and the consistency of VZT — VLT for Vo — Vi imply that
. Lt ;

[V2,T - Vl,T} = (Vo=
Furthermore, theorem 5.8 tells us that

> 51 d

ar [Br = Br| S 2~ N0, Vo W].

Therefore, by Slutsky’s theorem,

Hy = af (BT - BT)/ [%T - VI,T}T (BT - QT) 4 7! (Vo —V)1Z.
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Finally, lemma 5.8 tells us that, because Z ~ N[0, Vo — V7],
Z (Vo —Vi)TZ ~ 2.

This completes the proof.

Q.E.D.

We can further show that the Hausman test is consistent under certain alternatives. Specifi-
cally, consider the alternative under which S % ~, where v # 3 and (B—~) (Va—=V)T(B—7) #0;
since (Vo —V1)! is a non-zero matrix, the set of all v that makes this matrix product equal to 0
is a measure 0 set under the Lebesgue measure.

In this case, because

Br—Br 5 B—~#0,
we have

‘aT [BT —BT} ’ 2 oo
Since

VQ,T - ‘71,T Lvy—n
even under Hq, it follows that

{VQ,T - %,T}T L (Ve -t
and therefore
(BT - BT)I [VQ,T - VLT]T (BT - BT) 5 (B—7)(Va=V)I(B—7) #0.
It follows that
Hy = a4 (BT - BT)/ [VQT - ‘71,7“}T (BT - BT) 2 oo

as T — oo, so that we reject with probability 1 under the given alternative. This shows us that

the Hausman test is consistent under certain alternatives.
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6.4.5 The Hausman Test for Testing Endogeneity

Now we want to test Hy: X; is exogenous against H; : X; is not exogenous. This can be achieved
using the Hausman test when we observe that the OLS estimator is consistent under Hy but
not under H7, while the feasible efficient GMM estimator BQEE of 3 is consistent regardless of
whether X, is exogenous.

For simplicity, we focus on the homoskedastic case, in which we impose the additional as-

sumptions to the base assumptions Al to Ab5:

A6 : Regularity Conditions for X,

Assume that

1

el

T
Z XtXt, £> Q:p:m
t=1

where ), is a positive definite k x k matrix. By implication, % Zthl X X] is nonsingular

with probability approaching 1 as T — oo.

A7 : Homoskedasticity
We assume that E [¢7 | Xy, Z;] = 02 for any ¢t € N... By implication, since E [(¢7 — 0%) X, X}]| =
Opxk and {(ef —0?)X X/ }1en, has bounded second moments, Chebyshev’s WLLN tells

us that
1 T
72 _(f —0*) X X] 5 Opxee
t=1
Therefore,
1< »
T Z EX X! 5 02 Qpe.
t=1
Likewise,

T
lzeg XtXf Xth £>0_2 Q:px lzw )
Tt:l ZtXt ZtZt sz sz

Under the homoskedasticity assumption, recall that the two stage least squares estimator
B%SLS defined as

. 1 Z ! 1 Z -1 1 X -t
t=1 t=1

t=1
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2

is asymptotically efficient. Meanwhile, the error variance o can be consistently estimated via

T
1 N
o7 = = > (Y= X B8P,
T Pt
under both the null and the alternative.

Let ﬁ%LS be the OLS estimator of 5 defined as

A 1< R 1 & R
BRLS = (TZXtXt/> (T ZXth> =p+ (T ZXtX£> (T ZXt€t> .
t=1 t=1 t=1 t=1
We now verify that B%LS and B%SLS satisfy the assumptions of the general Hausman test:

1. Consistency Assumptions
Under Hy, because E[X;e;] =0 for any t € N} and {Xy€;}ien, is an independent process
with bounded second moments, Chebyshev’'s WLLN tells us that

1 <& »
T ZXth —0
t=1
and therefore
B hgzlo=0

This shows us that 3%LS is consistent under Hy.

25LS
T

Meanwhile, we already showed above that B is consistent for § regardless of whether

X, is exogenous.

2. Joint Asymptotic Normality under the Null
Under Hy,

(437, %)
AOLS -
e
|iﬁ%SLS_ﬁi| 1 T 7\ (1 T N1 T / -t 1 T N\ (1 T A
Okxk (Tthlz‘Xf') (TZt:1Zth') (TZt:1ZtXt) (TZt:1ZtXf) (Tthlztzt>

Since

the stochastic process {e;(X/, Z})' }ien, is independent, has bounded fourth moments, and
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satisfies
- Z XtXf/ Xth £> 0_2 . Qxx {z:p
ZtX ZtZt sz sz

by assumption. The standard martingale difference sequence CLT tells us that

1 T Xy d 2 (@ {zm
— e — N[O , 0 )

By Slutsky’s theorem,
R0LS -1 /
ﬁ I82SLS 5 i} Qmm kak: ) XN O2k><17 02 Qx:c zx
6T - 5 Ok><k (szQ sz) sz;z Qz;t sz

Qrz i
Ot o (Q;; (QLQ7Qz0) ! )]

=N

3. Efficiency Assumption
For any By, By € RF*F such that By + By = I}, define

Gr = By - BZ*S + By - 33555,

Then, under Hy,
pEES —p
B%SLS _ 5

iN[Ole, 0'2"/(1},

ﬁ[@T - B = (Bl Bz) (ﬁ

where
Vy = B1Q,; B1 + Ba(QL, Q7. Q) ™' By + B1Q,, By + BaQ,) By
Note that
Vg — Q —(B1+B2)Q,, (Bl+Bg)
[(chz 'Q=) " - Q1] Bs.

Here, we can show that (Q’,Q;.'Q..) ' —Qy,} is positive semidefinite. In light of lemma
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5.3, we need only show that

is positive semidefinite. Note that this is the probability limit of

[z T T -l
Fxi- (L) (Yaz) (sax)
t=1 t=1 t=1 t=1
1 -
= 7 Xy (Ir = 2 (24 2r) ™ 2) Xr,
where
X z
XT = ) ZT - . )
X7 Z

this is a positive semidefinite-valued random matrix. It follows that
(Q;sz_lezz)_l - Qa_txl

is also positive semidefinite, and thus V, — Q.. is positive semidefinite, indicating that

B? LS i asymptotically more efficient than §r.

. Consistent Covariance Matrix Estimation

The estimators

and

1 —1

= ZZ,Q({)
T t=1

1 "I B
“Szx!) (25 2,2

are consistent estimators of the asymptotic variances

21—1 2 -1 —1
0 Wyys 0 - (Q/szzz sz)
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of B%)LS and B%SLS, under both Hy and H;. Furthermore,

1 1

- ZX,:X{)
T t=1

1

. . 5
Vor = Voo =067

) )

(1 4 g (1
ZZQ({) (ZZJ{) (ZZ,QQ)
Tt:l Tt:l Tt:l

is a positive semidefinite valued random matrix with rank equal to thatt of (Q, Q' Q..) "' —

-1
TT

It follows that the Hausman test statistic for testing Hy against H; is

Hy=T- (B%SLS _ 39L5>’ [Vz,T _ Vx,TP (B%SLS _ BgLS) 42,
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6.5 Heterogeneity and Local Average Treatment Effects

Here we study the somewhat related topic of estimating treatment effects in the presence of

heterogeneous effects.

6.5.1 A Model of Random Coefficients

Formally, we make the following assumptions. Note that we use here the subscripts ¢ because
the average treatment effect framework is almost exclusively used in the study of cross-sectional

data.

A1l : Heterogeneous Effects
Let {(Y3,Xi,8i,Z;)}ien, be an ii.d. sequence of random vectors with finite second mo-
ments, where X; and §; are k-dimensional random vectors, while Z; is an L-dimensional

random vector. We define the errors ¢; as
Y; = X[B; +ei,

so that our model becomes one of heterogeneous effects; the effect 3; of X; on the dependent
variable Y; is now dependent on the individual i. We assume that E[¢;] =0, and that f;
has mean 3 =E[3;].

For later reference, we denote by V,; the covariance between quantities a; and b;, and by
le the mean of a;; for example, V,, is the covariance of Z; and X;. We let uz, px be

non-zero in general; this accommodates the cases where Z; and X; include the constant 1.

A2 : No Perfect Collinearity

We assume that

where Q.. € RF*F and Q.. € REXL are positive definite. By implication, 37 ; X; X/ and
" 1 Z;Z! are positive definite with probability approaching 1 as n — cc.

A3-1 : Exogeneity of Regressors
This is the first of two versions of the exogeneity assumptions. Under this assumption,
the regressors X; are exogenous, so that E[e; X;] =0 for any ¢ € Ny. We also impose the

assumption that X; is independent of the individual effects j;.

A3-2 : Exogeneity of Instruments
Under this assumption, only the instruments Z; are exogenous, so that E[¢;Z;] = 0 for any

1 € N1. We actually impose the stronger assumption that Z; is a random assignment, so
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that Z; is independent of both ¢; and j;.

A4 : Control Function Specification
We assume that the regressors X; and the instruments Z; are related by the control function

equation
Xi=1LZ; + v,

where II; is a k x L valued random matrix, v; is an error term with mean 0, and Z;
is independent of both II; and v;. We also assume that II; has rank k almost everywhere

on the sample space, and denote IT = E[I;]. Finally, we assume that v; is independent of 3;.

The i.i.d. assumption allows us to use Khinchin’s WLLN, under which we can impose the WLLN
on i.i.d. sequences of random vectors that have finite first moments. Therefore, we have all the
convergence in probability results that we might need right at the outset.

It is also worth summarizing the dependence relations among the variables involved under
assumptions Al, A2, A3-2 and A4:

Z; is uncorrelated with ¢;,v;
Z; is independent of j;,1I;
v;  is uncorrelated with 5;

The instruments Z; are uncorrelated with both error terms, and independent of any random co-
efficients. These assumptions will be satisfied if Z; is random, for instance, if it randomly assigns
some treatment to individuals as in the draft lottery of Angrist (1990). The final assumption that
v; is uncorrelated with 3; simply means that the entirety of the (possible) interplay between X;
and (; is captured in the term II;. Thus, II; and 3; will be correlated if X; and (3; are correlated.

More formally, as we will show later, this assumption implies that
COV [Xi, Bz] = COV [MIZHZ‘, ﬂl} .

This elucidates why we require uyz # 0.

340



6.5.2 Average Treatment Effects under Exogenous Regressors

We first study the case where assumptions Al, A2, and A3-1 hold, that is, the case where
the original control variables X; are properly exogenous. This means that the ith individual’s
regressors X; are uncorrelated with his error ¢;, and also independent of his treatment effect ;.
This is a strong assumption that will be relaxed in the next section.

Consider the OLS estimator from regressing Y; on X;. What is this estimator estimating in

this case? To investigate this, note first that the estimator is given as

n -1 n
() o)
i=1 i=1

Using the fact that Y; = X/3; 4 €;, we can expand this estimator as

-1
N 1 ,
o= ()

By Khinchin’s WLLN,

S|

n , 1 n , _1 1 n

1 & p 1 P
— E XZX,: — Qmm — E Xiez' — 0.
nic o

To find the probability limit of the OLS estimator, it remains to evaluate the expected value
E[(X;X/)B;]. When the effects are homogeneous, we can pull 5 out from the expectation, and
use the above results to conclude that Bn consistently estimates this effect. In our present case,
the independence assumption between X; and S; helps us mimick this procedure. Specifically,

since X; and (3; are independent,
E[(X:X])B;)] =E[X:X{]-E[8i] = Quz - B,
and from Khinchin’s WLLN we have
1 n

i=1

Putting all this together shows us that

In other words, the OLS estimator consistently estimates the average individual effect 5 = E[f;].

This average value is called the average treatment effect (ATE).

341



6.5.3 Local Average Treatment Effects under Endogeneity

We now turn to the more interesting case where assumptions A1, A2, A3-2 and A4 hold. That
is, in this case the regressors X; are not necessarily uncorrelated with the error ¢;, nor are they
independent of the individual effects 5;. Thus, two of the three probability results above fail to

hold, and the OLS estimator from regressing Y; on X; is no longer consistent for the ATE.

In the presence of endogenous regressors, we turn to the usual GMM methods using instru-
mental variables. Putting aside the problem of asymptotic efficiency, let us consider the 2SLS
estimator for the regression of Y; on X; using Z; as the instruments. Recall that this estimator

is defined as

42SLS
Bn> =

(S) (Saa) " ()] (o) (o) (S

Using the fact that Y; = X/3; +¢;, we can expand this estimator as

n

-1 n l n -1
<iZZZX%/> (:LZZ1ZZ/> <iZ(Zle/)BZ>
i=1 i=1

i=1

T "1 A
(nZZiXZ() (nZZizg> <n226>
=1 =1 =1

Let us get the simple convergence results out of the way first:

A2SLS IR / IR o IR
B25LS — (nZZiXZf> (nZZ,»ZZ(> <nZZZ-X{>
=1 =1 =1

+

1 A AR
Nz x! N z.7! N7z x!

1 Zn /P, 1 P
— ZiZi — sz, — E Z,‘GZ' — 0.
n“ n“
=1 =1
Using the control function equation,
Xi=1LZ; + v,

we can see that the following relationships between the variables in the model:

1. Cross Product of X; and Z;
Premultiplying both sides by Z; yields

for any ¢ € N, ,s0 taking expectations on both sides yields

E(Z;X]| =E[(Z,Z))l]) +E [Zw]) =E (2,2 -E[IL,) = Q.- T
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where we used the fact that Z; is independent of both II; and v;. Therefore,

1< _

>N ZiXx] 5 Q.. 1.

n -

=1

Meanwhile, taking expectations on both sides of the control equation shows us that

px =E[I;- Z;]) = Upy,
where we used the fact that II; and Z; are independent. Thus,

Voo =Cov|Z;, X;| =E [ Z;X]] — pz - ix

= (sz - ﬂZNIZ) 1T
— ————
VZZ

2. Cross Product of Z;, X; and 0;
First define

C=E [, -11) (5 - 3)],
so that

E[I5,) = C+ 15,

Now premultiply by Z; and postmultiply by 3; to obtain
(Z: X)) Bi = (Z: ZDW B + Zivi ;.
taking expectations on both sides yields
E((ZiX;)8i] =E[2:Z]] -E[IL;5;] + E[Z] - E [vi3;]
= Q.. (C+1TB),

where we used the fact that E[v3;] = 0 since v; and (; are uncorrelated and the former
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has mean 0. By implication,

LS zx)a 5 Q.. [0+ ).

i=1

3. Cross Product of Y; and Z;
From the

Post-multiplying both sides of the control equation by 3; yields
Yi— e = X3 = ZI B + vi s,

(3

and taking expectations on both sides shows us that

py = [Z]I3] +E[v}8] = iy (C+1TB).
Therefore,

[z pry = fizly - (C‘+f[’[§) .
Similarly,
ZiY; = Z; X Bi + Zie,

and taking expectations on both sides shows us that

E[Z.Y)] =E[(ZX])B:] = Q.. (C+1IB).
It follows that

VVZg = Cov [ZZa}/;] —HZ Py = (sz _MZ:U',Z) : (é+ﬁ,3) .
(NI
VZZ

4. Cross Product of X; and §;
Finally, as promised earlier, we show that the correlation between X; and §; is fully cap-

tured in the correlation between II; and ;. Recall that

mx :H',U‘Z>
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and that
B X/ = o = iy (C+ PIG).

It follows that

Cov[X;, 8] = E[X!B:] — ix 3
= 1wy (C+ Pi'B) — iy - T’

= iy - C = Cov [/, 11;, 8] .

Putting these results together shows us that
2515 2y ([1Quedl) ' 11Qu. (C+11B) + (1IQu.T) ' 1-0
= ((Q..T1) ' TiQ.. (C+115).

If the effects II; and §; are independent, so that C' = 0, then the 2SLS estimator converges in
probability to the ATE 3.

The problem is that II; and (; are seldom independent; this is the case when, for instance,
self-selection occurs when assigning treatments. How can we interpret the probability limit of
B%SLS in this case? To this end, consider the case k = L. Then, the probability limit of BA,IlV (since
the number of instruments and the number of regressors are the same, the 2SLS estimator reduces

to the IV estimator in this case) can be written as
=) (19
= (Ve 1) [Vie (C 4 T0B)] = Vi Wy

In other words, the IV estimator is consistent for the covariance of Y; and Z; divided by the
covariance of Z; and X;. This can be interpreted as the average treatment effect for individuals
who affect the dependent variable through the instrument Z;; these individuals are often called
compliers, and this average treatment effect is called the local average treatment effect (LATE)

of the compliers.
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Chapter 7

Multivariate Linear Regression
Models

So far, we have studied linear regression models with a single dependent variable and (possibly)
multiple regressors. In many economic problems, especially structural models, we are interested
in the interplay between multiple endogenous variables, and in these cases we need to extend the
univariate regression framework to a multivariate one. In this chapter we briefly introduce and
study the properties of the simultaneous equations model, which is the most general framework
under which we multivariate regressions can be studied. Afterward, we introduce some methods
to estimate the model parameterrs, including maximum likelihood methods and multiple equa-
tion GMM.

7.1 Vectorization and Kronecker Product

The vectorization operator and the kronecker product appear very frequently in the theory of
multivariate linear regressions. Here we define these operations and present some of their most

useful properties.
Let A e C™*™ and B € CP*4. The Kronecker product AQ B of A and B is the mp X pq
matrix defined as

ApyB - Au,B

AQR)B =

AmB - AnnB

Clearly, the Kronecker product is not commutative. The following are additional properties of

the Kronecker product:
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Lemma 7.1 (Properties of the Kronecker Product)
Let Ac C™*" B e CP*9, C e C**! and D € C**". Then, the following hold true:

i) (AQB)QC=AQ(BRC)
i) fm=p,n=q k=sandl=r,
(A+B)QR(C+D)=AQRQC+BRC+ARD+BD
iii) If n=p and [ = s, then
(AR C)(BRD)=ABKR)CD
iv) If A and B are nonsingular square matrices, then
(AQRB) " =(A"'RB™
v) If A and B are square matrices, then

tr (AQ) B) = tr(4) tr(B)

vi) Let A be an m X m square matrix with eigenvalues A1,---, Ay, € C, and B a p X p square
matrix with eigenvalues p1,---, i, € C. Then, the eigenvalues of A B are collected in the

set

{ipg [1<i<m,1 <5 <p}.
vii) Let A be an m x m square matrix and B a p X p square matrix. Then,
\A@B\ = |AP|B|™.
Proof) i) This follows immediately by noting that

AyB - AnB
AQRQBIRYC=| + . [QKC

AmB - Ay,B

An(BQC) - Awn(BRO)

— : : =AQR)(BRCO).

A1 (BQRC) -+ Ann(BRO)
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ii) This follows immediately by noting that

(A1 +B1)(C+D) -+ (A1n+B1n)(C+D)
(A4+B)(X)(C+D) = : o :
(Aml +Bml)(C+D) (Amn+an)(O+D)

A1 C+ B C+AnD+BnnD -+ A1y, C+B1yC+ A1 D+ By D

Ap1C+BniC+Am1D+BypiD -+ AmnC+ BmnC+ Amn D+ Bmn D

=AQR)C+BRYC+AR)D+BE)D.

iii) This also follows immediately by noting that

AnC -+ ARC\ (BuD - ByD
AROBRD)=| = . T
A C -+ ApnC ) \BuD -+ By,D
(e AiBi)CD -+ (3L A1iBig)CD
(Cie1AmiBin)CD -+ (3oL AmiBig)CD
= ABQ)CD.

iv) Suppose A and B are nonsingular square matrices. Then, by the preceding result,

(A®B)(A71®Bil) = (Im®fp) = Imp?

so that the inverse of AQ) B exists and is given as

(AR B) " =(ATTQRB™.

v) Suppose A and B are again nonsingular square matrices. Then,

tr(A®B) = iAiitr(B) = tr(A)tr(B).
i=1

vi) Let the Schur decompositions of A and B be given as

A=PDP' and B=QAQ !,
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where P,() are unitary matrices, so that their inverses are their conjugate trans-
poses, and D, A are upper triangular matrices. Since the characteristic polynomial

of A and B are given by

cha(z)=|A—z-Lp|=|D—z-I,|= H(Dii—z)
i=1
p
chp(z)=|B—z-Ip|=|A—z-I)| = H(Aii—z).
i=1

Therefore, the diagonal entries of D and A are the eigenvalues of A and B.

We can now see that

AR B =( )

=(PRQ)(DPHRMQ™)

= (PRQADRQM PR
=(PRADRMNPRQ)

Therefore, the characteristic polynomial of A@ B is given as

PDP)Q(QAQY)

chagu(z) = |PRQDRMNPRQ) ™ — =Ly
=|DQN) 2L
m P
=T TL(Dar
i=1j=1
m P
=TT in; —=)
i=1j=1

The eigenvalues of A B are thus collected in the set

(i | 1<i<m,1<j <p}.

vii) In light of the above result, we can see that

_ (f{x ' (ﬁuj)m= AP| B

Q.E.D.
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The vectorization operator stacks the columns of a matrix to transform it into a vector.

Formally, for any A € C™*"  the vectorization of A is the mn-dimensional vector defined as

Ay
vec(A)=1| |,
An,
where Aq,---, A, € C™ are the columns of A. The vec operator has very useful properties, espe-

cially in conjunction with the Kronecker product.

Lemma 7.2 (Properties of the Vectorization Operator)
Let Ae C™*" B e CP*9, C € C**! and D € C**". Then, the following hold true:

i) If n=¢=1, we have
vec (AB') B®A
ii) If m =p and n = ¢, we have
vec(A) vec(B) =tr (A'B).
iii) If n=p and ¢ =k, we have
vec (ABC) = C'®A vec (

iv) Suppose the matrix product ABCD is well-defined. Then,

tr (ABCD) = vec (D')' (C' Q) A)vec(B).

Proof) i) If A, B are column vectors, then

AuBu -+ AuBp
vec (AB') = vec : :
ApiBur - ApiBpi
AnBn
Am1 By B A
= : = = B@A.
Alprl BplA
Amprl
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ii) If A and B are matrices sharing the same dimensions, then

vec (A)/VGC (B) = Z Z AijBij = Z Z A;@Bm =tr (AIB) .

i=1j=1 j=1li=1

iii) Suppose n=p and ¢ =k, so that the matrix product ABC is well-defined. Letting
By,---,Bg € CP be the columns of B, and {e1,---,e,} C R the standard basis of
RP,

It follows that

q
vec(ABC) = vec(AB;-¢€;C)
i=1

_ iz:(c’ei) RAB))
—(CR4) (lz;(ei@Bi))
=(C"Q)A) (ivec (Bie;)>
= (C/®A)VGZC(B) ,

where we used the preceding result on vectorization and one of the properties of

the Kronecker product.

iv) Suppose that the matrix product ABCD is well-defined. In this case, the previous
results tell us that

vee (D) (€' R) A)vee (B) = vec (D) vec (ABC) = tr(DABC) = tr(ABCD).

Q.E.D.
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7.2 Convergence Results with MDS Errors

Multivariate regressions appear often in time series analysis, which deals almost exclusively with
dependent processes. Here, we present some results pertaining to regressions involving dependent
processes, specifically regressions in which the dependent variables may be regressed on their
lagged values. In these regressions, it is customary to model the error terms as martingale differ-
ence sequences, which are a class of dependent processes that includes mean zero independent
processes'. We have actually used central limit theorems pertaining to martingale difference se-
quences to derive earlier results concerning regression models with independent samples. Below

we state some additional convergence results involving martingale difference sequences:

Theorem 7.3 (Convergence Results for MDS Errors)
For 1 <i<mn, let {X;}1cz be a k;-dimensional real stochastic process. Define K =Y "1* | k; and

the K x n matrix valued stochastic process {X;}icz as

X1t - Opxi
X, = ) .
Or,x1 - Xnt

for any t € Z. Let {€;}1cz be an n-dimensional real stochastic process, and F the filtration

generated by {(X¢41,€)}tez. We make the following assumptions:

i) MDS Errors
{€t}tez is an MDS with respect to F, so that {e; }:cz is F-adapted, integrable, and satisfies

]E[ft ’ ft—l] = Opx1

for any t € Z.

ii) Homoskedasticity
{€1}+ez is homoskedastic in the sense that there exists some positive definite n x n matrix
Y such that

E[eter | Fio1] =%

for any t € Z. Let the (i,)th element of ¥ be denoted by o;;.

iii) Asymptotic Behavior of Regressors

IFor a review of martingale difference sequence theory, consult chapter 5 of the probability theory text that
deals with WLLNs and CLTs for dependent processes.
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For any 1 <14,j < n, there exists a k; x k; matrix Q);; such that
1T
7 > XuXl B Qi
t=1
Defining

UllQll T Uanln

Ulenl tee Jannn

assume that Q¢ is a positive definite matrix.
iv) Boundedness of Moments
For any 1 <i<mn, {€}tcz and {X; }+cz have finite fourth moments:

supElef]* < 400, supE||X,||* < +oc.
tez tez

In addition, there exists some § > 0 such that, for any 1 <1i,j <mn,

, 1+6
EitﬁthithtH < +o0.

supE
teZ

Then, we have

T

1
ﬁ;XtEt &N[Ole, QQ] .

Proof) We can show that each of the three results hold through very similar processes. First, we
show that the stochastic processes involved are, under suitable normalizations, martin-
gale difference sequences with respect to the appropriate filtration. Then, we show that
they satisfy the conditions either of Andrews’ margingale WLLN? or the MDS CLT?3.

The desired result then follows immediately from an application of the relevant theorem.

2See theorem 5.7 of the probability theory text.
3See theorem 5.8 of the probability theory text.
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Outer Product of Error Terms

Choose any 1 <1,j <n. {€j€jt — 0ij }1ez is an MDS with respect to F. First, since each

€ is Fy-measurable by design, {€jrejs — 0y }tez is F-adapted. In addition,
2 4
supEleqejs|? < supEle,|' < +oo,
teZ teZ

so {€it€jt — 0ij ez is L2-bounded. The L2:-boundedness of {€;t€;1 — 0ij ez further im-
plies that it is uniformly integrable by the De la Valleé Poussin characterization of

uniform integrability. Finally, for any ¢ € Z,
Eleirejr —0ij | Fim1) = Eleieje | Fim1] — 03 =0

by the homoskedasticity assumption. This proves that {e;€;; —0ij}ez is a uniformly
integrable MDS with respect to F, and thus, by Andrews’ martingale WLLN,

1 I

T Z (€it€je — 0ij) 20,

t=1

or equivalently,

1 T
2 : P,

— eitejt — Uij-
t=1

This holds for any 1 <1%,5 <n, so we have

1 T
— E €€t £> .
T t=1

Outer Product of Cross Product of Error and Regressors

Note that

Xt
Xier =

Xntent

for any t € Z, so that the outer product (Xiet)(Xre)' is given as

2 / : !
EltXltXlt . eltﬁntXltXnt
/ . . .
(Xier) (Xeer)' =
X Xl : 2 X, X/
Ent€1tAntA g . EntAntAnt
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As such, we need only focus our attention on each block eitethitXJ’»t for any 1 <14,j5 <n.

Choose any 1 <1i,j <n. We will show that {(ej€;¢ —Uij)XitX](t}teZ is an MDS with
respect to the filtration F. This process is clearly F-adapted, since each X; and ¢; are

Fi-measurable by assumption. It is also L'*%-bounded, since

, 146
E’iteth’ithtH < 400

supE
teZ

by assumption, and {X;}icz has finite fourth moments. By the De la Valleé Poussin
characterization of uniform integrability, {(e;€jr — Jij)XitX;t}th is uniformly inte-

grable. Finally, for any ¢t € Z,
E [(Eit€jt — i) Xt Xy | Ft—l} =Eleireje — oij | Fio1] - Xi X}
= [Eeieje | Fi1] — 0i5) - Xit X = O xk; -

We have just shown that {(e;ej; —045) Xu X ]/‘t}teZ is a uniformly integrable MDS with
respect to F; by Andrews’ martingale WLLN,

T
> [(Gitﬁjt - O'ij)Xith/‘t} 5 O,k -
=1

Nl =

Since
1T
/1 P
Oij Y XuXj 5 03Qi
t=1
by assumption, we can see that
1T
/P
T > e Xt Xjy = 04 Qij-
t=1

This holds for any 1 <4,5 <n, so

Cross Product of Error and Regressors

Finally, we move onto the process {X;e;}icz. This is also a martingale difference se-

quence with respect to F: since X; and ¢; are Fy-measurable, it is clearly F-adapted.
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Furthermore, it is L2+29-bounded:

n 146
(Z G?th{th{t> ]

E|Xt€t|2+26 =
=1

1+0
L 146\ 57
< (Z ( ( 2 X0 zt) ) " > (Minkowski’s inequality)

=1

!
1tXltht

(5 (el ™))
= € . .
i=1

for any t € Z, where we used the fact that

N[

[ X Xy || = [br (Xar X3 Xt X))

()

[

= | Xul? = X/, Xy

for each 1 < i < n. Therefore,

teZ i=1

1\ 146
146\ 1+9
t < 400,

where the last inequality follows by assumption, which shows that the desired bound-

n
supE| X, |72 < (Z (

edness assumption holds.

For any t € Z,
E[Xier | Fio1] = Xi-Eler | Frq]
=X Ele | Fe—q]
= Xt Onx1 = Okx1.

This shows us that {X;e; }1ez is an L*T?-bounded martingale difference sequence with

respect to F. Finally, we established above that
T
Z Xtet Xtet —> QQ,

where Qg is positive definite by assumption. Thus, by the MDS CLT,

fZXtEt —>N[OK><1, QQ]
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Q.E.D.

Corollary to Theorem 7.3 Let {X;};cz be a k-dimensional real stochastic process. Let
{€1}+ez be an n-dimensional real stochastic process, and F the filtration generated by {(X;1+1,€) }tez-

We make the following assumptions:

i) MDS Errors
{€t}1ez is an MDS with respect to F, so that {e }+cz is F-adapted, integrable, and satisfies

Elet | Fim1] = Onxa

for any t € Z.

ii) Homoskedasticity
{€t}tez is homoskedastic in the sense that there exists some positive definite n x n matrix
> such that

E [Gteé ‘ ]:t,ﬂ =X

for any ¢t € Z. Let the (,7)th element of X be denoted by ;.

iii) Asymptotic Behavior of Regressors

There exists a positive definite k x k matrix ) such that

1 T
TZ&M&Q
t=1

iv) Boundedness of Moments

{€t}tez and { X, }ez have finite fourth moments:

supEle,|* < 400, supE|X,|* < +oc.
tez tez

In addition, there exists some § > 0 such that

1+6
supEHegQ@XtXt’ < +o00.

tEL
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Then, we have

T
% > vec (Xqe;) vee (X)) B % Qe

T
\}TZVGC (X1€p) iw\/’[Onkxl, E@Q} )
t=1

Proof) This is a special case of the setting in theorem 7.3 where X;; = X;; = X; for any
1<14,5 <n. Define

Xt - In ®Xt7
and K = nk. Then,
Xiere
X = = vec (Xteé)
Xient
and
(Xth)(Xtét)/ = vecC (Xtﬁé) vec (Xtéé), .
Furthermore,
o1Q - 01,Q
2= i |=3®e
Ule Uan

which is positive definite because ¥ and () are positive definite. Finally, since
IXel|* = tr (XeX3) = m- [ X

for any t € Z, we have
4 2 4
supE[[X, " = n?. (supE!th ) < +oo,
tez tez

and since, for any 1 <i,5<nand t € Z,

1+6

)

Elleese Xo X{||" " < E|lee; R XX
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we have

, 1+6 , 1+6
sup]E eitEthithtH = SupEHEth®XtXt < +o00.
teZ teZ
Therefore, by theorem 7.3,
1< ;1 &
T ZVGC (Xtﬁg) vec (Xtﬁg) = T Z(Xtét)(xtﬁt)/
t=1 t=1
— QQ = E®Q
and
3 Ly
— vec(Xie) = —=) Xie
\/> t=1 T t=1
gN[OKXhQQ} :N |:Onk><17 Z®Q] .
Q.E.D.
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7.3 Weak Instruments

Before we study multivariate regression models, we first take a detour to illustrate the power
of the asymptotic machinery developed above via the weak instruments problem. We say a
univariate or multivariate linear regression model suffers from the weak instrument problem if
the instruments are only weakly correlated with the original regressors; in other words, the weak
instrument problem arises when the relevance condition only barely holds.

The weak instrument problem can be formulated in terms of a control function approach.
Consider the single equation GMM model that we studied in the preceding chapter, with de-
pendent variable Y;, regressors X; and instruments Z;. There, we assumed that Y; is linearly
related to X; as

Yt = X1{18+€t)

where {€; }+¢7 is an independent process of exogenous shocks that may be correlated with X;. The
instruments Z; were assumed to satisfy the exogeneity condition, meaning that E[Z;e;] = Op«1,
and the relevance assumption, that is, %Zle Z; X| converges to a L x k matrix with rank k.
Under these assumptions, we showed that the efficient GMM estimator of 8 using the instruments
Z; are both consistent and asymptotically normal.

Below, we will specify the relationship between Z; and X; via a control function equation,

that is, we assume that they are llnearly related as
Xt =2 + uy,

where u; is mean zero and uncorrelated with Z;. This essentially means that we are imposing
the additional assumption that the conditional expectation of X; given Z; is linear in Z;. Under

this specification,
1 & 1 & 1 &
T}:ax;:<T§:aZQIF+T§:aub

and if we assume that %Zthl Z.Z] converges in probability to some positive definite L x L

matrix @,,, it follows under the usual regularity assumptions that

1 T
YNz, X[ 5 Q...
t=1

N

Therefore, the relevance condition is now equivalent to the k£ x L coefficient matrix Il having
rank k.

In this context, the weak instrument problem arises when II continues to have rank k, so
that the relevance condition is satisfied, but is almost short ranked, meaning that the miniimum
modulus of the eigenvalues of II is very close to 0. At first glance, this does not seem to be a
serious problem because, when all is said and done, II still has rank k, so that the asymptotic

results derived in the previous chapter continue to hold.
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The problem is that, if the asymptotic covariance Q..II' of the regressors and instruments is
nearly short ranked, then its sample analogue % Zthl Z; X} is likely to actually be short ranked in
finite samples since it is only full rank in the limit. This means that the efficient GMM estimator,
not to mention any sort of GMM estimator of 8 using Z; as an instrument, is undefined because
it involves taking the inverse of a reduced rank square matrix.

To illustrate the problem of weak instruments in a more formal manner, econometricians
usually turn to local-to-zero approximations. That is, they assume that the coefficient matrix II
converges to the zero matrix at some prespecified rate as T' goes to infinity. This framework mim-
ics the fact that the coefficient matrix is nearly short ranked by sending the minimum modulus
of the eigenvalues of II to 0 as T'— oo, and allows us to study what goes wrong when we use the
usual efficient GMM estimator of 8 even though % S°L | Z:X] is short ranked in finite samples.
It turns out that, under weak instruments, the efficient GMM estimator is not consistent for
the true parameter 3, but instead is spread out in the limit with § at its center. This means we
must search for different means of inference when our model suffers from the weak instrument

problem, two of which we introduce below.

7.3.1 The Problem with Weak Instruments

To illustrate what can happen when our instruments are weak, we use a local-to-zero approxi-
mation for the correlation between the instrument and the original regressors, that is, we assume
that it converges in probability to 0 at some pre-specified rate.

Specifically, consider the following univariate IV estimation framework, where the number

of instruments and regressors are the same:

A1l : Control Function Specification
Let the data be given as {Y;, Xy, Z; }1ez, where Y} is a real random variable, and X3, Z; are
k-dimensional random vectors. Suppose the measurement equation and control function

equation are given as
Vi = X, +€

Xt = HZt —f—ut,

kak

where 8 € RF¥! is some non-random vector and II € is a non-random matrix of full

rank.

A2 : Exogeneity of Instruments
Assume that {v; = (e, u}) }ez is backward-looking exogenous with respect to the in-

struments Z;, that is, {v;}tcz is an MDS with respect to the filtration F generated by
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A3

A4

{(Zi41, X4, Yy) ez In particular,
Elve | Zt, Zi-1,+] = O(r41)x1

for any t € Z, which is stronger than requiring v; to be simply contemporaneously uncorre-
lated with Z;. This stronger assumption is a consequence of the possibility of dependence

among the sample observations.

Note further that, becuase vy is a function of Y;, X; and Z;, the filtration G generated by
{(Z41,v¢) }tez is coarser than F, that is, Gy C F; for any t € Z. Therefore, {v; }1cz is also
an MDS with respect to G, so that the assumptions of theorem 7.3 are satisfied.

: Homoskedasticity
There exists a positive definite (k+1) x (k+ 1) matrix ¥ such that

o2 o
E [Utvé | Fio1] = ( € eu)

for any t € Z.

: Regularity Assumptions

We assume that there exists a positive definite matrix Q.. € R¥** such that

1 T
TZthg %Q...
t=1

Furthermore, we assume the following moment boundedness conditions hold:

supE|v[* < 400, supE|Z|* < o0,
teZ teZ
and there exists a 6 > 0 such that
1446
supIEvaé@ZtZ{ < +o0.

teZ

Finally, assume that Z?:l Z; X/ is non-singiular everywhere on the sample space for any

TeN,.
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A5 : Weak Instruments
Assume that T is O(T~'/2) as T — oo, that is, there exists some full rank matrix P € RF*¥
such that

This is our local-to-zero assumption.

Under assumptions Al to A4, we can immediately see, from the corollary to theorem 7.3, that

1 T
*thUt £> E,
thl

T

Z ¢ (Zywy) vec (Zyw;) 5 BR) Q-

1 T
ﬁZVeC (Ztv,lt) iN [Ok(k+1)><1> E®sz} .
t=1

Assumption A5 is our local-to-zero framework for weak instruments; the relevance condition is
nearly violated because, even though II has full rank, under any sample size the modulus of its
eigenvalues goes to 0 as T'— 0o, meaning that it is very close to a reduced-rank matrix under
large T'.

Consider the usual IV estimator

-1 T T -1

= 1TZX/ ! 2. | = ! Z. X! 1TZ
—T;tt f;tt—/8+f;tt T;tft

of B, which is well-defined for any 7" € N by our nonsingularity assumption. Under our usual

relevance assumption, BAQL would converge to the true parameter § at a speed of f’ with

VT (B:IFV — ) having an asymptotically normal distribution.

Now we consider what happens in the weak instruments case, where II is nearly short ranked.

From the control function equation
Xt = HZt + Ut ,

it follows that

tZT;thg ( Zzt >+ZutZ.
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Therefore,
1 &, 1, 1 & L,
ﬁ;)(tzt =P (T;tht> + ﬁ;utzt,
or in vectorized form,
T 1 T
T; c(Z1X [ ®< ZZt >1 vec (P) + ﬁZVec (Zyuy) .

Since

Zth
vec (Zyy) = (vec(ZTu’) )
t)»

we have

1 T

—=> "7 1 L€

ﬁZt_l ttt
4N

02 : sz Uéu ® sz) ] ‘

Ok(k+1)x15
(k) (Ueu®sz Eu@@zz

ﬁ ZtT:I vec (Zyuy)

By Slutsky’s theorem, it follows that

ﬁZL Zi€q 4 [( 0 ) ( 02:Q.,, Uéu@QZZ)] |
%ZthlVeC(ZtXé) (Ik®QZZ) s vec (P,) Ueu®sz Eu@@zz

Let Z be a k x k random matrix with distribution

vec(Z) ~N [(Ik®sz) -vec (P'), Eu®sz} )

Then, because the reverse vectorization procedure is continuous,

\ﬁZT: Xt—>Z

By the joint convergence in distribution result above, we can see that
% 1 & B 1 d 1 2
—-B=|—=)> ZX] — Y Zier | - Z7 xN|0,0 .
/BT /8 (ﬁ; t t> <\/th::l t t) |: szj|

Being the ratio of two normal distributions, with one not even centerd at zero, the asymptotic
distribution of B%V — (B is not a known distribution. A more serious problem, however, is that

6:}‘/ is no longer consistent for 5. Note that

(B =5) & Opsar,

5~
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since

1 T
TZZtEt £> kal-
t=1

In other words, BACIFV is not by istelf consistent for 8, but must be scaled by a factor ﬁ Thus,
the presence of weak instruments has the effect of “spreading out” the usual IV estimator of 5;
the newfound imprecision of the IV estimator means that it cannot be relied on for inference in

the usual manner.

7.3.2 Inference under Weak Instruments

The question then becomes: how do we perform tests in the presence of weak instruments? One
solution is the performing the Anderson-Rubin (AR) test. The AR test works because it does
not require us to invert any estimators of II, thus avoiding the problem that %Zthl 1 X] is
short ranked in finite samples when the instruments are weak. Another closely related method
makes use of Fieller’s method; it does not involve any form of matrix inversion at all.

To study these two methods of inference under weak instruments, we make assumptions
similar to the ones made above but without the local-to-zero assumption. Instead, as in the
previous chapter, we continue to assume that the probability limit of %Zthl Z; X/ has full rank,
except this time with the implicit understanding that it is nearly short ranked.

Formally, the model assumptions are as follows:

A1l : Control Function Specification
Let the data be given as {Y;, X, Z;}tez, where Y} is a real random variable, X; is a
k-dimensional random vector, and Z; is an L-dimensional random vector. Suppose the

measurement equation and control function equation are given as
Y = X{B+e€
Xt = HZt + Ut ,

RkXL

where 8 € RF*1 is some non-random vector and II € is a non-random matrix of rank

k. This immediately requires that k < L.

A2 : Exogeneity of Instruments
Assume that {v; = (e, u}) }ez is backward-looking exogenous with respect to the in-

struments Z;, that is, {v;}tez is an MDS with respect to the filtration F generated by
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{(Zi41, X4, Yy) ez In particular,
Elve | Zt, Zi-1,+] = O(r41)x1

for any t € Z, which is a stronger requirement than assuming Z; and v; are simply uncor-

related.

Note further that, becuase vy is a function of Y;, Xy and Z;, the filtration G generated by
{(Z31,v) hez is coarser than F, that is, G, C F; for any t € Z. Therefore, {v;}1cz is also
an MDS with respect to G, so that the assumptions of theorem 7.3 are satisfied.

A3 : Homoskedasticity
There exists a positive definite (k+1) x (k+1) matrix ¥ such that

ot ol
E [vev; | Fe1] = ( )

Ocu Du

for any t € Z.

A4 : Regularity Assumptions

We assume that there exists a positive definite matrix Q.. € R¥** such that
1< ’ P
7 N ZZ] 5 Q...
t=1
Furthermore, we assume the following moment boundedness conditions hold:

SupE|Ut\4 < 400, SupE|Zt]4 < 400,
teZ teZ

and there exists a § > 0 such that

supE"vtv£®ZtZ£ o < Fo00.

teZ

By the corollary to theorem 7.3, it follows immediately that

1

M|

T
thvé =)
t=1
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1T
T > vec (Zyw;) vec (Zyvp) 5 SR) Q-
t=1

T

1
T > vee (Zvp) 4N [OL(k—i—l)xla E®sz} -
t=1

By implication,
1 & »
T > Zvp = Oy (or1)-
t=1

From the control function equation
X =117 + uy,

we can see that
1 & 1 & 1<
T2 L] = (T > th;> W23 Zyuy 5 Q21T
t=1 t=1 t=1

Since Q.. has full rank and II has rank k& < L, it follows that Q.. := Q..II' also has rank
k. Therefore, the instruments Z; satsify the relevance condition in addition to the exogeneity
condition.

However, we are implicitly assuming that II is nearly short ranked, so that, under reasonable
sample sizes T, the random matrix % ST Z, X! might have rank less than k for a subset of the
sample space with positive measure. We want to make inferences about 8 even when this is the

case; below we outline two methods of doing so.

The Anderson-Rubin Method

We first discuss the Anderson-Rubin (AR) test for hypotheses concerning 5. Suppose we want
to test the null hypothesis Hy : 8 = 5y against the alternative Hy : 8 # [y. The usual efficient
GMM estimator for S might be undefined under reasonable sample sizes T" or possess undesirable
asymptotic properties, as we repeatedly noted above.

Anderson and Rubin suggest the following reformulation of the model. Consider the equations
Y= X{B+e
Xt = HZt + ug.

Subtracting X/fy from both sides of the first equation (the measurement equation for the de-
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pendent variable) yields
Yy — XiBo = X;(B — Bo) + €t
Now, substituting in the second equation (the first stage equation) for X; in this equation yields
Y — X Bo = Z; (B — Bo)] +uy (B — Bo) + et

Defining v = IT'(8 — ) € RE*1, suppose that v = Or 1. Then, because II' is an L x k matrix
with rank k, by the dimension theorem it has nullity 0, so that 5 = By. On the other hand, if
B = By, then it is clear that v = Opx1. In other words, instead of testing Hy : 8 = By against
Hy : B # By, we could test Hyg:v = Opx1 against Hy : v # Opx1.-

Because the OLS estimator of v can be obtained by regressing Y;* =Y; — X[y on Z;, where
Zy is exogenous for the error term uj (3 — 3y) + €, it follows that this estimator is consistent and
asymptotically normal. Thus, we will be able to conduct inference on v without ever having to
be concerned about the rank of %Z;ﬁzl X,

We can formalize the intuition of the AR test as follows:

Theorem 7.4 (Asymptotic Properties of AR Test Statistic)
Suppose assumptions Al to A4 hold. Consider testing Hy : 5 = [y against Hy : 8 # 5y. The AR

test statistic is defined as

5 (S0 2020) A

ART - ~9 )
UE,T
where
1< A
Ar =\ %> %7 =2 Zi(Yi = X{fo)
T 4~ T~
t=1 t=1
and
1T
o=y (Ye— XiBo— ZiAr)*
T4
Then, under the null, we have
d 2
ART — XL»

and under any alternative Hy : 8 = 1 # fo,

ARr B 4.

Proof) We proceed in two steps.
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Asymptotic Distribution of AR Test Statistic under H
Under Hy, 8= By and v =0, so that

Y- X{Bo=e

and

-1

R 1<, 1<
=) ()
Note that, by the corollary to theorem 7.3,
1 & q )
ﬁtz::lztﬁt —>N[0Lx1, o ‘sz] .

It follows from Slutsky’s theorem that
-1

T
\/T.fA}/T = ;ZZ,:Z;) (\}T;Ztet>

t=1

1

N [Orx1, 02-Q7}].

Again from theorem 7.3, we know that

1T
2:273 2

f €t—>UE.
t=1

Consider the estimator

. 1 & ~ )2
Ger =5 (Ye=Xifo— Zir)
t=1
of o2. Using the fact that
Vi~ X{B = e

yields the following expansion of 6’627T:

) 1 & )
UE,T = TZ(Q —Z£7T)2
t=1

1 & 1 & 1 &
= fZef — 247 (TZZM> + 47 (TZth) Ar.
t=1 t=1 t=1
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Since 47 - 0 follows from the asymptotic distribution of 47, we can easily see from

what we have established so far that

1 I
= TZG%—FOP(I) S0
t=1

Let Z be an L-dimensional random vector with distribution
Z~N [OLxlyaz'sz] .
Then, it follows from Slutsky’s theorem that

A (X1 220) A
021

ARr =

Consistency of the AR Test
Consider the alternative H; : = 31 # By. Then, because

— X180 = X{(B1—Bo) + e = Z; (IU'(B1 — Bo)) +uy (B1 — Bo) + e,

we have
1 Z -1 1 z
AT = (T ZZth) (T > " Z [Z] (I (B1— Bo)) +uy (B — Bo) +6t}>
t—1 =1
1 T -1 1 Z
=1I' (81— Bo) + <TZZtZ£> (TZZt [ug (81— Bo) +€t}> -
=1 =1

By theorem 7.3,
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so it follows that

T
*Z [} (81— Bo) + €] = Opa.

’ﬂ

Therefore,
PAYT g H/ (61 _/60) P

where II' (81 — By) # Opx1 because otherwise 81 = By, a contradiction. Define v :=
1T (81 — o).

Now note that

X 1 & .
6l = T > (Vi — X180 — ZAr)?
t=1
1

Z Z{(m —Ar) +uy (B — 50)"‘575]2
T

L T
=(m—A4r) (TZZtZ£> (v1—471)

+2- (11— ( ZZt uy(B1 — ﬁo)—i-et})
t=1
T

+ 3 (uh (B — Bo) + &)’

t=1

S|~

By theorem 7.3,

1 4 / 2 ’ 1 a ! 1 P2
fZ(Ut(ﬁl—ﬁo)ﬂLEt) —(1 (/31—50)) TZW& 5 = Oy

=1 =1 1— 5o

where we define

2 / 1
= (1 (B —ﬁo)') (;E (;eu) <ﬁ1 —50)

=07 +2(B1— Bo) oeus? + (B — Bo) Su(B1 — Bo) > 0

where the final inequality follows from the fact that ¥ is positive definite. The other

terms comprising 67 are all 0,(1) terms, so it follows that

~

67 Z (u (81— Bo) —|—et) +0p(1)£>afu.
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Putting all these results together, we can see that

al 1 T 1\ ~
L Apy =T (T Zt:thZt) T p 71Qam
T &ZT o

Here, 71 is non-zero and @), is positive definite, so the probability limit is positive. It

follows that
1 P

as we desired.

Q.E.D.

The preceding theorem shows us that the AR test statistic, constructed as the usual Wald
test statistic for testing Hp : vy = Opx1, has the usual chi squared distribution under the null
Hy : B =By, and is consistent for any alternative Hy : § = 1 # Bg. Thus, it furnishes a viable
way to test for hypotheses concerning 5 in the presence of weak instruments; note that we have

not once used the expression % S, Z;X] in the definition of the AR test statistic.
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Inference via Fieller’s Method

Another way to test the null hypothesis Hy : 5 = By against the alternative Hy : 8 # [y is to

consider the reduced-form counterpart to the structural model
Y, =X{B+e€
Xt = HZt + Uug.

This model is called the structural model because it describes the actual process by which Y;
and X; are simultaneously determined, where the regressor X; might be correlated with the
error €;. The reduced form counterpart is a version of the above system that describes the same
DGP, but which has only exogenous regressors on the right hand side. In this case, the reduced

form model is given by simply substituting the second equation into the first one:
Yi=Ziy+upf+e
Xt = HZt + Ug,

where we define v = IT'3. The reduced form model suggests the following way of testing for

Hy : B = Pg. We can recover 3 as a function of vy and II as
B = (L)',

Here, IIIT' is a nonsingular k x k matrix because II is an L X k matrix of rank k. The problem
with weak instruments is that, although (ITII')~! might exist, IIII' might be too short ranked
that taking the sample analogue of this expression as the estimator of 8 is not feasible under
reasonable sample sizes.

To circumvent this problem, note that 3 = By if and only if (IIII') ~'TI-~ = By, or equivalently,
if and only if

o 1= 11y — (III') By = O

As with the AR test, we can therefore reduce the problem of testing Hy : 8 = [y against Hy : 8 # Bo
to the problem of testing Hg : o = Ogx1 against Hp : o # Ogx1. This does not involve any
complications from weak instruments because it does not require the inversion of any matrix
involving 4 37—, Z,X].

This approach mirrors Fieller’s method for testing for the ratio of two means. Letting ux and
w1y be the population means of two populations X and Y, Fieller’s method tests the hypothesis
Hy: % =0 against Hj : Z—; # 0 by instead testing Ho : uy —Oux =0 against Hy : uy —Oux # 0.
This is robust against cases where the mean px is so close to 0 that using the sample analogue of
Z—)’; to construct the test statistic does not work well under reasonable sample sizes. Observe how

this problem is the same as that faced in a model with weak instruments, where the covariance

between Z; and X; serves the same role as ux.
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We need an estimator of a to derive the desired test statistic. This is accomplished by taking
the OLS estimators of v and Il and constructing an estimator of a as a function of these OLS
estimators. While we have not, strictly speaking, defined the OLS estimator of the coeflicient
matrix of a system of equations, we define it in a straightforward manner here and delve into
the details in subsequent sections. In particular, we will see that the OLS estimator defined here
is precisely the feasible efficient system GMM estimator in a system of equations where each

equaition shares the same exogenous regressors. Formally, our estimators of a can be given as
R P N
ap =1y -Ap — (HTHT) Bo,

where

. 1 -
(3¢ H’T)=<TZZtZ£> (3L, 2y, AXL,2X))
t=1

is the OLS estimator of the L x (k+ 1) coefficient matrix (vy,II').
vec (ﬁ’T)

using which we can construct a test statistic using &7, where we find the critical values using

We will see later on that the estimator is consistent and asymptotically normal,

the relevant asymptotic distribution.
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7.4 Efficient System GMM

Here we study efficient GMM estimation of a model with multiple equations. This general frame-
work encompasses a variety of different models, including the seemingly unrelated regression
equations (SURE) model, and can be used to estimate structural models such as the simultane-

ous equations model, which we will study below.

7.4.1 Model Assumptions

The assumptions of the model are as follows:

A1l : The Sample
There is a sample {(Yit, Xit, Zit) }1ez,1<i<n, Where each Yj; is a real-valued dependent vari-
able, X;; is a k;-dimensional vector of regressors, and Z;; is an L;-dimensional vector of
instruments. The sample observations are assumed to be dependent, with the degree of
dependence to be specified below. The more general assumption concerning the depen-
dence structure of the model allows lagged values of the dependent variable to be included

in the instruments Z;;.

The error of the ith equation, ¢;, satisfies the equation
Yie = X, i + €t

for any t € Z, where ; is a non-random k;-dimensional real vector.

Defining
Y Xt - Orxi Zit - Orxi €1¢
}/t: ) Xt: ) Zt: ) €t = :
Yo Oknxl ce Xnt OLn><1 ce Lt €Ent
B1
for any t € Z and letting 5= | : |, the n equations can be stacked as
Bn

Y; =X£ﬁ+€t-

Letting k= Y"i* 1 ki and L =31 L;, note that X; and Z; are k xn and L x n random

matrices, respectively.

A2 : Exogeneity of Instruments
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Let F be the filtration generated by {(Z;+1,X¢,Y:) }eez. We assume that {e;}iez is an
MDS with respect to the filtration F. Heuristically, this implies that, at each period t € Z,
the error ¢ is a proper innovation, that is, it is mean independent with everything that
came before it. The instruments and errors are also contemporaneously uncorrelated, so
that they are properly exogenous. We impose the stronger requirement that the errors are
not only uncorrelated with the current instruments but also uncorrelated with every past

variable because the sample is no longer assumed to be independent.

In particular, because € is o (Y%, X;)-measurable for any ¢ € Z, F is finer than the filtration
G generated by {(X¢t1,€) hez. It follows that {e;}iez is also an MDS with respect to G,
and as such the convergence results derived in the previous section are valid. Note that,

formally, {€}iez is pairwise uncorrelated but not independent, and crucially,
]E[Et | Zt,thla"'] = On><1

for any t € Z.

A3 : Relevance of Instruments

Note that, under our new notation,

ZuXy o OLnixk,
Zi X[ = ) :
OLnxkl ZntX;Lt

is a L x k valued random matrix. We assume that there exists an L x k matrix @),, with
rank k such that

1 T
TZZth 2 Q.0
t=1

A4 : Homoskedasticity

There exists an n X n matrix ¥ such that
E [ete; | ftfl] =X

for any ¢ € Z. Denote the (i, j)th element of ¥ by oy;.
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A5 : No Perfect Collinearity
For any 1 <14,j <n, there exists a L; x L; matrix Q.. ;; such that

T
1 P
T Z ZitZJI-t = Q2245
t=1
We assume Q.. ;; is positive definite for each 1 <14 <n. Defining

Ullez,ll Uanzz,ln

Ulezz,nl O'anzz,nn

we assume that X,, is a positive definite L x L matrix.

A6 : Boundedness of Moments

{et}tez and {Z; }1ez have finite fourth moments:

supEle|* < 400, supE[Z|* < +0.
tez tez

{X:}tez has finite second moments:

sup B[ X ||* < +oc.
tez

In addition, there exists some § > 0 such that, for any 1 <i,j <mn,

7 H1+5

supE < 4-00.

teZ

€zt€]tZzt

Under these assumptions, by theorem 7.3, we can immediately tell that

R \

T
Z Zyet) Ztﬁt Ezz

1 & d
— Y Zieg = N[Opx1,2..].
\/Ttgz:l tCt [ Lx1 ]
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7.4.2 Moment Conditions and Identification

Under the exogeneity assumption for the instruments, we have L moment conditions
E[Ztét] =E [Zt(}/t - X{,B)] = OL><1.
The sample analogue of these conditions is

1

=l

T
> Zi(Yi— X{B) = Opx1,
t=1

and letting 5y be the true value of 5, the left hand side has probability limit

1 1 &
I Z(Yi—X(B)==>_ Zi(X|(Bo— B) +er)
Tt:l Tt=1

1 Z 1 o
= (T > ZtX£> (50—5)+f§  Zier = Qzu(Bo — ).
t=1 t=1

Here, because @),, has full rank k, the population moment conditions are exactly satisfied if
and only if 8 = Sy, meaning that the parameters in the model are identified. Once again, the
relevance condition for the instruments is sufficient for the identification of the parameter of

interest. Here, we can break down the relevance condition into two parts:

1. The Order Condition
This condition requires the total number of instruments L must be larger than or equal
to the total number of regressors k. This is a necessary condition of identification, since

the rank of an m x n matrix A is bounded above by min(m,n), and @, is an L x k matrix.

2. The Rank Condition
This condition requires the rank of Q.. to be equal to k. We can see that this is a suffi-
cient condition for identification, and entails the stronger order condition, due to the block

diagonal form of @),,, that L; be larger than or equal to k; for each 1 <i <mn.

We will encounter these two conditions again in a more familiar form when we study simulta-

neous equation models.
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7.4.3 The Efficient System GMM Estimator

We can now obtain an efficient GMM estimator for 8 in the same manner as we obtained one

in the univariate case. We go through all the steps again for the sake of completeness.

Under the sequence of positive definite weighting matrices {Wr}ren, that converges in

probability to some positive definite L x L matrix W, the GMM objective function becomes

!/

. 1 & 1<
Qr(b) = [TZZt(Yt—Xéb)] Wr [TZZt(Yt—Xéb)]

=1 t=1
for any b € R¥. The GMM estimator of 8, which we denote BT, satisfies the first order conditions

T / T
VOr(br) = —2- (1 Z&X{) W [1 S Zi(Y; - X;BT>] — Opt,
T t=1 T t=1

solving which yields the GMM estimator

T ! T -1 T ! T
A 1 , 1 , 1 , 1
Br = —E X, | Wr —E Zi X, —E o X, | Wr —E ne
Tt:l Tt:l Tt:l Tt:l

!/

1z 1z g 1
=B+ (TZZtX{> Wr (TZthg> (TZZtX£> Wr (TZZM)
t=1 t=1 t=1 t=1

Under our assumptions, we can easily obtain the asymptotic distribution of BT:

Theorem 7.5 (Asymptotic Behavior of System GMM Estimator)

Suppose assumptions A1 to A6 hold, and let 37 be the system GMM estimator of 8 under the
positive definite weighting matrices {Wr}ren, , which converges in probability to some positive
definite matrix W € R¥*E, Then,

\/T[//B)T_/B] i)N[OkX17 V]J
where

V= (Q;$WQZI)_1Q;$WEZZ Wsz (Q;:L'WQZI)_I .

Proof) We noted that, under our assumptions, theorem 7.3 implies

1 & d
—— ZtEt —)N[OL 1, Zzz]-
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Since
—1

. 1T ! 1 T
VT [Br—8] = [(TZZtX£> Wr (TZZtX£>

t=1

by Slutsky’s theorem
VT [Br— 8] % (QLaW Q) T QLW N [Ors1, 3.2]
:N[Oth (Q;xWsz)ilQ;zwzzzWsz(lemWQza:)il} )

as desired.

Q.E.D.

1z ' 1 Z
SNz x ) wr [ =S Zie ),

Note that the above result implies the consistency of BT for B as well. To obtain the efficient

system GMM estimator of 8, we once again rely on the following result:

Lemma 7.6 (Weights for Efficient System GMM Estimation)
Suppose assumptions Al to A6 hold. Then, for any positive definite L x L matrix W,

(QLW Qi) Qe WEe W Qe (Qe W Qi) ™! — (QL 2 Qua)

is positive semidefinite.

Proof) Once again, it is sufficient to show that

A=Q. Y10 — Qo WQ.r (QLWEWQ.) QLW Q.

is positive semidefinite. Let X,, = BB’ be the Cholesky decomposition of X, .; it follows

that ¥,, = B~VYB~!1. Now we have
A=QLB™ I~ BWQ. (QLuWBB'WQ..) ' Q,WB| B'Q.,

=Q., BV Mpwq., B 'Q.a,

where Mpyq,, is a symmetric and idempotent matrix. Therefore, A is positive semidef-

inite, and we have our desired result.

Q.E.D.
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It follows that the efficient system GMM estimator of S is given as

AE
pr =

—1 /
1 T , (1 T
TZZtXt DI TZZth ,

t=1 t=1

1T ! (1 T
(TZZtXl{) DI <TZZtX,§>
t=1 t=1

which has asymptotic distribution

VT [BF = 8] 4 N[Ok, (QLD21Qa) 7]

7.4.4 Feasible Efficient System GMM Estimation

Once again we run into the problem that 3., is an unobservable quantity, and thus has to be
estimated consistently. To this end, as usual, we first obtain a consistent but not necessarily
efficient estimator of 5 and use it to construct a consistent estimator of X,,, which we then use

to construct the feasible efficient system GMM estimator of S.

Equation-by-Equation 2SLS Estimation

An easy candidate for a consistent estimator of 5 that does not rely on X,, is once again the

2SLS estimator. Specifically, consider the 2SLS estimator of 8; from the univariate regression
Yie = Xi,Bi + €.

The 2SLS estimator of ; using Z;; as instruments is given as

1 Z 1 Z na B
() (rmm) ()
1 Z "1 -1 1z
X (Tzzz-txgt> <TZZ#ZZQ> (Tzzimt>,
t=1 t=1 t=1

52SLS _
A

where the estimator is well-defined because the probability limit of % Zthl Zu X!, hasrank k; < L;
by the relevance condition and the probability limit @), ;; of %Zle ZiZ!, is positive definite

by assumption. It then follows easily from the continuous mapping theorem and the fact that
1& .
T Zl Zer = Orx1
t=

that BZ-Q*%LS is consistent for 3;. In fact, since the errors are homoskedastic, the 2SLS estimator

of B; is the efficient GMM estimator of 8; when we restrict our attention to the ith equation.
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Putting all these estimators together, we obtain the equation-by-equation 2SLS estimator

A2SLS
1,7
A2SLS
BT = )
ﬁ2SLS

which is consistent for 3.

Consistent Esimation of X,

Using the 2SLS estimator, we can estimate the error variance X via the estimator
. 1 & . .
Sr= > (Ye= X9 (Vi - X[ AP°E0) .
=1
The consistency of $r for ¥ is the content of the next theorem:
Lemma 7.7 (Consistent Error Variance Estimation)

Suppose assumptions Al to A6 hold. Let ﬁQSLS be the equation-by-equation 2SLS estimator of
B, and 7 the estimator of ¥ obtained using B%SLS . Then,

S5y
Proof) Note that we can expand S as
N R A2SLS A25LS
Sr =5 30 [XUB - B35 e [X1(8 - B +er]
t=1

— (B BQSLS ( ZXt > B%SLS)

Note that,

| ZXtEt ZE|XL‘€25|

<1y (EIx)* (Blef?)

t=1

ﬂ\*‘

382



5
< (supEHXtH2> (tr(E))% < 400
teZ

by the finiteness of the second moments of X;, so that % S Xpep = 0p(1) as T — oo.
It follows that

(ﬁ B2SLS ( ZXt€t> = Op as T'— 00,

since 3 — p25LS = op(1).

Similarly, since

1 T
E fZXtXé ZEHXtXtH
t=1 t 1
1 T
STZEII)QII2

< supE||X,||* < 400
tez
for any 7 € Ny, we can see that 31 X;X] = 0,(1) as T — oo, and so

(B— B35Sy ( ZXQ@) B—p718) = 0,(1)

as T — oo. Putting all these results together, we have

T
|
Sr= T;ete; +o,(1) & 3.

Q.E.D.

To the Feasible Efficient Estimator

Therefore, a consistent estimator of ¥, is given as

A 1 T / A 1 T !
o1,T" (T D1 Zuth) e O1n,T (T D1 thZm)
Ezz,T = : ) :

N 1 T / A 1 T /
Onl, T (T Zt:l ZntZu) 0 Opn, T+ (T Zt:l Zntht)
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where 6,7 is the (7, j)th element of the matrix $r. Our feasible efficient system GMM estimator

of 8 is now given as
. " (1L T " (1L
BEE - (TZZtXt’> ST (TZZtXt’> (TZZtXt’> ST (TZZth>,
t=1 t=1 t=1 t=1

and it has the same asymptotic distribution as the efficient system GMM estimator BAF}E .

7.4.5 Efficiency Gains of System GMM

We have seen that the feasible efficient system GMM estimator ,3JEE is the most asymptotically
efficient GMM estimator of 5. The natural question that arises is: when do we see large efficiency

gains from using B{FE over the equation-by-equation 2SLS estimator B%SLS ? The answer can be

found by focusing on the main point of deviation of BIEE from B%SLS , the weighting matrix
G111 (% Y thZit) o O (% Y thZét)
ﬁ)zz,T = RE
i (RS0 ZuZty) o G (3500 Zu )

It is easy to see that B%SLS = BgE if and only if

T

. 1

Gij T *5 ZitZy | = Or;x1L;
Ti=

for any 1 <i# j <n, that is, when the off-diagonal terms of by 22,1 are equal to 0. The off-diagonal

terms of this estimator is likely to be close to 0 if the off-diagonal terms of the limiting matrix

Ullez,ll tee Uanzz,ln

Onl sz,nl Uanzz,’rm

are close or equal to 0. The off-diagonal terms here represent two sources of correlation: the first
between the error terms €y, ,€,¢, and the second between the instruments Zy4,---, Zp;. If we
use the same instruments for every equation, as is the case in many models, then the off-diagonal
terms end up capturing only the correlation between the errors in the vector €. As such, we
can expect to see efficiency gains by opting for system GMM over equation-by-equation GMM if
the same confounders affect each regression equation, causing the errors to be highly correlated

with one another.
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7.5 The Seemingly Unrelated Regression Equations (SURE) Model

The seemingly unrelated regression equations (SURE) model is a special case of the system
GMM method that we encounter often in the literature. Many econometric models, such as
reduced-form VARs, are, in turn, special cases of the SURE model. The main difference between
the SURE model and the general system GMM model is that the regressors are assumed to be
exogenous, so that the regressors serve as their own instruments. This leads to a very simple
form for the feasible efficient GMM estimator, and, in some cases, even reduces to equation-by-

equation OLS even though the errors remain correlated with one another.

7.5.1 Model Assumptions
The assumptions of the model are as follows:

A1l : The Sample
There is a sample {(Yit, Xit) }tez 1<i<n, Where each Yj; is a real-valued dependent variable,
and Xj;; is a k;-dimensional vector of regressors. The sample observations are assumed
to be dependent, with the degree of dependence to be specified below. The more general
assumption concerning the dependence structure of the model allows lagged values of the

dependent variable to be included in the regressors Xj;.

The error of the ith equation, ¢;, satisfies the equation
Yie = X, i + €t

for any t € Z, where ; is a non-random k;-dimensional real vector.

Defining
Y Xt - Ogrixa €1t
}/;f - : 9 Xt - : : 9 €t = :
Ynt Okn x1 = Xnt €Ent
ej1
for any t € Z and letting 5= | : |, the n equations can be stacked as
B
Y; = X}8+¢.

Denote the dimension of 5 by K =3"i" | k;. We collect the distinct elements of Xi4,---, Xyt

into the L-dimensional vector X;.
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A2

A3

A4

A5

: Exogeneity of Regressors

Let F be the filtration generated by {(X¢i1,Y?)}tez. We assume that {e;}iez is an MDS
with respect to the filtration F. Because €; is o (Y, X;)-measurable for any ¢ € Z, and X, is
o Xi-measurable, F is finer than the filtration G generated by {(X¢11,€) }+ez and therefore
{€t}1ez is also an MDS with respect to G.

Formally, {€}+c7 is pairwise uncorrelated but not independent, and crucially,
]E[Et ’ Xt7Xt717 o ] = O7L><1

for any t € Z.

: Homoskedasticity

There exists an n X n matrix X such that
E [6t€; ’ ft—l] = 2

for any t € Z. Denote the (i, 7)th element of ¥ by o;;.

: No Perfect Collinearity

There exists a positive definite L x L matrix @ such that
1 /P
7 X;tht 5Q.
t=

In particular, this implies that, for any 1 <7 <n, there exists an L x k; matrix ); with rank
k; that collects the columns of () corresponding to the regressors in X; that are contained
in X such that

1 T
72X Xj B Qi
t=1

: Boundedness of Moments

{€1}tez and {X;}iez have finite fourth moments:

supEle;|* < 400, supE[X;||* < +oc.
teZ teZ
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In addition, there exists some ¢ > 0 such that, for any 1 <4,5 <mn,

1+9
supIE €t6t®XtX£ < Ho00.

teZ

In this model, X; serves as the same instrument for all n equations; in other words, the SURE
model is a special case of the system GMM model in which Z;; = X for any 1 <¢ <n. Accordingly,
define

Zy = I, (R X;.

The relevance condition for the instruments is satisfied: k; < L, since X; contains all the distinct

variables in X, and
1 »
T ZXtX@/t — Qi7
t=1

where @; is an L X k; matrix with rank k;. It follows that the model satisfies both the order and
rank conditions and is therefore fully identified.

Furthermore, since Q.. ;; = @ for any 1 <17,j <n, the matrix X.. reduces to

2. =2RQ.

7.5.2 The Efficient System GMM Estimator

For each 1 <i <n, the 2SLS estimator of §; from the equation Y;; = X/,3; + €;; obtained using

the instruments X; is given as
1 "1 Z Tz -
(Fasxext) () ()
t=1 t=1 t=1
1z "1 Z Tz
X (TZthgt> <TZXtXt’> (TZXtY,»t)
t=1 t=1 t=1

A2SLS
5i,T =

The equation-by-equation 2SLS estimator of 3 is now defined as

ﬁ%%LS
A2SLS __
T - . )
/szSLS

and, using this estimator, we can consistently estimate ¥ via
. 1 & . .
S = > (Ve = X (v — X577

=1
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7 2 (Yie = X1,5755°)° o e (Ve = X1 BT5) (Yoe = X0 8759)

7 Yt (Yot = X0 B30%) (Yae — X1, 5155) - 7 Yt (Yot = X, B 35)?

It follows that a consistent estimator for X @ Q is

R 1 <&
S <T ZIXth> :
t=

From the results we derived in the section on system GMM estimation, the feasible efficient
system GMM estimator of 8 in the SURE model is given by

. 1T " 1 X -1 1z
Bri=11 =YX ) |3 Q[ =D X x| = IX
Tt:l Tt:l Tt:l
T ! T -1 T
1 , A1 1 , 1
x (ZZ&Q) <2T & (ZXtXt> ) (ZZM).
T &~ T &~ T &~
t=1 t=1 t=1
Since
| T %ZthlXtXit OLxk,
7> LX) = - :
t=1
Okal %Z?:1Xthllt
and

1 XT:Zth = 1 szvec (X.YY)

= TH o
the feasible efficient system GMM estimator can be written as
soh (AN xxt) (350, xex) (AN xext) o sih, (AT xext) (B2 xex) T (#X0 xexn) |
Sz (F 0, xex0) (+ Z:LXtXé)fl (F220, xexty) S (F 20 X)) ( Z:tT:lXtXi)fl (CODREEAY

P vee ()
—_ vec
T L

t=1

S (P ext) (Pl xext) T s (R ) (R xext) ( r )
S (P 0eo) (P )™ e ol (00 ) (F 00 xext) ™
where f]}lm refers to the (7,7)th element of f]}l. This estimator has the asymptotic distribution

S QIQTIQ o S QiQ7'Qn
VT [BFE =B 5 N | O, : g :
ot @Q7MQ1 - TEQLQ7IQn
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7.5.3 The Special Case X;; = X;

So far, it seems like we just have a more complicated expression for the feasible efficient GMM
estimator we studied in the previous section. However, it turns out that, when X;; = X; for each
1 <4 <n, that is, when each equation has the same regressors, the feasible efficient system GMM
estimator reduces to the equation-by-equation OLS estimator.

When X;; = X; for any 1 <1i <n, we can see that the system of equations can be stacked as

Yt:(—’n®Xt/)5+€t=X£(51 ﬁn)+€t-
—_———
H/
For any 1 <i<n,

-1

. 1L 1L .
Cas (T meg) (T ZX%) = BoFS
t=1 t=1

for any 1 <7 <mn, so that the equation-by-equation 2SLS estimator becomes the equation-by-

equation OLS esimtator. It follows that the equation-by-equation estimator of II is given as

AOLS/!

LT |z 1 T -1
ngrs =1 | = (Tznxg> (TZthg> :
BO%S/ til til

n,

Note that now, the consistent estimator of ¥ reduces to
. 1 E . .
Sr=7 > (V- I25 X)) (v - TI2H Xy
t=1

Finally, the feasible efficient system GMM estimator of § is

-1

s _ [ﬁT@) (;éxxﬂ (5: @) (;é (Xth’)>

_ ([n(g) (;i th;> 1) (;évec (Xth’)>
= vec ((;é){tx{) (;;Z;th’D .

AOLS o AFE
BT :VGC(HT): T

-1

It is now clear that
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so that the equation-by-equation OLS estimator of 8 is exactly the feasible efficient system
GMM estimator of 3, with asymptotic distribution given as

VT [B255 — 8] 4 N [Onra1, 3@ Q7]

This is a curious result, because both sources of the off-diagonal correlation in 3., are still
very much alive in this model. Specifically, the errors in € are still allowed to be correlated, as
evidenced by the fact that we do not impose any restrictions on the off-diagonal terms of X,
and the instruments are perfectly correlated across equations because we are using the same
instruments X; across all equations. It just so happens that the error variance ¥ cancels out as
the various terms comprising ﬂ}vE are reduced and compressed.

Intuitively, this result makes more sense when we consult the stacked version of the model.

Note that, under the setting X;; = X4, the relationship between Y; and X; can be written as
}/t = HXt + €t.

This looks very much like the standard regression model, except now there are multiple endoge-
nous variables and exogenous variables. Furthermore, by assumption X; is backward exogenous
for the homoskedastic error €;, so that we can expect the OLS estimator of II to be asymptoti-
cally normal and efficient, with asymptotic variance given as some sort of product of the error
variance and the inverse of the cross product of the X;s. It turns out that this is exactly the

result that we have derived above.
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7.6

The Simultaneous Equations Model

The simultaneous equations model is a framework meant to help analyze how multiple endoge-

nous and exogenous variables interact with one another. One example is the simple demand and

supply problem, in which the equilibrium quantity and price are both endogenous variables de-

termined by a number of exogenous demand and supply shifters. Another example is the vector

autoregression (VAR) model that is used to model the dynamic behavior of multiple macroeco-

nomic variables in time series analysis; we will study VARs in much greater detail later on.

7.6.1 Model Assumptions

The model assumptions are as follows.

Al

A2

A3

: The Sample

There is a sample {(Y;, X¢)}tez, where each Y; takes values in R™ and X, takes values
in R*. In other words, there are n endogenous variables and k exogenous variables. The
sample observations are assumed to be dependent, with the degree of dependence to be

specified below. The errors satisfy the equation
AY; = BX; + €t,

where A € R"*"™ and B € R™** are non-random matrices. In particular, A is non-singular.

:No Perfect Collinearity

We assume that there exists a positive definite matrix Q € R¥** such that

1

N

T
S xi x5 Q.
t=1

By implication, %Zthl X X] is positive definite with probability approaching 1 as T — oo.

: Exogeneity

Let F be the filtration generated by {(X;4+1,Y:)}tez. We assume that {€; }1ez is a martin-
gale difference sequence with respect to the filtration F. As usual, because ¢ is o (Y, Xy)-
measurable for any ¢ € Z, F is finer than the filtration G generated by {(X¢11,€:)}iez and
therefore {e; }4cz is also an MDS with respect to G.

By implication, {€;};ez is pairwise uncorrelated and, crucially,

E[et ’ Xt')Xt—la. : ] - On><1
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for any t € Z.

A4 : Homoskedasticity
We assume that the errors are homoskedastic with positive definite covariance matrix
W e R™"™. Formally,

E [Eté ’ ft—l] = V

for any t € Z.

A5 : Boundedness of Moments

{€t}tez an {X;}ez have finite fourth moments:

supEle,|* < +o00, supE|X|* < +oc.
teZ tez

In addition, there exists some ¢ > 0 such that

1+6
supIEHetet®XtX£ < +o00.

teZ
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7.6.2 The Structural and Reduced Form Models

The equation
AY;: = BXt + €t

is referred to as the structural form of the model. It suggests that the endogenous variables
Y, may determine each other simultaneously, that is, other endogenous variables can appear
as regressors in the equation corresponding to each endogenous variable. In this sense, each
equation in the structural model contains both endogenous and exogenous regressors, and we
need to adopt estimation methods that account for the endogeneity problem.

The reduced form model that corresponds to this model can be obtained by pre-multiplying
both sides of the model by A~!; defining A~'B =TI € R"**¥ and u; = A~ '¢;, we can now see that

Y; is determined as
Y; = 11X + uy.

Note that this is precisely the SURE model with identical regressors that we studied in the pre-

vious section. Here, {u;}+cz is the stochastic process representing the reduced-form error terms.

System GMM Estimation of the Reduced Form Model

Analysis of the reduced form model is particularly simple in light of the SURE model framework
introduced above; as such, we take some time here to derive the asymptotic properties of the
feasible efficient system GMM estimators fIT and f]T of II and X. To this end, note first that

the reduced form errors satisfy the following conditions:

i) Exogeneity
{ut}iez is an MDS with respect to F: us = A~ 'e; is Fy-measurable for any ¢ € Z, making

{ui }rez an F-adapted process; u; is integrable because ¢, is; and for any t € Z,
Efu | Fo1] =A™ Eler | Fi1] = Onxa

because {€; }tcz is an MDS with respect to F.

Defining G’ as the filtration generated by {(Xi+1,u¢)}iez, since F is finer than G' (u; =
Y; — A7'BX; for any t € Z, so that G| C F; for any t € Z), {u;}scz is also an MDS with
respect to G'.

ii) Homoskedasticity
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iii)

For any t € Z,
E[uguy | Froa] = A1 Elee | Fra] AV = ATV AT,
so that {u}ez is homoskedastic in the same sense as {€ }+ez. Defining
S=A"'VATY,

Y is the reduced form error variance in contrast to the structural error variance V.

Boundedness of Moments

{ut}tez has finite fourth moments:
4 —1) 4
supE|u|” < ‘ A supE|e|” | < +o0.
teZ teZ

In addition, since
wy Q) X X[ = A7 (e, @ Xu X[) A7V,

for any t € Z

1+0

9

IEHqu@XtX{ 146 < HA_1H2(1+6)

E|ere; @ Xi X

it follows that

supEHumé@XtXt’
tez

146 < HA_1H2(1+6) (igEHete{e@XtXé

1+46
) < +00.

As such, the reduced-form model

Y, =1IX; +u

satisfies all the assumptions of the SURE model we studied in the previous section. It follows
that the feasible efficient system GMM estimator BT = vec (ﬂ’T) of g =vec(Il') is given as the

equation-by-equation OLS estimator

-1

. 1 & 1 <& .
Br = vec ((T ;XtX£> (T ;Xﬁft’)) = vec (H/T) )
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and that a consistent estimator for the reduced form error variance ¥ is given by

T

. 1 . .

Yr= T § (Y, — U Xy) (Ve —1r Xy).
=1

Recall also that BT is asymptotically normal with the following asymptotic distribution:
VT [BT —5] 4N {kah E@Q_l} :

The Distinction between Structural and Reduced Form

Heuristically, if the structural model is closer to an economist’s model, since it specifies the var-
ious interrelationships between the endogenous and exogenous variables, then the reduced form
model describes the data generating process of the endogenous and exogenous variables that the
econometrician observes. This is because the likelihood of the data depends only on the reduced
form parameters, which will be studied in more detail below. Thus, it is the econometrician’s
job to recover the structural parameters, which are the parameters of interest, from the reduced
form parameters, which the econometrician can observe.

Below, we study three ways to estimate the model. The first is maximum likelihood under
the assumption of Gaussian errors®. The second is GMM using the primitive moment conditions
E[X:€}] = Okxn, like what we used for the GMM estimation of the basic univariate linear regres-
sion model. It turns out that these two approaches produce the exact same estimators, given
that the model is correctly identified. Finally, we study three stage least squares, which is the

system GMM method studied in previous sections adapted to the simultaneous equations model.

4The Gaussian parametric assumption is made for the sake of illustration; we can impose any (known) dis-
tributive assumption on the errors and proceed with the same maximum likelihood analysis.

395



7.6.3 Full Information Maximum Likelihood

One way to estimate the model is through full information maximum likelihood (FIML) under

the assumption of Gaussian errors. Formally, we make the following assumption:

A7 : Gaussian Errors

For any t € Z, assume that
et | Fr—1 ~ N [Onx1,V].
Since the right hand side does not depend on F;_1, it follows that
€| X, Y1, X1, Y1, X1 ~ N [Opx1, V]

for any t > 1.

In addition, for any ¢ > 1, the conditional distribution of X; given Y;_1, X;_1,---,Y7, X7 is
absolutely continuous with respect to the Lebesgue measure (so that it admits a density),
and depends on the parameters 8, which are independent of A, B, V.
Note that, for any t > 1,
Ut | Xta)/;fflathla"' )H?Xl NN[OnxlaE]a
and since Y; = I1.X; + uy,

}/;f ‘ Xtu)/%—luXt—lf" 7Y17X1 NN[HXt,Z]

Before maximizing the likelihood, we must first address the identification problem. In gen-
eral, the structural model is not identified because there are more structural parameters than

reduced form parameters, but the likelihood depends only on the reduced form parameters.

Identification under Gaussian Errors

In a sample of size T', the joint likelihood of {(Y;, X})}1<t<7 can be decomposed as

T
f(YT)XTy"' 5Y17X1 |A7B7V): Hf(y;faXt ‘ }/tflathly"' ,Yl,Xl;A,B,V)] f(}/l)XlaAvav)
t=2

T
= Hf(y}/ | Xt,Y;‘,—laXt—lf" 7Y17X1;H72) X f(Xt ‘ Y;fflathly'“ aleaX179)‘|
t=2

x f(Y1 | Xi;10L,%) x f(X1 | 0)
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T T
= (HN[Yt | T1X, E]) : (Hf(Xt | Vi1, Xe—1,- - ,Y17X1§9)> :

t=1 t=1

Thus, the (full information) log-likelihood becomes

1 1
lT(AaBav | YTvXT,"' aYile) = Z |:_210g|2| - i(YVt _HXt),E_l(Y;_HXt)} + terms without A,B,V
t=1

T
= _g log || — ;;(Y; —TI1X;) 2" H(Y; —IIX;) + terms without A, B, V.
This shows us that the log-likelihood depends only on the structural parameters A, B,V via
the reduced form parameters II and X. In other words, if two sets of structural parameters
{A",B",V'} and {A,B,V} result in the same reduced form parameters {II,X}, then both sets
of structural parameters lead to the exact same likelihood and therefore the data cannot tell us
anything about which of the two are the true structural parameters.

When are the structural parameters identified? They are identified when the equations
A'B=1I, AlvAa V=%

can be solved for a unique set of structural parameters A, B,V. Once again, we can decompose

this requirement into two familiar conditions:

i) The Order Condition

Note that there are nk -+ 2L equations for each of the elements in II,% that we must

2
(n+1) n(n+1)
2

solve for n? +nk+ HT unknowns in A, B,V; here, there are only unique elements
in ¥ and V because they are symmetric. As such, we must impose at least n? restrictions
on the structural parametes A, B,V in order for there to exist a unique solution to the
above system of equations. This is once again a necessary condition for identification.

n(n+1)
2

is, the structural errors are cross-sectionally uncorrelated) and by assuming in addition

Usually, we immediately impose restrictions by assuming that V' is diagonal (that
that either the diagonal entries of V' are equal to 1 (so that the shocks are normalized to

be of similar magnitudes), or the diagonal entries of A are equal to 1.

ii) The Rank Condition
In this context, the rank condition refers to any kind of sufficient conditions that A, B,V
can satisfy in order for there to exist a unique solution to the above system of nk -+ %
equations. One possible condition, popularly used in the literature on VARSs, requires
V =1, and for A to be lower triangular. In this case, A~! is recovered uniquely (up to

sign changes) as the Cholesky factor of 3, and B is reovered uniquely as B = AIl.
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Deriving the FIML Estimators

Suppose that the model is just identified, so that, given any II € R™** and positive definite

matrix X € R ™, the equations
AT'B=1I, A 'vA V=%

can be uniquely solved for a nonsingular matrix A € R»*", B € R™* and a positive definite

matrix V € R"*",

From our derivation of the log-likelihood above, we can see that, given a sample of size T,

the FIML estimators of A, B,V can be found by maximizing the objective function

T 1 &
Qr(Yr,Xrp,--,Y1,X, | A/ B,V) = —§log|2| —ﬁZ(Yt—HXt)/E_I(Yt—HXt)
t=1
=n-log|A| - 21 |V|—ii(AY—BX)’V—1(AY—BX)
=n-log 5 og 5T t t t t

t=1

with respect to A, B, V. We can find the FIMLESs in two steps: first, we find the FIML estimators
of the reduced form parameters, denoted f[}TU ML and i{;l ML Then, the FIMLEs of A, B,V can

be found by solving the equations
AT B = [IEIML A=l g~V _ $EIML
for A,B and V.

To derive the first order conditions for maximization, it is useful to first simplify the objective

function. For any T € N, define

v/ x|
v — . XD =
Yr X7
Then,
/

. (Y1 —11X1)
S (G -IX)(Y, - 1X,) = (Vi ~TIX; - Yy —TIXr) :
= (Yr —TIX7)

- (\y(T) _ X(T)H/)’ (Y(T) _ X(T)H/)

=YDOry@ _11.xOy@ £ y@'x@ .17 +11- X .17
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Then, the objective function becomes
T 1 d
Qr(ILY) = ) log |X|— 5 tr (El . Z(Yt —TIX,) (Y — HXt)/>
t=1
= Tigim-lu {2—1 (Y™ - X<T>H’)' (v™ - X(T)H’ﬂ
2 2

:—glog\El 5t (27 YO YD) o [ Xy Oxt

- %tr [H XD (T) -H’z—l] .

Recall the following results from matrix calculus:

91D

1/
5 =|DI-D"
o(MP)
oM =
!
OuMPMC) _ cyrpiciarp

oM

for any square matrix D and conformable matrices M, P,C. As such, the first order conditions

for maximization become

OQr (IMEIME STIML) FIML\ "' \A(T)e(T) _ (SFIML\ ' 3y FIM Le(T)re (T) _
S _(ET ) Y@rx (2 ) TEMIX(TYXT) = 0,0k

and

(FEIML "\FIML
8QT(HT8212T ) giFIML (Y(T) . X(T)ﬂglMU)’ (Y(T) _x(T )HFIML/) Orscn.

It follows that

-1

1 T
s s )= (1) (1)
and

1 N ’ .
FIML T TFIML T T)rtFIML
3L T(Y( )= XOREIMEN (yT) - X (DL

— TZ(K _ﬁ;IMLXt)(n _ﬁgIMLXt)I‘

Note that these are exactly the feasible efficient system GMM estimators of the reduced form

model parameters derived earlier.
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7.6.4 GMM Estimation

Without the assumption of Gaussian errors, or indeed any distributional assumption on the

errors, we can turn to GMM estimation. Suppose we make the normalization that V = I,,, so

that we are left with only n? +nk structural parameters to estimate in A, B. We have nk+ n(nﬂ)

moment conditions: the first nk conditions are drawn from the exogeneity of the regressors,
E [Xtﬁg] =E [Xt(AY;g - BXt),] == Oan

n(n+1)
2

and the remaining from the homoskedasticity condition:

E[eie; — V] =E[(AY; — BX})(AY; — BX;) = V] = Opxn,

( 10)

where the symmetry of the integrand indicates that there are only = distinct equations here.

Again, the identification problem rears its head; in general, the structural model is unidentified
even in the context of GMM.

Identification in the GMM Approach

Formally, note that the sample analogue of the moment conditions are
1 T
fZIXt(AYt —BX;)' = Ok
t=
and
T
Z AY; — BX;)(AY; — BX;)' =V = Opxp.

Letting Ag, By, Vo be the true structural parameters, the probability limits of the left hand side

terms are given as

’ﬂ \

T T T
1
Z A(My- X +uy) — BX;) = TZ)Q)Q’) (A1) — B') +T2Xtu2
=1 t=1
% QAT - B')

and
1 T
7 > (A(Ilg- X;+us) — BXy) (Ao - Xy +uy) — BXy)' =V
t=1

2 (Ally — B)Q(AIly — B) + AXgA—V,
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where IIp = Ay !By and £y = Ay 1V0Aa 7 These population moment conditions are exactly equal

to 0 if and only if
y=A"'B, Sy=A"'vAaV,

so that the model is unidentified unless there exist unique solutions A,B,V to the above

nk+ n(nH) equations. Once again, this leads to the same rank and order conditions as above.

Deriving the GMM Estimators

As in the FIML case, suppose that the model is just identified, so that, given any IT € R™** and

positive definite matrix ¥ € R™*", the equations
ATIB=1I, A 'vA V=%

can be uniquely solved for a nonsingular matrix A € R»*", B € R™* and a positive definite
matrix V € R"*"™.

In this just-identified case, by the order condition there are a total of nk -+ n(nH) parame-

n(n+1)
2

ters that we must solve given a set of nk+ primitive moment conditions, Whose sample

analogues are given by

T
Z (AY; — BX;)' = Opxn

T
ZAYt BX;)(AY; — BX;)' = V.

Since there are the same number of equations and unknowns, we need not specify a sequence of
weighting matrices; instead, our GMM estimators of A, B,V are the values that directly solve
the above sample moment conditions.

Like in the FIML case, the GMM estimators of the structural parameters can be found in
two steps: first, we find the GMM estimators of the reduced form parameters, denoted II7 and
$7. Then, the GMM estimators of A, B,V can be found by solving the equations

A'B=Iy, AWA V=3,

for A,B and V.
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In terms of the reduced form parameters, the sample moment conditions become

1 T
> Xy (Y —11Xy) = Opxnr
t=1

N

T

1

T DoV —TIX) (Y —T1X,) = 5.
=1

Therefore,
R 1< 1 -
/ /
My = (TZYtXt> (TZ_:XtXt>
t=1 t=1
and
. 1 L . .
Xr =5 > (V=T Xy) (Y - Xy).
t=1

Note that the GMM estimators of II and ¥ are identical to their FIML estimators, which are in
turn just the feasible efficient GMM estimators of the reduced form model parameters. This is
due to the quadratic form of the Gaussian likelihood in conjunction with the homoskedasticity
assumption, and mirrors how, in the univariate case, the MLE and GMM estimators are all

equal to the OLS estimator.

It follows from the fact that the GMM estimators AT,E}T and VT are continuous functions
of Iy and 7 that Ap, Br and Vi are consistent for A, B and V as well. Their asymptotic
distributions, however, depend on the asymptotic distribution not only of II7 but also that of
$r. Given the asymptotic distribution of $7, we can obtain the asymptotic distributions of
flT,B’T and VT via the Delta method.
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7.6.5 Three Stage Least Squares

Three stage least squares (3SLS) is another method that can be used to estimate the parameters
of the structural model, and it is an adaptation of the system GMM method that we studied
at the start of this chapter. 3SLS involves imposing restrictions on the matrices A and B in a
manner that allows us to use the entire set of exogenous variables X; as an instrument for each
of the n equations in the model.

Formally, normalize the diagonal elements of A to 1. For any 1 <i <mn, let a_; be an
m;-dimensional vector collecting the non-zero elements of the ith row of —A excluding —A;;.
Similarly, let 5; be the k;-dimensional vector collecting the non-zero elements of the ith row of
B. Letting Y_;; collect the endogenous variables corresponding to the non-zero elements of the
1th row of A, and Xj;; collect the exogenous variables corresponding to the non-zero elements of

the ith row of B, the ith equation in the model can be written as
Vie =Y!, jai+ X}, Bi + .

Defining

the ith equation can now be written as
Yie = Wiy +€it.
This holds for each 1 <i <mn, so defining

Wi Oy k1) x (matkn) M
Wi : : =1

Olmp+kn)x(mi+k1) " Wt Y

the stacked version of the model is

}/t = Wt/’}"i‘ﬁt

Since each W;; may contain some endogenous variables, in itself the structural model suffers
from the endogeneity problem. This can be alleviated by using the same set of instruments
Zit = Xy for each of the n equations, since X; satisfies the exogeneity assumption with respect
to the structural errors ¢;. For the model to be identified, however, we need to consider whether

the order and rank conditions are satisfied.
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Identification in the System GMM Approach

Recall that, in the system GMM model, the two conditions for identification are given as follows:

i) The Order Condition
For each 1 <i¢ <n, the number of total instruments for the ith equation, k, must be larger
than or equal to the number of regressors for the ith equation, m; + k;. In other words, we

must have m; + k; < k.

ii) The Rank Condition
The probability limit of the matrix

L
T

M=

(In ®Xt)Wt/

t=1

must be a matrix of rank K = Y"1 | (k; +m;).

We show that these conditions are satisfied, and that the model is therefore identified, under

the following additional assumptions:

AT : Appropriate Zero Restrictions
We assume that zero restrictions have been imposed on the structural parameters A and
B so that k; +m; < k for any 1 <i <n. This involves the imposition of at least n? zero

restrictions on the elements of A and B.

A8 : Full Rank Reduced Form Parameter
For any 1 <i <n, let II_; ; be the m; x (k —k;) submatrix of Il = A1 B, where the m; rows
are chosen to correspond to the endogenous variables in Y_;; and the £ —k; columns are
chosen to correspond to the exogenous variables that are excluded from X;;. We assume
that II_;; has rank m;.

The following result shows us that, under the above assumptions, the rank condition is satisfied

and therefore the model is identified.

Lemma 7.8 (Rank Condition for 3SLS)
Suppose assumptions Al to A8 hold. Then, the rank condition for identification is satisfied, that
is, the probability limit of the nk x K matrix 4> 7—; (I, @ X¢)W; has rank K.

Proof) Choose any 1 <i <n, and let II_; collect the rows of II corresponding to Y_;;, and

choose €_;; in a similar manner. Then,

Y =1 ;Xi+e_iy,
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so that

1 & 1 & 1 &
T D XY, = (T ZXtXt,> I+ T > Xl 5 QI
t=1 t=1 t=1

Furthermore, let S; € R¥*% be a matrix such that QS; collects the columns of Q

corresponding to the regressors chosen in X;;. It follows that

1 T
T;thzt:(;z?:lxtm yboxxg)Be(, s).

The rank condition will be satisfied if @ (H’_ ; SZ-) has rank k; +m;. Since this is
k x (k;+m;) matrix, where there are more columns than rows, by the dimension theorem

this matrix with have rank k; +m; if it has nullity equal to 0, that is, if

Qi s) (Z) = Opi

for some a € R™ and b € R¥ implies a = Om,;x1 and b= Oy, «1. To this end, suppose
that

Qi s) (Z) = O

Because @) is non-singular by assumption,

(Hl,i Si) (Z) :H/_ia—f—Si'b:kal.

Note that, because S; - b is the k x 1 vector formed by assinging each element of b to
the indices corresponding to the exogenous variables chosen in Xj;;, and the columns of
IT_; ; are chosen to correspond to the exogenous variables that are not included in X,

the above equation implies that
HLi,ia = O@k—k;)x1-

Since I, ; is an (k — k;) x m; matrix with rank m;, by the dimension theorem II",

has nullity 0. This implies that a = O,,,x1. By implication,
Si b= Ox1,

which immediately tells us that b = Oy, x1 as well. This proves that @ (HL i SZ) has
rank k; +m;, and since this holds for any 1 <1 < n, the probability limit of the block
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diagonal matrix

1 T % Z?:l XtW{t T ka(knern)
fZ(h@Xt)Wt: : ' :
t=1

Okx(kytmr)  * 7 Sotm1 XeWs

has rank K =1 (ki +my).

Q.E.D.

In light of the above result, we can see that there exists a block-diagonal k£ x K matrix Cy,, of
rank K such that

T
t=1

Deriving the 3SLS Estimators

Now that the model is identified, we can see that the efficient system GMM estimator of « is

given as

1 T

(7@ wt) (@) (3

t=1

~FE
T

N~
M’ﬂ

(In Q) X+) Wt>]_1

t=1

’%
I

||M%

(i) i ee (i

=1

(In Q) X:) )
which has asymptotic distribution

V3§ -) 4 [0 (e (v @) ) |

Again, feasbility is the issue, since we do not observe the variance V of the structural errors.
Once again, we turn to the two stage least squares estimators to obtain an initial consistent
estimator of v that does not rely on having consistently estimated X beforehand. For any 1 <
1 < n, denote by 725135 the 2SLS estimator of ~; defined as

-1

s () (1w

t=1 t=1

~25LS _

0T
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1z ' Tz
“Sxwt ) (25 x,x “NXY )

The equation-by-equation 2SLS estimator of 7 is then given as

~2SLS
1
~2SLS __ .
YT - . )
~2SLS
n, T

and it is consistent for . Our estimator of V' can finally be constructed as

T
1 . .
V= 2 37 (Vi = WiAEES) (v - W3S
t=1

which we showed earlier is consistent for V. As such, the feasible efficient system GMM estimator

of ~, also called the 3SLS estimator of ~, is given as

~3SLS
YT =

t=1

Gi(jn@Xt)Wt/)/ (V;l@ (;gXtXQ 1) (;i(lng)xt)wt’)]

—_

/ —1
1z - 1 X T
=D LQQXOW! | (ViR =D XeX] D (IR X))V,
T4 T4 T
and it has the same asymptotic distribution as the efficient system GMM estimator %E .
~3SLS

To see where the term “three stage least squares” comes from, note that 47 is derived in

three steps:

Step 1 : Equation-by-Equation First Stage Regression
For the ith equation, we compute the first stage regression by regressing the original re-

gressors W;; on the instruments X;.

Step 2 : Equation-by-Equation Second Stage Regression
For the ith equation, we compute the 2SLS estimator by regressing Y;; on the fitted values

from the first stage regression.

Step 3 : System Computation for Efficiency Gains
Using the equation-by-equation 2SLS estimator of v obtained in the first two steps, we
construct the consistent estimator Vi of V and, using this estimator, compute the feasible

efficient system GMM estimator of ~.

In other words, the extra stage in 3SLS comes from the last step, in which the equation-by-

equation 2SLS estimator is used to construct a consistent estimator for the error variance V,
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which is in turn used to compute the feasible efficient system GMM estimator. The added third
stage has the advantage of resulting in efficiency gains. since ﬁ%SLS is the asymptotically effi-
cient GMM estimator of v; as mentioned earlier, these efficiency gains are large only when the

structural errors are correlated, or when the off-diagonal terms in V' are non-zero.
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Chapter 8

Non-Parametric Methods

This chapter is a soft introduction to non-parametric methods. In traditional statistical problems,
there is a (usually finite-dimensional) unknown parameter of interest that we wish to estimate
using the data at hand. In parametric models, this parameter can be seen as a summary of the
distribution from which the data are generated; think of the problem of estimating the population
mean and variance given a normal DGP for the data. In semi-parametric models such as linear
regressions and GMM, the parameter determines a key feature, but not the entirety, of the data.
For instance, in linear regression models, the parameter of interest determines the conditional
mean of the dependent variable conditional on the regressors.

Suppose the information about the underlying distribution or a key feature that we are
interested in cannot be summarized by a finite-dimensional parameter. In this case, we must
directly estimate the distribution or this feature of interest, and it is here that non-parametric
methods come in handy. Kernel density estimation furnishes a method to learn about the under-
lying distribution of the data without having to impose any parametric assumptions; here, the
entire density can be viewed as an infinite-dimensional parameter of interest. Likewise, kernel
regression methods allow us to recover the conditional mean of the dependent variable without
any linearity assumptions.

In what follows, we introduce methods of non-parametrically estimating the entire distri-
bution of a random variable with a focus on the Glivenko-Cantelli theorem, which provides a
robust theoretical basis for non-parametrically estimating the distribution function of a real
random vector. Afterward, we shift our focus to densities of continuous random variables, and
investigate methods of non-parametrically estimating the densities and, in a regression context,

the conditional mean function.

8.1 Non-parametric Estimation of the Distribution Function

8.1.1 Concentration Inequalities

Before delving into the theorem of interest, we first touch on a set of useful inequalities called con-

centration inequalities. These, like Markov’s inequality, often bound the tail behavior of various
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kinds of random variables and prove useful when deriving bounds for the rate of convergence.

Perhaps the simplest result in this class of concentration inequalities is the Chernoff bound.
Let X be a real valued random variable, so that, for any ¢ € R, the expectation E [exp(tX)] exists
in [0,4o00]; recall that the function Mx : R — [0,4+o00] defined as Mx(t) = E[exp(tX)] for any
t € R is the moment generating function of X. It follows that, for any a € R and ¢t > 0,

P(X>a)=P <etX > em) <e R [etx} =e My (1),

where the first equality follows from the fact that ¢ > 0 and the inequality follows from Markov’s
inequality. This holds for any ¢ > 0, so it follows that

P(X >a)< inf e "M(t).
te(0,400)

The quantity on the right, which can also be written as

te(%){lioo) £ {et(X_a)] ’

is called the Chernoff bound.
We can similarly bound the left tail of X by noting that

P(X <a)=P (etX > eta) < e UE [etX] = e "My (t)
for any t < 0, so that

P(X <a)< inf e "Mx(t).
te(—o0,0)
The Chernoff bound is simple but, depending on the underlying distribution of X, the MGF
might be equal to 400, at which point the bound is trivial. Even when the MGF exists in
(0,400), there are easily cases where the bound is trivial. For instance, if X has bounded first

moments and E[X] > a, then by Jensen’s inequality
E [etX} > SLEIX] > eta

for any t > 0, so that the Chernoff bound in this case is larger than 1. Therefore, in many cases
we require tighter bounds on the tail behavior of the random variables of interest. In light of the
Chernoff bound, we actually only require tighter bounds on the MGF of our random variables

of interest, which is where Hoeffding’s lemma enters the picture.
Lemma 8.1 (Hoeffding’s Lemma)

Let X be a real random variable and F a sub o-algebra of ‘H such that E[X | F] = 0. Suppose
A, B are F-measurable real random variables such that A < X < B and A < B almost surely.
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Then, A <0 < B almost surely and, for any A € R,

Elexp(AX) | F] < exp(AQ(BA)Q)

8

Proof) Define H = {A > 0}. Then, by the F-measurability of A and the defining property of

conditional expectations,
E[X -Ig]=E[E[X | F]Ig]=0.

Suppose P(H) > 0; since A < X almost surely, P(HN{A < X})=P(H) >0 and there-

fore X - Iynga<xy = 0 everywhere on the sample space. Meanwhile,
E [X-IHQ{ASXO}] —E[X-Iy]=0.

By the vanishing property for non-negative functions, it follows that X - Igna<x,3 =0
almost surely. This contradicts the fact that X = X - Iyn14nx,}(w) > 0 for any outcome
w in the event HN{AN Xy} of non-zero probability, so it must be the case that P(H) =0,
that is, A <0 almost surely.

A symmetric argument for B shows us that B > 0 almost surely, so that A <0< B

almost surely.

Now choose any A € R. Since A < X < B and

B-X X—-A
= A+ B

X_B—A B-—A"’

the convexity of the exponential function tells us that

exp(AA) + X-4 exp(AB).

B-X
AX) <
exp(AX) < 5

B-A

It follows that

Elexp(AX) | F] <
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Choose any constants a < b such that ¢ <0 <b, and define the function L: R — R as

ha b—aeh
L(h) = b_a—i-log( P )

for any h € R, where the function is well-defined because b— ae > 0 for any h € R and
b—a > 0 due to the fact that a <0 <b and b—a > 0. Note that

h
iy @ ae
L(h)_b—a b—ael

abel
L) = =G aerye

for any h € R. A second-order Taylor expansion around 0 shows us that, for any h > 0,

there exists some 6 € [0,1] such that

/ 1 21 1 2 ab-eh9
L() = L(0) + L'(O)h-+ 3 12L" (1) = 51 |~ = s

The arithmetic mean-geometric mean inequality shows us that

oo < L (o7,

so that

It follows that
1 27N 1 2
L(h)=-h*L"(h0) < <h*.
2 8
This holds for any a < b such that a <0 <, so it follows that

)\Q(BA)2>

Elexp(AX) | F] < exp( 3

which is exactly our desired result.

Q.E.D.
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Hoeffding’s inequality uses a combination of Chernoff bounds and Hoeffding’s lemma to ob-

tain a bound for the tail probability of the sample mean of mean zero random variables:

Theorem 8.2 (Hoeffding’s Inequality)

Let {X;}ten be a martingale difference sequence with respect to the filtration F = {F; | t € N}
on Z. Suppose that there exist F-predictable real valued processes {A;}en and {B;}ien such
that A, < B, and A; < X; < B almost surely for any ¢ € N,. Finally, assume that there exists
a sequence {c¢; }ren of non-negative constants such that By — Ay < ¢; for any t € N..

Then, for any € > 0,

1 & ) ( 2T2¢2 )
PSS "X;<e| <exp|——— .
(T; Z?:lc%

Proof) We first bound the MGF of Zthl X; above using Hoeffding’s lemma. For any A > 0,
note that

Elexp(AX1)] =E[E [exp(AX1) | Fol].

Since A1 < X1 < Bj almost surely, where Ay, By are Fy-measurable by the assumption
of predictability, and E[X; | Fo] =0 by the definition of an MDS, Hoeffding’s lemma
tells us that

2(By— Ay)? 2.2
E [exp(AX)) | Fo] < p<A<BSA>> _ p(% )

where the final inequality follows from the assumption that By — A1 < ¢;.

Now suppose that, for some T > 1, we have the inequality

T 2T 2
AT
E AY X < == 1.
Note that
T+1 T
E [exp </\ > Xtﬂ =E lexp <>\ZXt> Elexp(A\X741) | }'T]l
t=1 t=1
because X1,---, X are Fr adapted. X741 is a real random variable such that Ary; <

X741 < Bpyi, where Apyy and By are Fp-measurable, and E [ X714 | Fp] =0 by the
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definition of an MDS, so it follows from Hoeffding’s lemma that

)\2 B — A 2 )\2 2
E[exp(/\XTH)\fT]SeXp( ( THS 7+1) )Sexp<c8T+1 :

Therefore,

27T+1 2
oo 2L

where the last inequality follows from the inductive hypothesis. It follows from induction
that

8

E [exp ()\XT:Xt>

t=1

oT 2
Sexp(A Zt:lct>

for any T' € N..

Now choose any € > 0 and fix T'€ N,. We then have the Chernoff bound

(i offen)

t=1

T
< inf )e_’\TGE [exp()\ZXt>]

A€(0,400 =1
2T 2
< inf exp (AZt:lCt — )\TE) .
A€(0,400) 8
Define g : (0,4+00) — R as
)\2 T_ 2
g(\) = % —A\Te

for any A > 0. Then, because ¢"(\) = iZtT=1 c2 >0 for any A >0, g is a strictly convex
function on (0,+00) that achieves its minimum at A* > 0, where \* satisfies the first

order condition

1,
—AF — Te.

414



Solving for A* shows us that A\* = =%,

=1t

1o C YT .
(55w ) so( O2ELE o).

t=1
(2 T2e2 A T2e2 ) < 2T2¢2 )
= exp - =exp| ————= .
ZtT:1 Cz% Zthl C% ZtT:1 Cz%

This completes the proof for the right tail. The proof for the left tail follows almost

and therefore

identically by applying the Chernoff bound for the left tail.

Q.E.D.

Hoeffding’s inequality can be easily extended to bounded submartingales and supermartin-

gales via the use of Doob’s decomposition theorem: we state this result as a corollary.

Corollary to Theorem 8.2 (Azuma-Hoeffding Inequality)
Let F be a filtration on N and {X;};eny an F-adapted process. Suppose that there exist F-
predictable processes {As}ren and {B;}ien such that Ay < By and Ay < X — X;—1 < B; almost
surely for any ¢ € N,. Furthermore, let {¢;}1en be a sequence of non-negative constants such
that By — Ay < ¢ for any t € Ny.

For any € > 0, if { X}y is an F-supermartingale, then

2¢2
P(Xr—Xo<—€¢)<exp|——=7— |
t=1Ct

If, on the other hand, {X;};en is an F-submartingale, then

P(Xr—Xo>€) < ( 2¢° )
T—A) =€) SeXPl ————5 |-
Z:{:lcg

Finally, if {X}1en is an F-martingale, then

2¢?
P(| X7 —Xo| >€) <2exp| ——5— |-
t=1Ct

Proof) Suppose initially that { X }scn is an F-supermartingale. Then, by Doob’s decomposition
theorem, there exists an F-martingale {M;};cny and an F-predictable process {F}}en
with decreasing paths such that

X =Xo+ M+ F;
for any t € N. Define {m}1cn as mg =0 and my = My — My for any t € N. Because
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{M,}+en is an F-martingale, it follows that {my}ien is an MDS with respect to F.

Furthermore, since
Xe—Xp1 =M — M1+ F—Fi,
for any 1 <t <T, we have
A —(F,—F—1) <my < By — (Fy — Fi_1)

for any t € Ny, where both the lower and upper bounds are F;_j-measurable. Note also
that

Bi—(F,—Fq)— (Ai— (F,—Fo1) =B — A < ¢
for any t € Ny. It follows from Hoeffding’s inequality that, for any T'€ Ny and € > 0,
T T 2
1 1 2¢
P th > e) =P (th > e) < exp(—).
(tl TS T Zthl cf
Since
T
> my=Myp—My=Xr—Xo— (Fr—Fy) > Xr— Xo,
t=1

where we used the fact that Fp— Fy < 0 from the fact that {F;}icn has decreasing

paths, we can see that

T 262
P(Xp—Xo>¢) SP(th 26) §exp<—ZT 2).

t=1

Now suppose that {X;}:cn is an F-submartingale. Then, because {—X;}ien is an F-

supermartingale, we can conclude that

L 2¢?
P (X7 —Xo < —¢) g[P’(th Ze) §exp<—ZT 2).

=1 t=1Ct

Finally, if {X;}ien is an F-martingale, then because it is both an F-supermartingale

and an F-submartingale, the claim follows from noting that

]P)(’XT—X0’ > 6) SP(XT—XO < —€)+P(XT—X0 > 6).
Q.ED.
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8.1.2 A Consistent Estimator for the CDF: The Glivenko-Cantelli Theorem

In this section we derive a non-parametric estimator for the distribution function constructed
from iid data and show that it converges uniformly to the true distribution function. This is
a fundamental uniform law of large numbers result that forms the basis of empirical process

theory, among other branches of probability theory.

The Empirical Distribution Function

We start by defining the empirical distribution function. For any n € Ny, define the function
E, :RF xR™ - [0,1] as

. 1 &
Fn(T;:Ela"' 73571) == ;ZI{QEZST}
i=1

for any 7,21, ,x, € R¥. Note that Fn(,x") is a right continuous and increasing function with
left limits for any 2™ € R™ and that we can interpret it as the distribution function of a discrete
random variable that takes on the values x1,---,x, with equal probability.

Given an iid sample X" = (X1,---,X,,) drawn from the same distribution x on (R¥, B(R¥)).

p can be characterized via its distribution function F : R* — [0,1] defined as
k
F(T):M H(—OO,T]‘]
j=1

for any 7 € R¥. We want to argue that the empirical cdf Fn(T;X ™) is a consistent estimator of
the true distribution function F'.

First, we can easily see that £,(7; X™) is an unbiased estimator for F(7) for each 7 € R*:

We can go one step further and assert that F),(7; X™) is a consistent estimator for F(r). Defining
the function g, : R¥ — {0,1} as gr(2) = I,<, for any = € R¥, {g-(X;)}ien, is a sequence of iid
real random variables with mean F'(7) and finite variance F'(7)(1— F(7)). It follows from the
usual WLLN for iid data that

E(r; X)) == ZgT (1),

and in fact, in light of the SLLN, we can see that this convergence takes place almost surely as

well:
Eo(r; X™) %5 F(7).
The Glivenko-Cantelli theorem asserts that a stronger result holds, namely that Fn(T;X )
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converges to F(7) uniformly on R¥. In other words, we want to show that

Fo(r; X") = F(7)|

sup
TERK
converges uniformly to 0 in some sense. Note that, for any 2" € R™, both Fn(,x”) and F' are

bounded functions on R¥; therefore, the above object can be written as
; J
[o¢]

where [-|| is the supremum norm on the space B(R*,R) of bounded functions on RF.

Measurability of the Sup Difference

Our first order of business is to prove that HFn(-;X”)—F H is indeed a random variable.
Showing this is complicated by the fact that the empirical cdfoios not continuous on R¥: it is an
increasing right continuous function with left limits that has finitely many discontinuity points.
Nevertheless, we can show that the supremum above is measurable by demonstrating that the
supremum over the uncountable set R* can be reduced to the maximum over a finite number of
quantities.

We now present two different treatments of this matter: first, we deal with the case k =1,
where we can explicitly provide a formula for the sup difference as a maximum over finitely many
measurable elements. For the general case, a similar result holds but it is far more difficult to
provide an analytical formulation, so we instead show that the sup difference is measurable by
showing that the supremum can be taken over the countable set QF instead of the uncountable
set R”.

Lemma 8.3 (Measurability in the Case k£ =1)

If k=1, then for any sample Xi,---, X, of real valued random variables we have

Fox0)-2)),

n

sup |E (7 X™) — F(r)| = max (‘F(Xu)_)_@

TER 0<i<n—1 n

)

where F(z—) = sup,., F(t) for any 2 € R and X is the ith order statistic of the sample
X1,--+,X,. By implication,

sup |, (1 X™) )| = sup|E,(1; X™) — F(T))
T7€R TEQ
Proof) First, choose x1, -+ ,2, € R ordered as 7 < --- < &,. We can consider the following
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partition of the real line:

(_Ooaj;l)v [5:17'%2)7 J[j}n—la‘%n)a [‘i‘TM—’_OO)
—_———— —_——
Py Py Pna P,

For any 1 <i<n—1, note that

L _ p(r)| = max (‘F(@H) - %

Fn(T;xl,--~ ,Tpn) — F(7)| = sup
n

TEP;

sup
TEPR;

where the final equality follows from the fact that F' is increasing with left limits:

F(Fm—) = sup F(r).

T<Ti41
Meanwhile,
sup An(T;xl,--‘ ,Tn)— F (1) = sup F(1)=F(Z1—)
T€P TeP
and
sup An(T;xl,-“ ,J?n)—F(T)‘ =sup [1-F(1)|=1-F(&,).
TEP, TEPR
Therefore,
sup Fn(T;xh”' 7‘TTL)_F(T)‘ = Imax sup FR(T;xla"' 7xn)_F(T)‘
TER OSzSnTGPi
- Flii—) - Fa) -2
T maAX (G [T i nl 1o | TRl

This holds for any z1,---,x,. The first result follows by simply plugging in the sample

observations.

This revelation also allows us to reduce the supremum over the uncountable set R into
one over the countable set Q. Given any x1,---,x, € X, where we assume without loss
of generality that z; < --- < x,, choose any € > (. Suppose initially that

sup
TER

. 1
Furiwr, e 2,) — F(r)| = ’

for some 1 < i < n. Then, by the right continuity of /' and the denseness of Q in R,

there exists some g € Q satisfying z; < ¢ < ;41 that is close enough to z; such that

[F(q) = F(xi)| <e.
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It follows that

7 { il e
—sup i, )~ F(r)| e
TER

On the other hand, suppose

. 1
sup (i, an) = F(7)| = |[Flaisn=) - -

TER

for some 0 <7 <n—1. Then, by the definition of the left limit, there exists a ¢ € Q
satisfying x; < ¢ < x;41 that is close enough to x;41 so that

|F(q) — F(wip1—)| <e.

It then follows that

1

. 1 €
Fulgior, an) = F@)| = |[F@ = 2| > [Plawa-) - .

2

= sup
TER

Fn(T;:vl,--- , L) —F(T)‘ —e€.

Therefore, in any case there exists a g € Q such that

Fn(q;xl,-u ,xn)—F(q)’ > sup Fn(T;xl,m ,a:n)—F(T)’ —€.

TER

By implication,

Fn(T;$1,'~- ,Tn) — F(7)|—€e <sup Fn(q;xl,m ,xn)—F(q)‘.

q€Q

sup
TER

This holds for any € > 0, so

Fy(rian, o wn) = F(7)| = sup | Bu(gi e, -+ ,wn) = F(g)|

q€Q

sup
TER

Q.ED.
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Lemma 8.4 (Measurability in the General Case)

For any sample X1,---,X,, of k-dimensional random vectors we have
sup | E, (7; X™) )| = sup |Fp(1; X™) — F(T)‘
TER T€Q
Proof) Fix x1,---,x, € R*. The supremum

sup
TeQF

Fa(riwn, - o) = F(7)]

is clearly bounded above by

sup jax7;$1f"axn)_7F(T”

TERF

because QF is a subset of R¥. Now suppose, for the sake of contradiction, that

sup
TEQF

Fn(T;xl,--~ , L) —F(T)’ < sup
TERK

Bu(riwr, e wn) = F(7)].

Then, by the definition of suprema, there exists some 7* € R* such that

ﬁn(T*;xl,--- Tn) — F(77)].

Ey(rim,-- ,fﬁn)—F(T)’ <

sup
TEQk

Choose any € > 0.

To proceed, consider a partition of R¥ into a finite number of half open k-cells on

which Fn(-;ml, -+, xy) assumes a fixed value. Specifically, we order the jth elements of
X1, ,Tp as

15 < <
and define Zo; = —00, Zy,41,j = +00. Having ordered the elements like this for 1 < j <k,

we can form the following partition of R¥:

k

P:{Hl[fim,j@imﬂ,j)IOSimSn v1§mgk},
e

P partitions R¥ into at most (n+ 1)¥ distinct subsets of R¥. It follows that 7* € C* for
a unique non-empty half-open k-cell C* in P. Denote this k-cell by

k
H aj,bj
where a; < b; for 1 < j <k because C* is non-empty.
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We now consider two distinct cases. First, suppose Fn(T*;CL'l, comy) < F(77), so that

Ey(r5 @1,y xp) — F(7%)| = F(7%) = Fp (75521, -+, ).

In this case, for any 1 < j <k, by the denseness of Q in R there exists some ¢; € Q such
that

aj§73*<qj<bj.

Defining ¢ = (q1,--- ,qx) € QF, it follows that ¢ € C*, and because Fn(';xl, e 1) takes

on a single value on each cell in P,

FR(T*;xla"' ;mn) :Fn(Q7x17 a$n>7

while the increasing nature of F' indicates that F'(7*) < F(q). It follows that

F(T*)_FH(T*;xh'” 7‘7:71) SF(Q)_FR(Qymla 7:1:71) S Sup}C
T€Q

Fu(riwr, e wn) = F(7)|

< sup Fn(T;xl,--- ,J}n)—F(T)‘—f—E.

TEQkK
On the other hand, suppose F(7%) < Eo(7%:21,--+ ,2p), so that

ﬁn(T*;l‘l,-'- ) — F (%) = Fn(T*;ajl,--~ ) — F(77).

By the right continuity of F', there exists a ¢ € Q* such that 7* < ¢ and |F(7*) — F(q)| <
¢, in particular —F(7*) < —F(q) +e. Meanwhile, the fact that E,(-;21,--- ,x,,) is increas-
ing on R* implies that Fn(T*;xl,--~ Tn) < Fn(q;xl,m ,Tp). Therefore,

Ep(m%21, - yan) — F(77) < By(q; o1, ,@0) — Fq) +€ < sup
T€Q

Eo(riay, - xn) —F(T)’ +e.

In any case, we have seen that

Ep(r*5m, - wn) — F(7)

< sup Fn(T;a:l,-u ,xn)—F(T)‘—i-e.

TEQF

This holds for any choice of € > 0, so it must be the case that

Fu(r*s,e yap) = F(7%)| < sup
TEQF

Fn(T;xl,--- ,:En)fF(T)‘.

which contradicts our choice of 7* as the value in R* such that

sup Fn(T*;xl)"’axN)_F(T*) .

TEQk

Fy(rian, o wa) = F(7)| <
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Therefore,

A

n(T*;xlf" 73771) _F(T*)

Fu(riwr, e mn) = F(7)] <

sup
TEQkK

which allows us to establish that
|Butixm =]

is a random variable.

Q.E.D.

The Glivenko-Cantelli Theorem

Now we are ready to state and prove our theorem of interest. Note that we are able to argue in

the theorem that Hﬁn(,X") — FH converges almost surely to 0, so that it is a type of strong
o0

uniform law of large numbers. The proof makes use of a symmetrization trick and Hoeffding’s

inequality. We first state a lemma.

Lemma 8.5 (Symmetrization Lemma)
Let T be a countable index set and {Z;}ier and {Z]}ier independent sequences of bounded
real random variables such that Z; ~ Z] for each t € T. For any e > 0, suppose there exists an

0<a<e afe(0,1) and an index t* € T such that
P(|Z;,] <o) > B.

Then,
1 /
P(sup|Z|>e| < =P|sup|Zi—Zj| >e—a].
teT B \ter

Proof) Note first that the quantities
sup|Zi|, sup|Zi—Z{|, inf|Z]]
teT teT teT
are bounded real random variables, where the boundedness follows from the bounded-

ness of the sequences {Z;}ier and {Z]}icr and the measurability from the fact that
T is countable. Note that the event {inf;cr|Z]| < a} contains the event {|Z],| < a};
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theI‘efOI‘e,
P) ]‘nf Z / o > P) Z / « > 6‘

Now note that
B-P|sup|Z > e §P<inf|Zg|<a>xP sup|Z;| > €
teT teT teT

=P ({inf|Zt/| <a}n{sup|Z] > 6}) ,
teT teT

where the equality follows from the fact that {Z;};er and {Z/}ier are independent.

Now choose some w € €2 such that
inf |Z,(w)| <a and sup|Zi(w)| > e.
tET te’]{‘
For any t € T,
|Zi(w) = Zy(w)] > | Ze(w)| = [ Z;(w)]
> |Z4(w)] — inf |Z2(w)
> |Zi(w)| — o
This holds for any ¢ € T, so taking suprema on both sides yields

sup | Zy(w) — Z;(w)| > sup | Zs(w)| —a > e —a.
t€T t€T

We have shown that
{inf|Z{| < a} N{sup|Z;| > €} < {sup|Z; — Z{| > e—a},
teT teT teT

so the monotonicity of measures implies that

B-P(sup\Zt] > e) SIP’(sup]Zt—Zﬂ > e—a) :
teT teT

Multiplying both sides by % completes the proof.

Q.E.D.
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Theorem 8.6 (The Glivenko-Cantelli Theorem)
Let {X;}icn, be a sequence of iid random variables taking values in R*, and F : R* — [0,1]
the distribution function of each X;. Letting F}, : R x R — [0,1] be the empirical distribution

function defined above,

sup | B (1; X™) — F(7)| 5 0.

TERF

Proof) We first define the mapping G,, : R®TDF 5 [—1,1] as

1 n
Gn(Ti21,+ ,2n) = EZ (I{ziST} _F(T))
i=1
for any 7,x1,---,x, € RE. In light of our reduction of the supremum over R* into a

supremum over QF, we want to show that

sup |Gn(q; X")| 2.
qeQk

To this end, we first proceed with a symmetrization step. Choose any e > 0. Let
{X!}ien, be a sequence of iid random variables with distribution function F that
are independent of {X;};cn, . By the WLLN, we know that

. n €

therefore, there exists some N € Ny such that

1
P(|Gn(OkX1;X’”)| . ;) >3

for any n > N.

Fix any n > N. Then, {G,(q; X™) },eqr and {Gn(q; X'™)},eqr are identically distributed

but independent sequences of random variables taking values in [—1,1] such that

1
P <|Gn(OkX1;X/”)| > ;) > 3

From the symmetrization lemma, it then follows that

P <sup |Gr(q; X™)| > e) < 2P (sup |Gn(q;X")—Gn(q;X'")| > 6) )
qeQk qeQk 2
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Since

|Gl X™) = Gl X™)| = | (Ba(@:X™) = F(@)) = (Bulg: X"™) = F(q)) | = | Bl X™) = By

we can see that

P <Sup |Gn(q; X™)| > e) < 2P <sup

A A 6
Fo(q; X") = Fr (q,X’")‘ 2) :
q€Q* qeQ*

This concludes the symmetrization step.

Now note that, for any z1,---,z, € R¥ and 2,--- 2/, € R
. R 1&
Fu(rimr, oo wn) = Fo(mialh, o 2p) = — 3 (Izizry — Ia<ny)

=1

for any 7 € R¥. This tells us that the function

En(szy,- - an) — Fo(sah, - ah)

n

on R¥ assumes at most (2n+1)* distinct values. Furthermore, for each 7 € R¥, because
{I (x;<ry — 1 ngf}}z‘e N, is a collection of iid random variables (so that it is trivially an

MDS with respect to the filtration it generates) that takes values in [—1,1], Hoeffding’s

>;):P<

inequality tells us that

P (‘Fn(f;fcl,“- ) — Ep(msah,- ah)

:L Zz:; (I{X <r}— I{X'<T})

Therefore,

P ( sup
qeQF

Folg; X™) - Fy (q,X’")’ ;) SP( U {‘Fn(q;X”)—ﬁn(q;X’”)’>;})

and for any n > N we have

]P(sup |Gn(q; X™)| > 6) < 2]P<Sup

qeQk qeQk

2
2(2n+1)*exp (n;) .

A €
Fo(g: X™) — F (q;X’”)‘>2>
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Since

n 62
(2n+3)keXp<—%) B (2n+3)k e _i e _é -
ot fep(—22) | @or1f P P\

as n — 00, the ratio test for series convergence reveals that
> ne?
Z (2n+ 1) exp <_8> < +o0.
n=1

It follows that

N
Z <sup\G ;X )|>e>—Z}P’<sup]Gn(q, )|>e>+ Z P(sup\G (¢; ")]>e>

qeQk qeQk n=N+1 \g€QF¥

N 0 2
ne
<>MP ;X" 2 > (2n+1)* — :
< (sup |Gn(g; )\>e>+ a (2n+1) exp< 5 ><+oo
n=N+1
This holds for any € > 0, so by the Borel-Cantelli lemma we can conclude that

a.s

sup |Gn(g; X™)| =5 0,
qeQF

which is exactly the result we desired.

Q.E.D.
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8.1.3 Rate of Convergence and the Kolmogorov-Smirnov Statistic

Having shown that the sup difference between the empirical cdf and the true distribution func-
tion goes to 0 under large samples, we will naturally be interested in the rate of convergence of
the sup difference. It turns out that the only possible rate at which the sup difference becomes

stable is the familiar rate ﬁ

Formally, let X1,---, X, be iid observations drawn from a distribution with cdf F': R* — [0,1].
The bound obtained in the proof of the Glivenko-Cantelli theorem tells us that

P <n5 - sup

Fn(T;Xn)—F(T)’ > 6) =P (sup
TERF

Fn(T;Xn)—F(T)‘ > e-n_5>
TERK

1-26 2
§2(2n+1)kexp<—n 3 ¢ )

for any 6 < % and € > 0. Since 1— 24§ > 0 in this case, taking n — oo on both sides reveals that

lim P (n‘s‘ sup [Fj(1; X™) —F(T)’ > e) =0,
n—reo TERK

and because this holds for any € > 0,

Bo(r X™) = F(7)| = 0,(1)

nd. sup
TERF

as n — oo.
On the other hand, if § > %, then for any 7 € R”

nd UL i (I{Xig,} - F(T))] — 3 l\/l’ﬁ i (I{Xig,} _ F(T))

i=1

since % >y (I{Xigr} —F(T)) = O,(1) by the Lindeberg-Levy CLT. Because

A

0 Fn(T;X”)—F(T)’Zn‘S

n® - sup
TERK

% i (Ixien - F(t))]

i=1
for any t € R, it follows that

A

s Fo(r X™) = F(r)| & 400

n’ - sup
TERK

A

Eo(m; X™) — F(T)‘ can be

as well. By a process of elimination, the only rate at which sup, g«

stable is ﬁ

This leads us to the Kolmogorov-Smirnov test statistic for comparing two distributions.

Given a target distribution function F :R¥ — [0,1] and an iid sample X1,---,X, drawn from
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some unknown distribution described by the cdf G : RF — [0,1], the Kolmogorov-Smirnov test
statistic for testing the hypothesis Hy: F' = G against the hypothesis H; : F' # G is given as

KS,(X™) =+/n-sup
TERFK

Fo(r; X™) = F(7)
Note that the null and alternative hypotheses can be formulated as
Hy:||F-Gl| =0, Hi:||F-Gl, >0,

since F' =G on R if and only if their supremum distance ||F' — G|, is equal to 0. The KS test is
performed by rejecting Hy if the test statistic is greater than some critical value, since intuitively,
the fact that K5, (X™) is large under large samples indicates that the distribution from which
Xi1,--+,X,, is drawn is likely not equal to F.

The Glivenko-Cantelli theorem reveals that the KS test is consistent under any alternative;

this is the content of the next theorem:

Theorem 8.7 (Consistency of the Kolmogorov-Smirnov Test)

Let {X;}ien, be a sequence of iid random variables taking values in R, drawn from the distribu-
tion function G : R¥ — [0,1]. Let F': R¥ — [0, 1] be a distribution function such that | ' — G|| > 0.
Then, letting F), : RF x R"™* — [0,1] be the empirical distribution function,

lim P <\/ﬁ sup

n—0o0 TGRk

Bo(r; X") = F(7)] > M) =1

for any M > 0.

Proof) First we decompose the KS test statistic. For any 7 € R¥, by the triangle inequality we

have

B3 X™) = F(7)| > |[F(7) = G(7)| = | Bu(; X™) = G(7)|

Fa(t:X™) - G(1)]

This holds for any 7 € R, so taking suprema on both sides yields

sup
TERK

FulmiX") = F(7)] 2 |IF = Glloe = sup
TE

FH(T;Xn) — G(T)‘.

Now choose any M > 0. We then have

g " —F(1 — — sup |E,(m; X™) = G(r M
(75 X") = F( >\SM>SP<HF e Teﬂgkﬂm X" —G( >\sﬁ>

]P’<\/ﬁ sup

TERF

Fo(r X = G(r)| 2 |F =G|, \%) .

=P sup
TERK



M~ (. Then, for any n > N, we have

Let N € N be chosen so that ||F -G — N

M
F-G|,——=>|F-G|, -,
I =Gl =T > IF =Gl =

so that

]P’(ﬁ sup

TERK

Fn<T;Xn)—F(T)‘ SM) SP(SuIé)k
TE

Fo(riX™) = G(r)| > |[F ~ G, - j%)

for any n > N. Define (M) = ||F — G| > (0. We saw in the proof of the Glivenko-

Ep(r; X™) — G(T)‘ can be bounded

M
oo /N
Cantelli theorem that the tail probability of sup. cg

above as

2
TERF 8

for any € > 0 using a combination of symmetrization and Hoeffding’s inequality. There-

fore, for any n < IV, we have

]P’<\/ﬁ sup 3

Eo(r;X™) —F(T)’ < M) <2(2n+1)Fexp (_ne(W)
TERF

The right hand side vanishes as n — oo, so it follows that

lim P <\/ﬁ sup
n—oo

Eo(r X™) — F(T)\ < M) = 0.
TERK

This holds for any M > 0, so the proof is complete.

Q.E.D.

Having shown that the test is consistent, it remains to find the critical value for the test
given some significance level. Remarkably, when k& =1 and the target distribution is continuous,
we can find the exact finite sample distribution of KS,,(X"™) and generate critical values through
Monte-Carlo simulations. This is due to the distribution-free property of the KS test statistic
for k =1 under continuous target distributions, which we now demonstrate.

Let Xq,---, X, be iid real random variables drawn from a distribution described by a con-
tinuous cdf F': R — [0,1]. This implies that F is strictly increasing and therefore an invertible
function from R onto F(R) D (0,1). For any 7 € R, we can write

‘Fn(T;Xn)—F(T)‘: nzn:(f{x <r}— ))‘

=1

1 n
=|-> (Iroxp<rieny = F(7)| <

i=1 - - zn: (I{F(Xi)gu} - u) .

[t

sup
u€l0,1]
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This holds for any 7 € R, so

sup
TER

u€(0,1]

Fn(T;X") —F(T)‘ < sup

> (Ipxy<uy —u)|

=1

3\H

Suppose that this inequality is strict. Then, there exists some u € [0,1] such that

n i (Ferocy —u) |

=1

sup o X7) - F(7) <
TER

We can rule out the case u = 0,1 because in that case the right hand side would equal 0. Now,

since u € (0,1), we can choose 7* € R such that F(7*) = u. By implication,

ié; (Trxn<uy —u)

= izn: (I{XigF*(U)} - F(T*>>‘

i=1

n

= %Z (I{XiST*} F(T*))| =

=1

<sup Fn(T;X") — F(T)’,
TER

which contradicts the inequality above. Therefore,

sup Fn(T;X") = sup
TER uG[O 1]

% i (I{F(xim} - U) :

=1

Here, note that {F(Xy), -+, F(X,)} is an iid sample drawn from the uniform distribution on
(0,1), and that Fy(u) =w is precisely its distribution function; therefore, the equation above

can be written as

sup | E, (7; X™) = sup |Fj, (u; F(X1),--, F(X,,)) —FU(u)’
TER u€R

and as such that, under the null F =G,

KS,(X™) = /n-sup |F,(m; X™) —F(T)‘ ~v/n-sup |Fy (u; U™) —FU('LL)‘
TER u€eR

for some iid sample Uy,---,U,, drawn from the uniform distribution on [0,1]. From the closed-

form expression for the sup difference we derived earlier, we finally have

oo-53)

n

i _ L

n

)

KS,(X") ~ i max (U

1<i<n

for iid random variables Uy,---,U, ~ Uniform(0,1) and their order statistics vn,....ygn
under the null. This is a remarkable result because it shows us that the KS test statistic in
itself has a pivotal exact finite sample distribution under the null that does not depend on any

ex-post modifications.
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8.2 Non-Parametric Estimation of Density Functions

Suppose there is an iid sample X7, --, X, ~ X taking values in R¥, where the k-dimensional
distribution of X described by a continuous density f:R* — R, . Kernel density estimation is a
technique employed when we want to estimate the values of f(xg) for each z¢ in the support E
of X.

8.2.1 Motivation: Discrete Approximation to F’(x)

To motivate the kernel estimation, or smoothing, approach, let £k =1 and note that f(x¢) = F'(z¢)
for any point z¢ in R, where F': R — [0,1] is the distribution function of X. For small enough

h > 0, this indicates that we can approximate f(zg) as

F(xo‘l-h)—F(.’L‘o—h).

f(zo0) = 57

Since we do not know F, we can think of approximating it via the empirical cdf £, : R"1 — [0,1]
defined as

. 1
Fn(T;xla T ,ﬂfn) = EZI{%ST}
i=1
for any x1,---,z,,7 € R. For large n, the Glivenko-Cantelli theorem tells us that ﬁ’n(-;X”) is

uniformly close to F, so that f(z) can be approximated as

Ep(xo+h; X") — Fp(zo—h; X™) 1
f(xo) ~ 57 =50 > (I{Xigxﬁh} - f{xigxrh})
=1

1 n
7 Z {—h<X;—zo<h}-
=1

Defining the function K : R — R, as

]_ .
s ifxe(-1,1
k=] Treh
0 otherwise
it follows that
11 Xi—.%'()
~ — -K .
f (o) ngh ( A )

i=1

What we are essentially doing to estimate f(z¢) is taking the weighted average of the points
in the data around zy, where the weight assigned to each observation depends on its proximity
to xo. In this example, the weight is determined by the kernel K(-), so that all points in a
neighborhood of radius h around z is assigned equal weight % while the points outside that

neighborhood are given weight 0.
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As such, in general we can think of the following kinds of estimators of f(zg) for any z( €
R*. Let K :R¥ — R, be a non-negative valued function that is symmetric in the sense that
K(—x) = K(x) for any x € R¥. We call K(-) our kernel function. Then, our kernel estimator

Fu(xo) of f(x) can be given as

i =18 e (252)
i=1
for some choice h > 0.

We call this value of h the bandwidth; the larger it is, the wider the neighborhood around
xo used to construct the estimator of f(zg). Thus, a large h has the effect of smoothing our es-
timate of fn(xo), similarly to how a wide moving average window produces a smoother trend in
time series analysis. The trade-off to a smoother estimate of f(x¢) is that, by using observations
that are far from x( to inform our estimate of the density at xy, we obtain biased estimates of
f(zo). To again use an analogy from time series, this is similar to how estimates of the long
run variance, or the spectral density at frequency 0, become increasingly biased as more peri-
odogram ordinates, that is, approximations to the spectral density at non-zero frequencies, are
used in its construction. This bias-variance tradeoff is central to kernel density estimation, and as

we see below, it is key to understanding the asymptotic properties of the kernel density estimator.

8.2.2 Consistency and Asymptotic Normality of Kernel Density Estimators

In order for the kernel density estimator of f(zg) to be consistent and asymptotically normal,
we must impose some smoothness conditions on the density f, as well as some normalizations

to the kernel K (-). Formally, we make the following assumptions:

A1 Smoothness Properties of the Density
We assume that f:RF = R, is twice continuously differentiable, and that there exists
some M > 0 such that

0*f (x)

<
0xox' || — M

)

‘ﬁf ()
Oz

for Lebesgue-almost every x € R¥.

A2 Properties of the Kernel
We assume that K : R¥ — R, is a bounded function satisfying the following conditions:
K(zj,x_j) = K(—xj,x_;) forany 1<j<k, z;€R, z_;cRF!
K(2)dz =1, / 2K (2)d < +o0.
Rk Rk

In other words, K(-) is an element-wise even function that integrates to 1 (so that the
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values of K (-) can be properly interpreted as weights). Furthermore, K(-) has thin tails,
since the nth term test for integrals implies that

lim |z|°K(z) =0.

|z| =400

We let the bound of K (-) be ¢ > 0, so that |K(z)| < ¢ for any x € RF.

A3 Rate of Convergence of the Bandwidth
Given a sample of size n, we use the bandwidth h, > 0 to compute the kernel density

estimator, where

hn —0, nhf — o0 asn— oo.

Under these assumptions, we can show that the kernel density estimator is consistent for the true
density f(z¢) and asymptotically normal. First, we present a relevant lemma, which will prove
useful not only for the exposition on kernel density exposition but also for kernel regressions

later on:

Lemma 8.8 (Rates of Convergence of the Bias and Variance)

Suppose K : RF — R, is a kernel function that satisfies the conditions of assumption A2, and let
g :R¥ — R be a function that is twice continuously differentiable with first and second derivatives
that are bounded by some constant M > 0. Then, for any x¢ € R¥ and h > 0, there exist constants
c1(g,K),ca(g,K) > 0 such that

< Cl(gaK)h2

[ K@gtao+ he)dz—g(wo)

< 62(97K)h'

/kK(z)Qg(xo—i-hz)dz—g(a?o)/kK(z)de
R R

Proof) Step 1: Taylor Expansions of g

To avoid technicalities concerning measurability and integrability, we phrase the Taylor
expansions as inequalities rather than exact expansions. The proof relies on two Taylor

expansions of ¢ around . For any z € R*, note that
9(@o + hz) — g(z0)| < hM |z

and
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where we used the fact that all derivatives of g are bounded above by M > 0.

We touch for a moment on an integrability issue involving the kernel K (-). Define v as

the probability measure on R* defined as

mm:AK@@

for any A € B(R¥). Then, by Hélder’s inequality,

/Rk 2| K (2)dz = /Rk |z|dv(2) < (/Rk |z|2du(z))21’ </Rk ZIZK(z)dz)é_

The right hand side is finite, so it follows that [p« |2|K (2)dz < 400 as well, showing us
that each

Zj — Zj 'K(zj,z_j)

is a Borel measurable and integrable mapping on R for any 1 < j < k and Z_j € Rk,

Step 2: Convolution of K and g

Using the second order expansion above, we can see that

/JRkK(Z)g(‘EOthz)dZ—g(iUo)/RkK(Z)dz—h' (/sz-K(z)dz>,6ga(i°)
</ K(2) g(xo+hz)—g(mo)—h-z’ag(%) dz
/R ox

By assumption, [pr K (2)dz = 1. Furthermore, because K is an element-wise even func-
tion on R¥, for any 1 < j <k and Z_j € R*=1 the mapping zj > zj- K(zj,2_;) is an

odd function. Therefore,

/Rk zj'K(z)dz:/Rkil/sz-K(zj,z_j)dzjdz_j:0,

and it follows that

- K(2)g(zo+hz)dz — g(z0)

< f;Q <M/Rk z|2K(z)dz).
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By assumption, [g« |z|2K(2)dz < 400, so defining

M
(g, K) = = (/ |z|2K(z)dz> < too,
2 \Jrr
we have our desired result

S Cl(gvK)hQ'

[ Koo +he)dz —glo)

Step 3: Convolution of K? and g

Using the first-order expansion this time around, we have

K(z)2g(:£o—|—hz)dz—g(xo)/Rk K(2)%dz

Rk

< /k K (2)2lg(z0+ hz) — glao)|dz < b <Mc/k |Z|K(z)dz> .
R R
Defining ca(f, K) = Mc [z |2| K (z)dz < 400, it follows that

< co(f, K)h,

K(z)Qg(:Uothz)dz—g(xg)/Rk K(2)%dz

Rk

as we desired.

Q.E.D.

Theorem 8.9 (Rates of Convergence of the Bias and Variance)

Let {X;}ien, be an iid sequence of k-dimensional real random vectors drawn from a distribution
with density f:RF — R_. Suppose assumptions Al and A2 hold true, and define the n-sample
kernel density estimator at the point 2o € R¥ using the bandwidth A > 0 as

A n 1 " 1 Xi—l‘o

Then, there exist c1,co > 0 such that
’E {fn(xg;X",h)} *f($[))’ < ¢ h?

and

Va [fa(o X )] = o) [ K| < el ™F 4 (f (@) +erh?)?

n
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Proof) Since the density f and the kernel function K (-) satisfy the conditions of lemma 8.8,
there exist constants c1,c2 > 0 depending on f and K(-) such that, for any zg € R¥,

S Cth

/R,c K (2)f(xzo+ hz)dz — f(x0)

K(Z)Qf(ZL'o-I-hZ)dZ—f(IL‘())/Rk K(2)%dz

< Cgh.
Rk

We now study the bias and variance terms in turn to obtain the bounds of interest.

Starting with the bias term, the iid nature of the collection K (@) oo K (@)
implies that

E [ fo(w0; X", 1)| = %E [K(Xllzxoﬂ - ];Q/H{kK<x_}L$0>f(x)dm.

By a simple linear change of variables, and noting that |det(h - I})| = k¥, we have

E {fn(q:o;X”,h)} = | K(z)f(xo+hz)dz,
RE

so that we immediately have
[E[fu(wo; X 1)] = F(a0)| < erh?

from lemma 9.1.

Moving onto the variance term, the iid-ness of K (@) o K (@) once again

implies that

Var {fn@O;X”,h)} = Var [iihle (X@';:m)]

=1

1 1 le.To
=g [th< n ﬂ

e () - (e o (252 ]

We saw above that

E [11{ <X1;x°)] =B | fulwo; X", 1))

so that

S Clh2>

(5] o
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and in particular

(el () s

On the other hand, using the same linear change of variables as in the proof for the

2:hl%/RkK(I_h‘/]m)Qf(OC)d:n

1
TRk

bias term, we can see that

1 X1 —x0
—K
h¥ ( h )

E

/k K(2)2f(xo+hz)dz.
R
As such, the result from lemma 8.8 implies that

1 X1—$0> 2
— K
hk ( h

< 02h17k7

‘E - }jkf(azo)/RkK(z)de

and therefore

Var [fn(xo;X",h)] — nlhkf(xo)/Rk K(Z)de

e () o ) el ()]

it | (flan) berh)?
n n '

<

This completes the proof.

Q.E.D.

The result above shows us that the bias is increasing in the bandwidth h, while the variance
is decreasing in h. This corresponds to our intuition that averaging over a wider neighborhood
of each point would smooth the kernel density estimator, that is, it would make the estimator
less volatile, but would push it farther away from the true density at each point. This trade-off
between the bias and variance when it comes to the size of h actually allows us to pin down
the asymptotically optimal bandwidth; this task will be taken up in later sections. For now, we
show that the preceding lemma allows us to almost immediately establish the consistency of the

kernel density estimator.
Theorem 8.10 (Consistency of Kernel Density Estimator)

Let {X;}ien . be an iid sequence of k-dimensional real random vectors drawn from a distribution

with density f:R* — R,. Suppose assumptions Al to A3 hold true, and define the n-sample
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kernel density estimator at the point o € R¥ using the bandwidth h,, as

f (20; X" hy) 1 zn: 1 ( —gcg)
xo; -y — .
0 n — hf ho,
Then, the kernel density estimator is consistent, that is,
Fa(20; X" hn) % f (o)

for any zo € R*.

Proof) We saw above that there exist ¢1,co > 0 such that

E [fmo;xn,hn)} — fao)| S cih?

1-k 212
Var{fn(x()’X hy) 330/ K(z Zd‘ cahy, +(f(1:0)+clhn)'

n

for any n € N4. Note that

[ Fa(os X" ) = £ (0)| < [E | Fuaros X7 hu) | = f(w0) |+ | Fulwos X7 ) =B [ fulo; X7 )] |,

so that

~ 2 A 2 A ~ 2
E|fo0: X" 1) = f(z0)| <2 [\E [ F(w0s X" hn) | = f(@0)| +E| o X7 o) =B [ fu(os X", 1) | ]

=2 [ [fu(e0s X", ha)] = Flao) |+ Ve [fu(a0s X", 1) .

The first term goes to 0 as n — oo because c1h2 — 0 as n — oo. Meanwhile,

02hn+(f($0)+01h%)2h]3+ ! f(xo)/ K(2)%dz

Var [fn(l’o;Xnahn)] < nhk

and since h,, — 0 and nh¥ — oo as n — oo, taking n — oo on both sides shows us that
Tim Var | fu(wo; X", )| =

Therefore,

’2

T | s X" ) = o) | =0

and we have
A n L2
fn(x0; X" hn) = f(0),
which establishes the consistency result we desired.
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Q.E.D.

The asymptotic normality of the kernel density estimator can also be easily established. How-
ever, it turns out that the kernel density estimator is not asymptotically unbiased, since each
Fn(zo; X™ hy) is centered not around the true density f(xo) but the true density plus a bias

term by, (zo;hy,) defined as
bn(x0§hn) =E [fn(menahn)} - f(fL'O)

This result is stated and proved below:

Theorem 8.11 (Asymptotic Normality of the Kernel Density Estimator)

Let {X;}ien . be an iid sequence of k-dimensional real random vectors drawn from a distribution
with density f:R* — R,. Suppose assumptions Al to A3 hold true, and define the n-sample
kernel density estimator at the point 2o € R¥ under the bandwidth h,, as

A 1 " 1 Xi—l‘()
n ;Xn7h’rl = - 7K .

Then, for any z¢ € RF such that f(xq) > 0, the kernel density estimator has the following asymp-

totic distribution:

S [ s X7 ) = (£ )+ B o)) 5 [0, Flao) [ K (27

as n — 0o, where

(@03 n) = B | fu(w0; X", )| = f (0).

Proof) The proof is a straightforward application of the Lindeberg-Feller CLT for triangular

arrays of independent random variables. Define {Z,, ; }1<i<nnen, as

e i) e (52

for any n € Ny and 1 <1i <n. Note that {Z,;}1<i<nnen, is a triangular array of

independent real random variables with common mean 0. To apply the Lindeberg-Feller
CLT, we need to show that:

i) >, Var[Z, ;] converges to some positive constant.
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ii) The Lindeberg condition holds, that is,

n
Jin SB[ 20l iz, ] =0

for any € > 0.

We show that each condition is satisfied one by one. First, define

n 1 X —
2= Var[Z,,] = o Var {K( lh x“)} .
i=1 n n

Since

1 X1 —1x0 k Pl xn
%Var [K( - )] = nh, Var {fn(xo,X ,hn)},

n

and we know from lemma 8.8 that there exist c1,co > 0 such that

Var [f"(xO’X h ) f (o) / K(z ’_ cohy ™"+ (f(z0) +c1hy)?

n

for any n € N, it follows that

o (5] s

= nhk

Var[fn(xo,X h) mo/ K(z

< hnlea+ (f(xo) +erhp)?hyy ")

for any n € Ny. Since h, — 0 as n — 0o, this shows us that

nhngoh Var [K(th;l”o)} = f(xo) /Rk K(2)%dz

and as such that

lim s2 = (xo)/ K(2)%dz > 0.
Rk

n—oo

It remains to verify the Lindeberg condition. Fix € > 0, and note that
1
P(|Zy,i] >€) < E—ZVar (Zni] = 2,8

by Chebyshev’s inequality. Since the function K (-) is bounded above by ¢ > 0, we can
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see that |7, ;| < 2¢_ for 1 < i <n and therefore

\/nhk

- 4c? 4c? 1
E || Znil*> Iz, jse| < 5 P(|Zna| > €) < — x — x 52.
; { n, \ ,|>E} hg n 2 nhﬁ n

We saw above that s2 = O(1) and nh* — oo as n — oo, so

n—oo

lim iE (120> 112, 5] =0.
1=1

Since this holds for any € > 0, the Lindeberg condition holds, and the Lindeberg-Feller
CLT implies that

anzn,i&/\/{o, f(xg)/RkK(zfdz}

=1

Finally, note that

/bl [ Faleo X7 ) = (f (20) +bu(wos )| = /by [F(wos X" ) = B[ fu (s X7, )|

() e e (5]

for any n € N,. This completes the proof.

Q.E.D.

8.2.3 Asymptotically Optimal Bandwidth

The kernel density estimator turns out to be very sensitive to the choice of bandwidth h,,.
Under additional smoothness assumptions on the density f, it is possible to analytically obtain
an expression for the bandwidth h,, that is optimal in an asymptotic integrated mean square

error sense. First, we make the following assumption:

A4 Additional Smoothness Assumptions
Assume that the density f:R* — R, is four times continuously differentiable, and that
there exists some M > 0 such that, for any 1 <m <4 and 1 <ji, -+ ,jm <k,

o f(x)

— 7 <M
8.1’j1 e '6I'jm
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for any = € R*. Furthermore,

/k 12|*K (2)dz < 400,
R

which implies, through a construction using Hélder’s inequality and the indefinite integral
of K (-) with respect to the Lebesgue measure, that [gi 2| K (2)dz < 400 for any 1 <m <4.

Under this additional assumption, we are now able to obtain a sharper characterization of the

bias of the kernel density estimator.

Lemma 8.12 (Modified Rate of Convergence of the Bias)

Let {X;}ien . be an iid sequence of k-dimensional real random vectors drawn from a distribution
with density f:R* — R,. Suppose assumptions Al, A2 and A4 hold true, and define the n-
sample kernel density estimator at the point zg € R¥ under the bandwidth h > 0 as

A

Then, there exists some ¢4 > 0 such that

82

E {fn(xo;X",h)] — f(xo) — h; Ek:
j=1

for any n € N;.

n RS
fn(x();X 7h) = ﬁzhk‘

(/Rk zsz(z)dz)

12

XZ'—.%'()>

< C4h4

Proof) We now rely on the following fourth-order Taylor expansion of f around xg, again posed

as an inequality:

+

f(wo+hz)—f(xo)—h-z pp 5

for any z € R¥ and h > 0.

As in lemma 8.8, we begin by noting that

E {fn(xo;X",h)} = LE [K (Xlizl’o

hk
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Jlao) 02O O)Z—mZ"'ZM@%)‘

—hk/RkK<x_hxo)f(m)dx

_ / K(2)f (w0 + hz)dz,
RE



where we have used the familiar linear change of variables for the last equality. Then,

K(2)f(zo+hz)dz— f( xo/ K(2)dz—h- Z ax])(szjK(z)dz>

e () ()]

]j: (Mk:4/ | K ( )dz)

By assumption, [pr K (2)dz = 1. Furthermore, we saw above that

Rk

/ 2iK(z)dz=0
Rk

for any 1 < j < k. This indicates that, for any 1 < ji,72 <k, if ji # jo then

/Rk zjlzsz(Z)dZ = /Rk'—l j2 </R zle(Zjuzﬁ)del) dz—j =0.

Similarly, choose any 1 < j1, 72,73 < k. We now consider the following cases:

Case 1 ji1,j2,73 not all the same

In this case, letting jy # ja,j3 without loss of generality, we have
/ (H Zaz> z)dz —/ Zj>2js (/ Zle(ZjuZ—jl)dZﬁ) dz_j =0,
RFk—1 R
since [p zj, K(2j,,2—,)dzj, =0 for any z_;, € RFL.
Case 2 j; =j2 =73
In this case, denoting j = j1 = jo = js, the fact that K (-) is an element-wise even

function tells us that the mapping z; — z?K (z,2—;) is an integrable odd function

for any z_; € R*=1_ Therefore,

/]Rkj dz_/RkI/ZKZ]’ z_j)dzjdz_; = 0.

In any case,
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so that we can rewrite the bias term as

E [fn(rco;X”,h)] — f(zo0) — h; ij 825550) (/Rk z?K(z)dz) < }j (Mk4 /Rk yzr*K(z)dz) .

j=1 J

Defining ¢4 = 41 k* (ka ]2\4K(z)dz> < 400, we now have the desired result:

~ k 92
E [fn(:vo;X",h)} — fxo) — h;j 0 ({“)fa(cj;O) </]Rk Z?K(z)dz) < esh?.

Q.E.D.

The new formula for the bias term can be written as

k
bp(xo;h) :=E {fn(xo;X”,h)} — flzo) = h;z azafa(c;m) </Rk z?K(z)dz) +0(hY).

j=1 J

In other words, the bias is not only proportional to the bandwidth A, but is also proportional

2
to the magnitude of the curvature, that is, the size of the second derivatives %ﬂ(}go).

The mean squared error at xg under the bandwidth h > 0 can now be defined as

MSE,(x0;h) = E‘fn(xo;X"ﬁ) —f(ﬂﬁo)‘2

=E [(fn(ﬂCo;Xn,h) —E [fn(ﬂfo;Xn,h)D + (E [fn(e??o;Xn;h)} - f(ﬂﬁo))]2
= E‘fn(xo;X”,h) —E [fn(xo;Xn,h)} )2 + (E [fn(xo;Xn,h)} - f(ﬂco))2

= Var [fn(l’o;Xn,h)] +bn(a70)27

so that it depends on both the variance and the bias of the estimator. The integrated mean

squared error is defined as

IMSE,(h)= | MSE,(xo;h)dxo,
RE
which can be viewed as an equal-weight sum of the mean squared errors at each point on R¥.
Note that M SE, : RF — R, is a non-negative measurable function, so that IMSE,, takes values
in [0,400].
Recall from lemmas 8.8 and 8.12 that there exist constants cq,co,cq4 > 0 such that

Var [ X7 1)) = o fao) [ (20| < eoh'F 4 (f(w0) +e1h?)”
n RE

n
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k
B [futeos 0]~ S~ 32 0 (] 2ic(epas)

j=1 J

< C4h4.

Since these differences all vanish when n — 0o, h — 0 and nh* — 0o, we can define the asymptot-
ically relevant part of the IMSE, called the asymptotic integrated mean squared error (AIMSE),

as

o) (/Rk 22 ()dz)>2 dxo

:# i de+h4zk: > (/Rk g dz) (/Rk zan(z)dz) (/Rk 82(%05:;0) E)Qafx(go)dxo).

j=1m=1

2
ATMSEW) = [ | (o) [ KR+ (’;

The second term can be written as a quadratic form of a positive semidefinite matrix, so it is
non-negative. The first and second derivatives of AIMSE, (h) with respect to h are given as

9% f(x0) 0*
AIMSEL( thrl/ K(z dz+h3z Z (/ ) (/Rk z?nK(z)dz) </Rk g; O)afx(m)dmo>

Jj=1m=1

vy k(k+1) 0 f (wo) 0° f (x0)
AIMSEy(h) = — s / K(z dz+3h222(/ )(/RR:Z?,LK(Z)dO (/Rk ax§0 axgno dzo | >0

j=1m=1

for any h > 0, so the mapping AIMSE,, : (0,4+00) — R is strictly convex. This indicates that
the bandwidth hj, that minimizes AIM SE,, satisfies the first order condition

kn(hg)k“/Rk K(2)%dz = (h;;)gzk: Z (/]Rk 25 dz) (/Rk Z%K(z)dz> (/Rk 62;?;;0) 828];(;0)de> ,

j=1m=1

solving which we obtain

k44

h* k;ka K(Z)2d2 71/(k+4)‘

- Xn

22?21 Yh (ka Z?K(z)dz) (Jr 22, K (2)dz) (ka 92 f( ;70 8281;(2960)dx )

This is the optimal bandwidth in the asymptotic integrated mean squared error sense. Defining

1
k+4

= k Jor K (2)dz
Z =1 Zm 1 (ka Z5 K( )dz) (ka 22 K( )dz) (f]R 623;0) 828m(2mo)dx )

the AIMSE under the optimal bandwidth ) = WZH) is given as

1 (e)*(k+4)

AIMSE,(h}) = DA/ 4k
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X i i (/Rk zJZK(z)dz> (/Rk zan(z)dz> (/Rk 8252?) 82537(;0)61330) :

j=1m=1

The best rate at which the AIMSE converges to 0 is n~%*+%_In other words, the larger the
dimension k of the data, the slower the rate of convergence. Intuitively, we would also expect
that the larger the dimension of the data, the less informative it is about the joint density.
As such, this result is a mathematical illustration of the curse of dimensionality that plagues

multivariate analysis.
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8.3 Kernel Regression Models

We can easily extend the kernel density estimation framework studied in the previous section to
non-parametric regression models. Formally, we consider the following model. Suppose there is
an integrable real random variable Y and a k-dimensional real random vector X, and that we
are interested in the conditional expectation E[Y | X]. By the Doob-Dynkin lemma, there exists

some Borel-measurable function m : R¥ — R such that
E[Y | X]=m(X).

Letting u be some error term that is independent of X, we can express the above equation in

as the following regression model:
Y =m(X)+u.

Given an iid sample {(Y;, X;)}ien, from (Y, X), we want to find the values of the function m(-)

on R¥  that is, we want to estimate m(zg) for each zg € R¥.

8.3.1 Motivating the Kernel Approach

To motivate the kernel approach we will study below, suppose X has full support on R¥ and let
fx :RF = R, be its density function. Similarly, let frx: R*¥+1 5 R, be the joint density of Y’
and X. It follows that, for any xo € R¥, the following relationship holds:

Jr.x(y,@o)
m(zo) =E[Y | X = 2¢ :/ Jr.x\,xo) 5
(@) =E[Y | X =ag] = [ g2 0500y
Thus, we can reduce the problem of estimating m(zg) to the problem of estimating the densities
[x(zo) and fy, x(y,zo) for any y € R. We have already studied one method of estimating densities
above, so let us apply that method. Specifically, let Kx : R¥ — R, and Ky : R — R, be kernel

functions of the type used in kernel density estimation, and we propose estimating fx (xg) and

fy,x(y,z0) by

A~ 1 L Xi—l‘o
Fanan) = e St (S

5 1 ¢ Xi—wzo Yi—y
vaX’"(y’xO):WZ;KX< h >KY< h )

for any y € R, where h > 0 is some bandwidth parameter. Note how we used a kernel for the joint
density of Y and X that is separable across the dependent and independent variables. Now, a

natural estimator of m(zo) is

(o) /nyXn )dy

an
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i B (B2 [ Jiew- By (M) do]
?:1 Kx (@) |

By a linear change of variables that we are surely familiar with at this point,

b [y ry (B dy= [ ha Ky (-2

If Ky (+) is an even non-negative function that integrates to 1, as we have continued to assume

in the last section, the integral on the right hand side can be simplified to
/ (i +h2) Ky (—2)dz = / (Vi +h2) Ky (2)dz
R R

=Y [ Ky()dethe [ 2Ky ()= =Y,
R R

since z — zKy(z) is an odd function and [; Ky (2)dz = 1. Therefore, our estimator for m(zo)

can be written as

. " Ky (Xi—ﬂfo)y,

This is the Nadaraya-Watson estimator of m/(zo).

Although it follows directly from kernel density estimation like we have just shown, the

estimator has a more straightforward and intuitive interpretation. If we define

- ()
wn(z,X 7h) - Z?:1 Ky (Xj;xo) )

then the estimator can be written as
n
mn(fEO) = an(lv Xna h)Y:La
i=1

where w, (1; X" h),--- ,wy,(n; X™, h) are non-negative weights that sum to 1. In other words, the
Nadaraya-Watson estimator of m(xg) can be interpreted as a weighted average of the sample
observations of the dependent variables, where the weight on the ith observation Y; depends on
how close the corresponding regressors X; are to the point xg. This makes complete sense; the
first thing anyone who was interested in the conditional expectation of Y given X = zy would
be to take the sample average of the observations of Y whose corresponding regressors are close
to xg.

In the following sections we take a formal look at the Nadaraya-Watson estimator and derive

its asymptotic properties, including consistency and asymptotic normality.
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8.3.2 Model Assumptions and Preliminary Asymptotic Results

We make the following assumptions:

R1

R2

R3

The DGP and Regressor Exogeneity

Let {(Y;, X;) bien: . be an iid sample, where each Y; is a real random variable and X; a k-
dimensional real random vector. We assume that there exists a Borel measurable function
m : RF — R such that

EY; | Xi] = m(X;)

holds for each i € V.

Defining u; =Y; —m(X;), the following relationship holds:
Y, = m(Xz) =+ u;.

Mean independence follows immediately: E [u; | X;] = 0. By the Doob-Dynkin lemma, there

exists a Borel-measurable function og : R¥ — R such that

so that the errors are potentially heteroskedastic.

Smoothness of the Conditional Mean and Density of Regressors

Let f:R* — R, be the density of X; with respect to the Lebesgue measure. We assume
that f, m and o( are twice continuously differentiable on R¥, and that there exists some
M > 0 such that

d?g(x)

<
O0x0x’ M

’39(56)
Oz

for any x € R* and g = m, f, 0.

Properties of Kernel Function

We assume that K : R¥ — R, is a bounded function satisfying the following conditions:
K(zj,x_j) = K(—xj,x_;) forany 1<j<k, z;€R, z_;cRF]!

K(2)dz =1, / 2K (2)d < +o0.
Rk Rk

In other words, K(-) is an element-wise even function that integrates to 1 (so that the
values of K (-) can be properly interpreted as weights). We let the bound of K(-) be ¢ > 0,
so that |K(x)| < ¢ for any z € R*.
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R4 Rate of Convergence of the Bandwidth
Given a sample of size n, we use the bandwidth h, > 0 to compute the Nadaraya-Watson

estimator, where

hn —0, nhf — o0 asn— oo.

Note that assumptions R3 and R4 are the exact same as those for kernel density estimation.
Assumption R2 simply requires the conditional mean function m to satisfy the same differentia-
bility and boundedness conditions as the density f of the regressors. Under assumptions R2 to

R4, the results we derived for kernel density estimation shows us that

Frlzo; X" hy) nthK( >£>f(3:0)

n4=1

for any xg € R¥. As such, if f(xq) > 0 for some xo € R¥, then fn(xo;X”, hy) > 0 with probability
approaching 1 as well, ensuring that the Nadaraya-Watson estimator is well-defined in the limit.
Under our assumptions, we can immediately establish the consistency and asymptotic nor-
mality of the Nadaraya-Watson estimator for m(xg). These results rely on the following asymp-

totic results, which are our “building blocks”, so to say.

Lemma 8.13 (Asymptotic Building Blocks of Kernel Regression)
Suppose assumptions R1 to R3 hold true, and choose any xo € R¥. Then, there exist ¢1,ca > 0

such that
1 " Xi—l'o
E{f— ) K|— u| =0
e (7)o

1 & X, — o 1 ¥ cohlk
— | = <
Var [nhk ;K ( . ) uzl 00 oo(xo) f(zo) / K(z)%dz| < -

|]E [n;k ;K (Xz 1’0) m(Xz)] —m(xo)f(xo) < Clh2

X o

Cghl_k + (m(fL‘(])f(ZL‘()) + C1h2)2

Var [nlhk;zc( i )m<Xi>]—Tfhkf<xo>m(xo>2 | K < -

for any n € Ny and h > 0. In particular, if {h,},en, is a sequence of positive reals that satisfies

assumption R4, then




as n — oo and

1

nhk

lim Var
n—0o0

XZ;K<XZh;xO> Uz] :Uo(l‘o)f(iﬁo)/Rk K(z)%dz.

ﬁ

Proof) By lemma 8.8 and the regularity assumptions imposed on f,m and o, we can see that

there exist constants ci,co > 0 such that

K(2)g(zo + hz)dz — g(x0)| < e1h?

Rk

K(z)Qg(xo—l-hz)dz—g(mo)/Rk K(2)%dz

< coh
Rk

for g = f,m,o00 and their products f x og, f xm and f x m?.

Starting first with the sum involving the error terms,

1 " Xi—aj‘o . 1 " Xi—IL‘() _
E[nhk;K( - >u1_Elnhk§K< - )E[uZ|Xl]]_O

by mean independence, and

1 “ XZ'—.%'()

1 X1 — 202

by the iid nature of K (@) Up, -+, K (@) un. Expanding the expectation as an

integral shows us that

Lk [UO<X1>K(X1;I°)2] - L (555 e s

_ 1
 nhk

/Rk K(2)(f x 00)(zo + hz)dz,

where the final equality follows from the now-familiar change of variables formula. As

such,

Var [nlh’“ zn:K (ngxo) u,] — #Uo(l'o)f(.fo) /Rk K(2)%dz
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1

Cghl_k
"~ nhk '

n

K (2)(f  o0) (o + hz)dz — ao(xo)f(aro)/k K(z)Zdz‘ <
R R

Moving onto the terms involving only the regressors and the conditional mean equation,

we have

E [nlthZ;K <Xi;x°> m(Xi)] = %E {K <X1;x°) m(Xl)]

_ hlk/Rk K ("”_h"’“"o) m(x) f (z)da

= Jo K(2)(f xm)(zo+hz)dz.

Applying the results of lemma 9.1 to the pointwise product f x m, it follows that

|IE lnlhk;K (X" = ”°> m(Xi)] — m(ao) f(x0)

= K(2)(f xm)(zo+ hz)dz— (f x m)(xg)| < c1h?.

Rk

Moving onto the variance term,

o S (572 ] = e e (2472 |

111 X1—x9

Note that
1EK Xl—l‘o X 2_ 1 K Tr — X 2 2 d
. S| = [ K (TR m) @)
= L[ KG2(f xm?) (o + ha)dz
h Jrk )

Therefore, using lemma 8.8 applied to the function f x m?, we have

2

1 X1*CL‘0

— i om(ao? [ Kz

1

1-k
ﬁ S CQh .

/k K(2)(f x m?)(z0+ hz)dz — f(q:o)m(ﬁo)Z/k K (2)%dz
R R

453



Furthermore,

so we have

Var [nlhk ;K (Xi ;330) m(Xi)] — nlhkf(wo)m(fﬁoy/w K(Z)de

1

n

Bl (P x| e faomaa)? [, K%

o (e () o)

< Cghlf}C =+ (m(:(}o)f<$0) + 01h2)2

n

It remains to prove the convergence in probability results. Let {h, }n,en, be a sequence

of positive reals satisfying assumption R4. Then, the previous result tells us that

cohy,
k
nh¥

D < —eoo(eo)f(an) [ K(2Pdz+

2
1 " XZ'—.’L'()
i K ()

n =1

for any n € N4, and sending n — co on both sides shows us that

1< Xi—xo L2
—>» K ; — 0
nhké ( i )“ !

n

which implies # Y K (@) u; = op(1).

Likewise, for any n € Ny we have

ETLEXE;K(X%”‘%O) (X0) = m{z0) (w0)
o] S (B i - LS (522 |
iE [n;llk;K (Xez) (Xn] m(xo)f(xo)] 2
<2-Var nkzl = (XZ)]”(ELJ%XE = (Xz)]—m(xo)f(xo)>2

454



< cohn + (m(zo) f(zo) + clh%)2hﬁ

2
= +c1hy,.
nhk "

Taking n — co on both sides leads to the right hand side converging to 0, so we have

Sk (X

n =1

)m(xz-) L (o) f (o).

Finally,
1 " XZ‘—{L‘()) 9
Var K u; | —oplx T K(z)“dz
>k (% ] olw) f(ao) [ K(2)
1 & X,—x 1
- k 7 0 ) 2
=nh, |Var [nthK< T )ul] hk oo(xo) f(xo) / K(z)%dz

1-k
kCQh
nh Tn = cohy

for any n € N4, so taking n — oo on both sides shows us that

lim Var
n—oo

WZK( “’”O)ui] = oofan) f(ao) [ K ()%

This completes the proof.

Q.E.D.
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8.3.3 Consistency and Asymptotic Normality

Under the assumptions made and asymptotic results derived in the previous section, we can now
prove that the Nadaraya-Watson estimator is consistent without imposing any further regularity

conditions.

Theorem 8.14 (Consistency of Kernel Regression Estimator)
Suppose assumptions R1 to R4 hold true, and choose any zy € R* such that f(xq) > 0. Letting

the Nadaraya-Watson estimator for m(xg) be defined as

A

(0 ) = i1 K (th;nxo> Y

n X;—xg ’
K (S

M (x0; hy) is consistent for m(zg), that is,

M (03 hy) N m(xg.).

Proof) As noted before the statement of the theorem, under assumptions R2 to R4

A 1 n Xi—l‘
fn(xo;X”,hn):kZK< 0) P, f(z0) > 0,
nhy — hn

so that 1y, (zo; hy) is well defined with probability approaching 1. Using the fact that

Y; = m(X;) + u;, we can decompose 1y, (xo; hy,) as follows:

1 n Xi—x . 1 n X,—«x .
1 n X;—x0 1 n X;—xg ’
e S K (K5 e S K (K5

A

mn($0; hn) =

From the results of lemma 8.13, we know that

1 X —
=1

1 X XZ'—QTO P,
WZZIK( - )m(Xi)%m(xO)f@?O)'

Therefore,

M (T0; hn) 4, + ) =m(xg),

which is our desired result.

Q.E.D.
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For asymptotic normality, we need further bounds on higher moments of the error term. To this

end, we introduce the following assumptions:

R5 Boundedness of Moments
We assume that there exists a 6 > 0 such that the conditional 2+ §-moments of the error
term wu; is well-behaved. Specifically, we assume that there exists a twice continuously
differentiable function b: R*¥ — R, such that

E |[u** | Xi] = b(X,).

Furthermore, we assume that there exists some M, > 0 such that

‘(%(:c) <M,

ox

for any = € R*.

If u; and X; are independent, then this assumption can be formulated in terms of the

boundedness of the unconditional moments of wu;.

R6 Additional Smoothness Assumptions
We assume that the conditional mean function m and the density f of the regressors are
four times continuously differentiable, with derivatives of all orders bounded above by some

constant M > 0. Furthermore, we assume
/ 12| 'K (2)dz < 400,
RE

which implies that [pr |2|" K (2)dz < +oo for 1 <r < 4.

Under the additional assumption, we have the following boundedness result:

Lemma 8.15 (Boundedness of Product of Kernel and Error)

Suppose assumptions R1 to R5 hold true. Then, for any xo € R¥,

24§
1 X, —
lim n-E K( 1 mO)ul —0.

n—00 \/’I’Lihf“; hy

Proof) Fix 29 € R*¥ and n € N,. Under assumption R2, we can Taylor expand the product
g = f x b as follows: for any z € R,

|g($ + hnz) - g($0)| < hnMprod|Z|
by the boundedness of the derivatives of g, where My,,q = max (M, M) > 0. Further-
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more, by assumption R3
/ 12K (2)[20dz < cl+5/ 121K (2)dz < +oo.
RF RF

Now note that
1 X e 1 X 244
n-E K< 1_$0>u1 = E‘K( 1_%)
/nhqlg hn nz (hﬁ)H_i hn
By assumption R5,
X, — o 2o [ X1 -0\ 2 244
(5o = (S e
i X, — 246
—E ‘K( L x()) b(Xl)l
L hn
_ 246
~ [ |x (‘”” ‘””°> b(@) f(z)dx
Rk h,

— hfb e ]K(z)]2+ég(a:0 +hpz)dz,

where the last equality is derived from the usual linear change of variables formula.

Therefore,
246
1 X — 1
n-E K( ! x0>u1 —ﬁg(xo)/ K (2)[*"dz
nhk he, (nhk)2 R¥
_| ! / K ()2 g (20 + hnz)dz — — (:10)/ K (2)[>d
(o3 S T gy
hn 1446
< 5 Mprodc / |Z|K(Z)d2’ :
(nhk)2 R*
Since
1
—0, h,—0

as n — oo by assumption R4, so putting all these results together shows us that
246
=0.

1 X —
K( 1hnm0>“1

lim n-E
n—oo
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2+6
}nen, is bounded.

In particular, the sequence {nE’ L_K (M) Uy

N RANE

Q.E.D.

Using this result, we can now prove a CLT for the cross product of the kernel and error term.

Lemma 8.16 (CLT for Cross Product of Kernel and Error)
Suppose assumptions R1 to R5 hold true. Then, for any zg € R* such that f(zq) >0,

! ij(Xil;xo)uAN[o, ao(ﬂzo)f(azo)/RkK(z)zdz:]

Proof) Define the triangular array {Z,;}i<i<nnen, as

1 X —
ZnVi _ K( zh 330) s
n

for 1 <i < n. As before, we want to verify that the conditions for the Lindeberg-Feller

CLT for triangular arrays hold, that is,

1. As n— oo,

converges to some positive constant.

2. The Lindberg condition is satisfied:

nllr%o;E 1Znil* Iz, 150 ] =0

for any € > 0.

We first verify the condition for the variance; by lemma 8.13, we immediately have

52 = Var

\/;ng ;K (Xil;”"o) u] s o0 (w0) f(x0) /Rk K(2)%dz >0,

where the final inequality follows because o is positive valued on R*, f(zq) > 0 by

design and [pi K (2)?dz > 0 from the fact that K (-) is non-negative and integrates to 1.

Moving onto the Lindeberg condition, note first that the preceding result can be stated
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as

lim 7-E|Zp|? = ao(xo)f(xo)/ K (2)%dz > 0.
n—oo Rk

It follows that {n-IEJ|Zn,1|2}n€]\/+ is a bounded sequence and therefore that n-Z2 | =
Op(1) as n — oc.

Choose any € > 0. For any n € N,
n
2 2
Y E [|Zm| ’I{|Zn,¢\>e}} =n-E [lZn,ﬂ 'I{|Zn,1|>e}}
i=1
=n-E [|Zn,1|2 ) I{H-ZTZL,1>TL-62}:| :
By Holder’s inequality,

E [ ] < BV

_2 5
2+6} 245 [}P’ <n‘Z727/71 > nez)} 2+3 ,
so we have

BE[| 20t Tz smety] < [0 EIZaa2] ™ [0-B (- 22, > net)| ™

The first term goes to 0 as n — oo by the preceding lemma. The second term can be
bounded above using Markov’s inequality as follows:

n-P (n-Z,%yl > neQ)
Since s2

n =

€’

1 9 s2
<n- @E [n Zn,l}
O(1) as n — oo, it follows that n-P (n 22> n62> = O(1) as well. Therefore,

. 2
nll}«HolonE [’Zn,1| 'I{n-Z3,1>n-62}} = 0’

\/;TLQZZEK (Xi};bl‘()) u; = éZm 4N [O, 00(930)f(330)/Rk K(z)zdz} ‘

and since this holds for any € > 0, the Lindeberg condition holds. By the Lindeberg-
Feller CLT for triangular arrays, we can now conclude that

Q.E.D.
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Finally, for kernel regressions we can obtain a closed form expression for the asymptotic bias,

which relies on the following result:

Lemma 8.17 (Asymptotic Bias of Nadaraya-Watson Estimator)
Suppose assumptions R1 to R6 hold true, and that nhlrfr8 — 0 as n — oco. Then, for any z, € R¥
such that f(zg) >0,

LS (K0 () — ) = £ o)) 0,
1

where

k 2m xr mi\x xr
b(xo;h):%hQZ l(‘) 595(2 0) +2f(i0)889(€j0) 0](;;0)1 (/Rk 2K (z )dz)

for any h > 0.

Proof) Define the functions gi,g2 : R¥ — R as

g1(x) = (m(z) —m(x0)) f(x), ga(x) = (m(z) —m(z0))*f ()

for any = € R¥. By assumption R2, g, satisfies the requisite smoothness and boundedness

conditions for lemma 8.8 to hold: that is, there exists a co > 0 such that

/kK(z)Qgg(xo—i—hz)dz <cah
R

for any n € N4 and h > 0, where we use the fact that go(z9) = 0.

In contrast to go, which requires only a first order expansion around zg, we employ
a fourth order expansion of g; around zg, once again stated as an inequality: for any
h>0 and z € RF,

gl(zrro—sz)—h-zag1 —722891 ) hgzk: zk: D3g1(wo) (Hz )
Ji=1 jo— laxhaxh Zj1%j2 3! = i 8:6]1 8:17]3 bt Ji
h* 4,14

Now it follows that

k k
9g1(x0) kR g1 (x0) o
‘/ K(2)g1(zo+hz)dz—h E o, (/Rk dz) 5 E E 9z, 015, zhme(z)dz

Jj1=1j2=1

3y 2ot ([ (T s )

Tii=1 0 ga=1 i=1
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£ o o)

Again, the fact that K(-) is an elementwise even function implies that
| sk (2)dz=0 i # o
/ (th) 2)dz=0 for any 1< ji,7j2,73 <k,

so that

/RkK( )gl(xo—i-hz)dz—zzyglx(jo) (/Rk 2 K (2 )dz)

=1

h4
< (Mk4 " \z|4K(z)dz> :

Defining MT’!“AL o 12[*K (2)dz = ¢; > 0, it follows that

S Clh4

R

j=1

for any h >0 and n € Ny. Define

h2 F 92g(x
eoih) = 37y 2 %1;?0)(Rk K (),

1

so that

§ Clh4

[ K Glan o +ha)dz —blaosh)  ao)

for any h >0 and n € N,.

For any n € N4, we have

1 & X
E[M2K<

) (m(x:) —m(xo))] =g R (T, )~

1 T — Ty
_hﬁ/RkK( ™ )gl(az)daz

= / K(z)g1(xo+ hpz)dz,
Rk

so that the preceding result reveals that

e

n =1

< Clhi.

) m(X;) — m(xo))] —b(x0; hn) f(0)

462



We can expand the variance as

Var lnl}dig[{ (Xi};.m) (m(X;) —m(:vo))]
= Va1 (L) () (o)
< % X }%E‘K (th;"m) (m(X1) —m(zo)) 27

2 1 T — X 2
:h%’f/RkK< W ) g2(z)dx

1
== K (2)2g2(z0 4 hnz)dz < cohl 7k
hi Jre

It follows that

Var lnhﬁiK (hn) (m(Xi)—m(ﬂfo))] STk

Finally, since

1 & X;—
=nhkVar lhk g K < - $O> (m(X;) —m(wo))] < cahp,
n =1 n

taking n — oo on both sides shows us that

lim Var
n—oo

1 ZH:K (Xi —xo> (m(X;) —m(mo))] —0.

M i=1 hn

On the other hand,

1 " X —xo ‘
E \/% ;K < W > (m(X;) — m(:co))] - M x b(z0; hn) f (20)
=/nhk-|E [n}llk iK (Xh— :Bo) (m(X;) —m(xo))] — b(wo: hn) f(x0)| < Cl\/ﬁﬁs'
n =1 n
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By assumption, nhf”fs — 0 as n — 00, so

nh_{]goE [ 1 iK (Xih—nxo) (m(X;) —m(xg)) —\/nhk x b(:co;hn)f(xo)] =0

as well.

Putting the pieces together, we can decompose the mean squared error into the sum of
the variance plus the squared bias:

2

S0 (m(X;) — m(20)) — /i x blaosha) f(w0)

‘\/nhlfl i1

= Var

o >k (R (Xi)—m(wo))]
Nhn j—1

2
) m(X;) —m(wo))] —V/nhk x b(xo;hn)f($0)> .

(e[ e

Therefore, taking n — co on both sides yields

— S (S5 ) (X0 — mla0)) — b x b ) z0) = (1)

as n — 0o, which is exactly the result we want.

Finally, note that

om(xo) 8f(x0)
83:]- axj ’

O?g1(z0)  0*m(wo)

O:EJZ - 63@? flwo)+2

so that the expression for the bias term b(zg;h) is exactly as stated in the claim of the

lemma.

Q.E.D.
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We can now state the asymptotic normality result:

Theorem 8.18 (Asymptotic Normality of Kernel Regression Estimator)
Suppose assumptions R1 to R6 hold true, and choose any z¢ € R* such that f(xq) > 0. Letting

the Nadaraya-Watson estimator for m(xg) be defined as

K (Y)Y
B ()

if nhk+8 — 0 as n — oo, then 7, (xo; hy,) has the following asymptotic distribution:

A

mn(x0§ hn) =

ki ;) = () = b )] 4 7 [0, B [ eyt

f(xo) JrE
where
k1 8%m xo) 1 9Om(xo) df(x0)
Pt Zl J +f(x0) Oz Ox; ] ( RE JK( )d2>
for any h > 0.

Proof) Again, we rely on the expansion

We can further rearrange the terms above, so that

\/M{’ﬁln(xo; hn) —m(zo) — b(HCO;hn)}

e S K () (mUX0) = m(a0)) = /nhk - b(woi hn) fa (o) mzzl (Fe ) wi

Fn(z03hn) Fn(zo;hn) ’
where
A 1 n X;— i) D
Foloostn) = e S (550 ) 5 gt



and \/nhk [ Falzo;hn) —E [ Fu(o; h”)H = O,(1) under the maintained assumptions. We

study each term in turn.

Cross Product of Kernel and Error

From lemma 8.16, we know that

\/;?é.f(()(i};m)ui iN[O, Jo(aso)f(xo)/Rk K(z)de} )

Therefore, by Slutsky’s theorem,

\/ﬁ 1K( "%)Wi)j\[[o oo(xo)/ K(z)de}
fulzoihn) " fxo) Jre '

Cross Product of Kernel and Conditional Mean Equation

From lemma 8.17, we have

LS (K () ) o F o)) 0

Meanwhile, from lemma 9.5 we can see that there exists a ¢4 > 0 such that

< C4hi

k
E[fn(;no;hn)} _f(:EO)_};%Zazéfigo) (/Rk 2K )dz>

j=1 J

for any n € N4. Since

‘\/ [fn(w()vhn ‘ ‘\/nh fn (o5 hn) — fn szhn ’—i—‘\/nh fn anhn)]_f(xO)H
< 0p(1) + 2L+ < /R k_ |z|2K<z>dz) T eay/nnl S,

and

b(xo; hn) = C(x0)h2,

466



where

B 1 9*m (mo) 1 9Om(zp) Of(x0)
Gl ‘Z[ 027 fao) Ox; om, ](/R K,

J=1

it follows that

bn(xo;hn)-\/%[fn(xo;hn)—f(xo)“gop(1)h3+]‘24\/ 55 ([ sPR )z ) + candy it

Under our assumptions, taking n — oo on the right hand side sends it to 0, so

M[f(%) *fn(l“o;hn)} p 0

bn(zo; b)) - ~ = =0.
i) g i) ey
Putting these results together, we obtain
\/m Ez 1 K( ‘;T[)) (m(Xi) _m(JCO)) - nh%'b(l’o;hn)fn(xo;hn)
fn(x();hn)
1 n Xi—zo ) _ k. . R
_ \/szi:lK( Fra )(m({(z) m(zo)) — v/ nhy - f(20)b(zo; hn) b (onin). V/nhk [fA(mo) — fn(zo;hn)] 7
fn(fr();hn) fn(ﬂfo;hn)

and because both terms on the right hand side are o,(1),

o SI K (K52 (m(X3) —m(wo) — /bl ha) f(os )

= =o0p(1)
fn(x();hn) P
as well.
Asymptotic Normality
We have shown above that
hk Z ( _nxo u’L
Vil [ (203 i) = (o) = blags ) | = YA 40, (1),
o Y K (X

so by Slutsky’s theorem,

\/TMfL[mn(azo;hn) —m(zo) —b(mo;hn)} KN {0’ ?((:;EOO)) /Rk K(Z)de} ‘

This completes the proof.

Q.E.D.

467



Note that the asymptotic normality of the Nadaraya-Watson estimator in the above form
holds only if the bandwidth h,, converges to 0 not too fast nor too slow. Specifically, it must be

the case that
nhk — o0, nhE® 50

as n — 00, so that kY converges to 0 slower than + but faster than %h; 8. One choice of h,, that

satisfies these two conditions is a bandwidth of the form
hp,=0C-n"
where C' is some positive constant and r € R satisfies

1
By

8.3.4 The Optimal Bandwidth and the Cross Validation Criterion

As with kernel density estimation, the Nadaraya-Watson estimator is sensitive to the choice of
bandwidth h,,. There are two approaches to bandwidth selection that we can take at this point.
First, as in the previous section, we can choose the bandwidth that minimizes some asymptotic
mean squared error criterion. However, it turns out that the resulting bandwidth is much more
computationally intensive than that of kernel density estimation, so a feasible, data-driven al-
ternative is to find the bandwidth that minimizes the cross validation criterion. We introduce
both methods below.

The Mean Squared Error Approach

As with kernel density estimation, we can choose the optimal bandwidth h, by minimizing the

weighted integrated mean squared error (WIMSE)

WIMSE,(h) = /

) (E]mn(xo;h) —m(mo)]2> f(20)do.
R

Instead of just integrating the mean squared error over all values in R”, this time we work with
a criterion that places greater weight on areas of R¥ at which the regressors are more likely to
take values. Once again, the mean squared error at zo € R* can be decomposed into the sum of

the variance and the squared bias:
MSE,(x0;h) := E|my, (x0; h) —m(zo)|?

= Var [1iu, (203 h)] + (B [, (203 h)] — m(z0))?.
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The asymptotic variance of 1, (xo; hy) when h,, satisfies assumption R4 and nhffg — 0 is given

as

(}0((500)) < o K(Z)de> )

while the asymptotic bias has been obtained as

F 1 82m(x 1 Om(xg) Of(x
b(xo;hn)zhizl? agg(§0)+f(g;0) a;jO) ](;(ij)] (/]Rk % ()dz)

Jj=1

1 9g1(zg)
2f(zg) BIJQ.

Therefore, the asymptotic weighted integrated mean squared error (AWIMSE) under the band-
width A > 0 is defined as

AWIMSE, (h) = # ( /R k Jo(:no)d:no) < /R k K(z)de)

N Ek) > ( /]R 895;0) 8%1:6(20) ' f(:lco)dm) (/R Gk )d2> (/R Zz”K(Z)dZ)

jlml

The second derivative of AWIMSE, (h) with respect to h is always positive, so AWIMSE,(-)
is strictly convex on (0,+00). This tells us that the optimal bandwidth A}, satisfies the first order

condition

0= AWIMSE,(h:) = —k:n(h;l)kﬂ ( /R k Jo(wo)dwo) < /R k K(z)2d2>

+ (h) Z Z (/Rk 59(31)3;0) 39@?;0) . f(io)d%) (/}Rk 27K (2 )dz) </Rk z,%LK(z)dz).

j=1m=1

Solving this equation for h;, yields

. k (Jgr 00(xo)dwo) (Jpr K (2)?d2) o 1/ (b 4)
22?21 Z’:n:1 <ka 8953(:?0) ) 8%96(%0) . f(flm)daco) (ka z?K(z)dz) (Jpe 22, K (2)dz)

Defining

. k (Jgr 00(20)do) ([pe K(Z)de)

c = s

( Joe 2 20 f(io)dxo) (Jie 2K (2)dz) (far 22K (2)d2)

we can write b = c*n =1/ *+4: note that h¥ — 0, n(h%)**+8 — 0 and n(h%)* — 400 as n — oo, as
we required. In practice, computing the optimal bandwidth requires knowledge not only of the
kernel K (-), but also of the conditional variance function og(-), the derivatives of the conditional
mean function m(-), and the derivatives of the density f. Therefore, we require an alternative

means of obtaining the optimal bandwidth that allows us to calculate the bandwidth using only
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the data at hand.

The Cross Validation Criterion

In kernel regressions it is customary to rely on the cross validation criterion to find the optimal
bandwidth, primarily because it has a closed-form expression that is very easy to compute.
The leave-one-out cross validation criterion is defined as
1 & . 9
CVi(h) = = (Yi—tin—i(Xih))",

n i=1

where 77, —i(zo;h) is the kernel estimator of m(zg) that is calculated without the ith observa-

tions:

i K (in:xo) Y;
ZJ;QK (Xj];mo)

M, —i(zo; h) =

for any ¢ € R*. Heuristically, Y; — 11, _;(X;; h) is the prediction error for observation i under the
bandwidth h > 0, given that we use all observations except for the ith observation to construct
our prediction of Y;. It follows that C'V,,(h) is the average prediction error for each observation
under the bandwidth h. As such, a smaller C'V},(h) can be interpreted as higher predictive power.

The cross validation criterion is also a sensible criterion for bandwidth selection because it
turns out to have an interpretation as an estimator of the WIMSE. This can be seen as follows.
Using the fact that Y7 = m(X1) 4+ u1, we have

E|Y; =t 1 (X1;1)[* = B [[(m(X1) = 1,1 (X13h)) + 1]
=B [(m(X1) = titn,1 (X130))°] 4+ 2B [(m(X1) = itp, 1 (X150)) ] + B [u].

The law of iterated expectations and mean independence of the error term shows us that the

second term equals 0:
E[(m(X1) =1, —1(X15h)) ur] = E[(m(X1) —1hp,—1(X13h)) Efur | X7]] =0.
Meanwhile, note that
E [(m(X1) ~ 1 (X)) | Xy K] = [ (m(a) =11 (5h))? F )
by the independence of X7 and Xo,---,X,,. Therefore,

E [(m(X1) = 1itm, 1 (X131))*| = E[E[(m(X1) =i, 1(X1;1))* | Xa, -+, X, |
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=B [ [ nla) — 1) f (o]

o |(m(@) = 1, 1 (:1))*] f(@)da,

where the last equality follows from Fubini’s theorem. Finally, the iid nature of the sample

X1, , X, tells us that
E |(m(x) — 11, 1 (2; 7)) ]| = E|(m(x) —1in 1 (2:1))*| = MSE, 1 (a;h),
so that we have

E|Yi — i1 (X132 = /Rk MSEn_l(xo;h)f(xo)dxo+/Rk o0 (20 f (20)deo.

WIMSE, _1(h)

In other words, CV;,(h), being the sample analogue of the population moment E|Y; — 1, —1(X1;h) ]2,
consistently estimates the WIMSE plus some noise term involving the conditional variance of
the errors. This demonstrates that the bandwidth minimizing the cross validation criterion is

likely, in large samples, to be close to the bandwidth that minimizes the WIMSE.

For the Nadaraya-Watson estimator the cross validation criterion can be written in a par-

ticularly simple form. For any 1 <4 < n, note that

Z];QK (.X];Xq,) ij
i (XJ;Xi)
K (257) Y - K(O)Y;
K (S5 - K ()
?:1K(XjZXi)

p— K(XJ;XZ)_K(O)(Yi—mn(Xi;h)).

Y — 1y, —i(Xi3h) =Y, —

<

=Y, —

j=1
Defining the weights @y, 1(zo;h), -+ ,Wnn(x0; h) as
X;—
Wni(z0;h) = K( th)
n,i\L0> ?:1K (Xj;xo) ’

we can write

Mn(zo;h) =Y thni(wo;h)Yi
i=1
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for any xo € R* and

_ Y; _mn(Xi;h)

n,, (2]

for each 1 <i < n. Therefore, the cross validation criterion becomes

2
CVy(h) = 52 <l—wm(th)> 7

which requires us to only compute the Nadaraya-Watson estimator once instead of having to

compute it n times with one observation left out each time.
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8.4 Local Linear Regression

Local linear regression is a kind of middle ground between linearly fitting the conditional mean
and non-parametrically estimating the conditional mean function a la the Nadaraya-Watson

estimator.

8.4.1 Motivation: The Boundary Bias Problem

To motivate local linear regression, we return to the Nadaraya-Watson estimator; specifically,

~1/(k+4)

under the optimal bandwidth A} =c*n , the NW estimator has the following asymptotic

distribution:

nﬁ(c*)k{mn(ago;h:) —m(xg) —b(xo,h:;)} iN[O, ?(foo)) /Rk K(Z)zdz] )

where

P . J 1 82m(xo) 1 Om(xg) 0f (z0) ;
n® () b(xo, hy,) ”Z[ 2 T MW ]K()d>.

$0) axj 8$j

As such, under the optimal bandwidth the asymptotic bias is constant and therefore does not

disappear in the limit. The bias depends on many things, but we want to focus our attention on

the term f( o I f(zo) is small, then m,(xo;h},) has a large upward bias when angg_o) 81;5:;0) >0

8m(ﬂCo) of (o)

ox; 8:rj

To get a sense of how such large biases can manifest in practice, consider the following

<0.

and a large downward bias when

example. Suppose k =1 and the true conditional mean function is an increasing linear function.
Consider a point z close to the lower boundary of the support of the regressor X;, so that f(xg)
of(zo)
ox
(z0)

function implies that MBT

is close to 0. Then, since is positive and the increasing nature of the conditional mean
> (0 as well, the Nadaraya-Watson estimator has a large upward

bias at xg, that is,
m (xoﬂ hn) > m(l'o)

As such, instead of producing a linear estimate of the conditional mean function, the NW method
is likely to produce a conditional mean function that flattens out at the lower boundary of the
support of X;. This is called the boundary bias problem, and it turns out that local linear
regression is largely free of this problem, hence its popularity in the literature.

Mathematically, local linear regression is motivated by the following first order Taylor ap-
proximation of m(z) around z:

(@)= mGao)+ (T2 oy

If the first derivative of m does not exhibit much variation, then the conditional mean function

can be well approximated as a linear model, and m(zg) can be estimated by the OLS estimator
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of the intercept from a regression of Y; on a constant and X; — x.

8.4.2 The Local Linear Estimator and Asymptotic Preliminaries

Formally, we can obtain the local linear estimator using a simple weighted least squares scheme.
For any z¢ € R* at which f(zg) > 0, the local linear estimator of m(z¢) using the bandwidth

h > 0 is constructed in two steps:

Step 1 Minimizing the Kernel-weighted Sum of Squared Errors

First, we solve the following minimization problem:

min ZK ( z m0> (Y; — ag — (X; —x0)'bo)>.
i=1

(ao,bo) €RF+1

Step 2 Obtaining the Estimator
Letting a,, and l;n be the minimizers obtained from the above problem, we let the estimator

of m(xzy) be given as
Mp (03 h) = an.

The squared deviations in the minimization step are weighted using the kernel K(-) to account
for possible non-linearities in the data; if the kernel is uniform, then this reduces to an OLS
problem, while if by = O 1, then this procedure yields the Nadaraya-Watson estimator. In this
step, local linear regression can be seen as a middle ground between the linear model and the
completely non-parametric model.

The analytical expression for 7, (zo;h) can be found as follows. Defining Z; = (Xi ixo)

for any 1 <i<n, By = (an, IA);L)’ satisfies the following the first order conditions:

- X;— .
ZK< th)Zi (Y%—Z{ﬁn):O(kH)xla
i=1

solving which we obtain

()] [Er(52) ]

so that a, = €] ﬁn, where e; € RF*1 is the first standard basis vector of R¥t1. Now, the formula
for the block matrix inversion shows us that the closed form expression for m,,(zo;h) is given as

(Son(252) - [Sn) o] S5 [Sn(22) ] )

i=1 i=1 i=1
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’ —1
x (ZK(X;%) Yi— lZK(X";zoyxi—xo)] [ZK(X;”) <X1—xo>(xi—xo)’] lZK(X";”)(xi—xomDA

i=1 i=1

This is the familiar expression for the intercept of an OLS regression of Y; on a constant and X; —
xo we would obtain from an application of the FWL theorem, except this time the observations
are weighted according to the kernel K (+). For notational brevity, we denote the XX part of the
estimator above by Bj,(z0;h) and the XY part as A, (zo;h), so that

A

in(zo:h) = (Ba(o:h)) An(aosh).

In addition, we can further decompose Ay, (zo;h) as

An(zo:h) = ilK (Xi ;I(’) m(Xi)— lzn;K (X’;xo) (X; —xo)]/

X [gK (Xi;x0> (Xi_$0)(Xi_$0)/1 h LZ;K <XZ;$0> (Xi_l‘l))m(Xi)‘|

+§:1K<Xi;x0>ui— LG:lK<Xi;mO> (Xi_$0)],

X — o Xi—xo

ZXZ;K( N >(Xi—$0)(Xi—$0)/]_l LX:;K< N )(Xi—wo)ui],

X

using the fact that Y; = m(X;) +wu;. We denote the first part of this sum as Al (zo;h), and the

second part as fl,(@u) (zo;h); as such,

A

in(0:h) = (Bu(wos ) [AG (wos ) + AL (s )]

We now investigate the asymptotic properties of the local linear estimator under the exact
same assumptions as the ones we maintained for the kernel regression model. The following are

some preliminary asymptotic results that will prove useful later on:
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Lemma 8.19 (Asymptotic Building Blocks of Local Linear Regressions)
Suppose assumptions R1 to R6 hold true. Then, for any =g € R*, we have

1 & X;— ) ,
W;K( hnon) (Xi —20)(Xi —x0) ﬁ)f(:no)/Rlc 22'K(2)dz

1 " X;—
ZK( xo)(Xi—$0>ui£>kal-

\/1% i=1 i

Furthermore, if nhfﬁs — 0 as n — 0o, then for any function 6 : R¥ — R that is three times

continuously differentiable with derivatives of all orders bounded by M > 0, we have

\/Lhk‘ " K (Xih_wo) (X; —20)0(X;) — \/nhE x h2 (/Rk zz'K(z)dz) W L Opx1.
nhy, i=1 n
Xi—xo 9(0 x f)(xo)

Proof) Cross Product of Kernel and Squared Regressors

To prove the first claim, note that, for any zo € R¥ and h > 0,

1 L XZ'*SUQ 1
K [WZIK( - >(Xi_x0)(Xi_x0)/] = Trra

K (thxo) (X1 — 20) (X1 — o)’

:hle/RkK<xh$o)(x_xO)(x_xO)/f(x)dx

- /k 22/ K(2) f(zo+ hz)dz.
R
Using the mean value inequality
| f(zo+hz) — f(xo)| < hM|z|,

we can see that

/ zz’K(z)f(:co—l—hz)dz—f(xo)/ 27 K(2)dz
Rk RE

<h (M/Z yz\3K(z)dz).

Cc1

Now fix 1 < j,m < k. We can immediately see that

E

2 h4
- E/Rk K(z)zz?zznf(xo—i-hz)dz,

1 Xl—a?o
th( W )(Xij—xo,j)(Xim—xo,m)
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so that

1

n

Eﬁ h

1 Xi—x
K( : 0>(X1j—$o,j)(X1m—fE0,m)

where sup,cgr f(2) < 400 because f is a continuous function that integrates to 1. Since

1 n XZ‘ — X0
Var |jlhk ;K ( n ) (X,Lj _l'O,j)(Xim _$0,m)]

1|1 /X —0 2
1 1 Xl—xo 2
(e[ (P (6= 200) im0 | )

we have

1 & Xi—xo
. Lm DK (F) (a0, X “’“"0”")]
=1

h3

. [f(:co)Q ([, |z|2K<z>dz)2+c%hﬂ '

<c

As such, under our assumptions,

. 1 i XZ' — X0
nhﬁIgoVar [W;K( I )(Xij —mo,j)(Xim—iﬂo,m)] =0

for 1 <j,m <k and

n—oo

lim E [nhnlbk“Z;K (Xih_nxo) (X —20)(X; —xo)/] = f(@o) (/Rk zz’K(Z)dz> :

By the decomposition of mean squared error into the variance and squared bias terms,

it now follows that

Wiﬂl‘;K (Xi};le) (X; — 20)(X; — 20)' L f(zo) </le zz’K(z)dz> :

Cross Product of Kernel, Regressors and Error

For any zo € RF and h > 0, we can consider the following mean value theorem for o:

loo(zo+ hz) —oo(xo)| < hM|z|,
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where we used the fact that the first derivative of oy is bounded above by M > 0.

Now consider the term

(X

Its expected value is 0 from mean independence, so we focus on its variance, which is

mo) (Xi —wo)u;

given as

ar [\/;WZZ:;K <X

hF
1 X1*$0 2
_ﬁE Xl—x() l’o)o‘o(Xl)
1 r—x0\>
hk ( z 0) x—x0)(x — x0) 00 (x)d

From the mean value theorem obtained above, we can see that

‘ Var [\/;Wzil[( (Xi;m) (X; —xo)ui] — h%o0(20) (/Rk zz’K(z)2d2>

It follows that
ZK( > (X —xo)u;
A/ nhn =1 n

< 2 - oo(mo)e (/Rk |z]2K(z)dz) 13 Me (/Rk |z|3K(z)dz>

for any n € N, , and because the right hand side goes to 0 as n — 0o, we have

<h? Mc (/]Rk \z|3K(z)dz> .

Var

lim Var = Opxk-

n—oo

> (Xi—xo)uy

O

Finally, using the fact that \/7#2?:1 K (@) (X; —zp)u; has mean 0, we can write

1 - X i)
E K( ) XZ'—SL‘ U;
Vo 2 (s =20)
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Therefore,

1 & X;—
ZK (.T()) (Xz —xo)ui L—2> Ok><1-
nh® i h

E

Cross Product of Kernel, Regressors and Function

Now suppose that nhfﬁ‘s — 0 as n — oo, and choose any zg € R¥. Define the functions
g1,92 : RF 5 R as

g1(x) =0(x) f(z), ga(x) = 0(x)*f(x)
for any = € R*. Note that go admits the following mean value inequality:
|92(x0 + hz) — g2(x0)| < hM ||

for any h > 0 and z € R¥.

In contrast to go, which requires only a first order expansion around zy, we employ a

third order expansion of g; around z¢: for any h > 0 and z € R¥,

691 82g1 (x0)
gi(xo+hz)=h-z
h3 k k a 91 )) < 3
T IR [z ).
Jl 1 j3=1 8%1 8%3 i=1

where 27 (2) is some convex combination of zg+ hz and xg. Since the third derivative

is bounded above by M > 0, we can see that

h3
< — MKz

891 (x0) 8291 (7o)
91($o+h2)—h'2 Z Z Zj1 %52 30

j1=1j2= 18$]18x]2

for any z € R,

We use the familiar bias-variance computations to obtain the desired results. Starting

with the bias,

1 & X
E[nhk;K(

) x| = g 1 (1) 06 e

479



_ hlk/Rk K (“f“) (x —x0)g1(2)dx

= h/sz(z)gl(azo+hz)dz.
R

Using the above decomposition, we have

‘/Rk zK(Z)gl(iﬁo—i-hZ)dz—g(xo)/Rk 2K (2)dz+h (/}Rk zz'K(z)dz> 69(19(50)

a gl .CUO
Z Z Oz, 0z, (/sz Zj) %, (z)dz)‘

J1=1j2=1
W s 4
< —Mk / |2|"K(z)dz ) .
3! RE

Because K (-) is an elementwise even function,

/ 2K (2)dz = Ogx1,
Rk

/ 2 2j,2j, K (2)dz = Opx1
RF
for any 1 < j1,759 < k, so that

’h/w 2K (2)g1 (w0 + hz)dz — b ( /R k zz’K(z)dz) 39(;(;0)

Defining ¢35 = MT'fAL (ka \z|4K(z)dz) > 0, we have

_Zj (Mk:4/ 12| K ( )dz)

9g1(zo)

X

< 63h4

‘h/R}C 2K (2)g1(zo + hz)dz — h? </1Rk zz’K(z)dz)

and therefore
1 & X
B[

It follows that

< Cgh4.

xO) (Xi—CCO)H(Xi)] _ 2 (/Rk zz’K(z)dz) 895(;0)

ox

) (X; :co)0<Xz->] — 1 ( /]R k zz’K(Z)dz) 893500)

Moving onto the variance term, we have

‘E [\/;WZ:;K (552 —a:o)e(Xi)] Vi ([ K ()az) 2 (o)

< c3Vnhkts,

(s

480



Var [nlhkzn:K (Xi ;xo) (X; —l‘O)Q(Xi)]

i=1

Xl—xo

= v [ 1 (X150 (06 - o)

2
E[ 1 K(XI_ZCO) (Xl_xo)(Xl_mO)/e(Xl)Q]

h2k h

~E {th (Xlizx(’) (X —xO)H(Xl)} E [hle (Xlgxo) (X —xo)H(Xl)]/.

The squared term can be expanded as

E[;%K(th 0) (X1—xo)(X1—1‘0)'9(X1)2]

- % /Rk K (l‘ _hxo>2 (z —x0)(x —x0) g2(x)dx

h2
= ﬁ/ﬂ{k K(2)%22'go(o + hz)dz.

The mean value inequality for go shows us that

H/ 222 go(o + hz)dz — ga (o) /Rk 22 K(z)dz

<h (Mc/Rk \z\?’K(z)dz) .

Cc2

As such,

Var [?%“;K (Xz;x(]) (X; —l’o)e(X@')] - #92(550) /Rk 2 K(2)dz

h3 1 9 4
eyt |Mh / 22K (2)dz ) +esh?| |

and

1 n X;,—x /
Var [W;K( 0) (X, —:UO)Q(Xi)] —h292<m0)/w K (2)de

< ch® + hF {MhQ (/k \z|2K(z)dz> + 63h4] :
R

The above results hold for any h >0 and n € Ny, so

xo) (Xi —20)0(X;) — W - (/R

n

2

ox

k

zz’K(z)dz) 991(xo)

1 “ X
all
nhﬁzzzl
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1 Zn:K (Xif;l’o) (Xi—ﬂfo)e(Xi)] - \/WX (/Rk ZZ'K(z)dz) 89(13(;70)

< coh3 +hE [Mhi </k ]z\QK(z)dz) —i—c;;hfl] +c3\/nhits,
R

By our assumptions, taking n — oo on both sides shows us that

J:WZIK (5% GG e ( [ 22K 2y 2270 1),

Similarly, we can see that

‘E [nh}”2 Aan (Xi ;xo) (X; —xo)H(Xz‘)] - (/Rk zz’K(z)dz) 8918(;“0)

(2

< C3h2

and

1 n XZ —[L‘O 1
Var [W;K( h ) (X —$0)9(X¢)1 - mgz(xo)/ﬂxk 22 K(z)dz

h 1 2 5]°
SCQW‘FE [Mh (/Rk\z| K(z)dz) +c3h ]

for any h > 0 and n € N, so the same decomposition of mean squared error into the

variance and squared bias shows us that

e .;K (F572) = wopox - ([ =2k (2)iz) w0 )

)

Q.E.D.
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8.4.3 Asymptotic Normality of the Local Linear Estimator

We now use the results from lemma 8.19 to prove an asymptotic normality theorem for the local
linear estimator. It turns out that the local linear estimator has exactly the same asymptotic
distribution as the Nadaraya-Watson estimator, but with a simplified bias term that does not
involve the density f in any way. This is key to how the local linear estimator overcomes the
boundary bias problem. We proceed by proving a series of lemmas, and then bringing them
together at the end.

Lemma 8.20 (Probability Limit of the Denominator)
Suppose assumptions R1 to R6 hold true. Assume in addition that nh’ffs — 0 as n — oo and
Jar 22'K (2)dz is positive definite. Then, for any o € R¥ such that f(zo) > 0,

/
1 4 1 " Xi — X0 1 " Xi — x0>

— Bu(zo;hn) = — S K - K X; -

i D (T0ihn) = e ; < = ) nhl; l; ( ) “TO)]

X LZSK (Xi};xo) (X —20)(X; —xo)'] B l;K (Xi};xo) (X; —xo)]

converges in probability to f(zo).

Proof) This follows easily; for any n € Ny,

" "Tn -1
% l;K ()Qh;nmo) (Xi x())] [;K (th;nxo) (Xi —20) (X 360)/] l;K <X7h;nmo> (X; Jco)]

n /
| Xi =20y _
o () o)

n —1 n
L X —xg / 1 X; —xo
e M v G = LR
= i=

From the previous lemma, the positivity of f(xo) and the positive definiteness of

Jgr 272’ K(z)dz, we can see that the last two terms here are Op(1). Meanwhile, we also
know that

\/#ZZ:;K (Xih_nxo> (X; —x0) — \/nTL?’j x h? (/Rk zz'K(z)dz) 8f8(::0) =0p(1).
1

Premultiplying both sides by o reveals that
n n

nlhﬁlilK (Xih—nxo) (X; — o) —h2 (/Rk zz’K(z)dz) 8f8(;:0) =o0p(1)
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as well, since nh® — 400 as n — oo, and since h,, — 0 as n — 0o, we can conclude that

1 " Xi—l'o
nthK< W )(Xi—fﬂo)ZOp(l)‘
=1 n

Therefore,

1 -

1 L XZ'—Q?O
o D@0 hm) = e 3 K (=5

)"‘Op(l)a

n n

and from what we already studied in the section on kernel density estimation,

A

L Bo(woihn) B f(zo).

nhy

Q.E.D.

Lemma 8.21 (Weak Limit of the Numerator)
Suppose assumptions R1 to R6 hold true. Assume in addition that nht*+8 — 0 as n — co and
Jar 22’ K (2)dz is positive definite. Then, for any ¢ € R* such that f(zg) >0, we have

1

/
A 1 " Xi — X0 1 " Xi — X0
AL (o3 hr,) = ZK( )Uz - lZK< ) (X —960)]
nhk \/nhk iz i \/nhk Liza hn

ﬁ

4N [0, oo(zo) f(z0) (/Rk K(z)deﬂ )

Proof) This can be proven in a manner very similar to the result for the denominator. For any
nec N+,

‘ n
i=1

n 'Tn -1
\/:LT@ [ZK (Xih_nxo) (X —900)1 [ZK (w) (Xi —0)(X; —xo)ll [ZK (Xih_nmo) (X _mO)Uil

/!
n
1 X;—xo
=D K( i )X-—ac
[nhﬁ+2 — h’ﬂ ( 1 0)‘|

n —1 n

i=1

From lemma 8.19, the positivity of f(zo) and the positive definiteness of [pr 22’ K(z)dz,

we can see that the first two terms here are Op(1). Meanwhile, we also saw from lemma
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8.19 that

LSk (Xi,; ”’"O) (Xi —z0)u; = 0p(1)

nhk =1

ﬁ

as n — oo. Therefore, the entire term above is asymptotically negligible, and we can
write

1

~ 1 n X;—
AL (o5 hn) = ZK< ; wo)ui—l—op(l).
\/nhk \/nhk = n

An application of lemma 8.16 now allows us to conclude from Slutsky’s theorem that

! flfz“)(xo;hn) 4N [07 a0(zo) f (o) <
nhk

n

K(z)%z)} .

Rk

Q.E.D.

Lemma 8.22 (Asymptotic Bias for Local Linear Regression)
Suppose assumptions R1 to R6 hold true. Assume in addition that nhf+* = O(1) as n — oo and
Jgr 22’ K (2)dz is positive definite. Then, for any x¢ € R* such that f(xo) >0,

1o 1.
\/nhk lMAg )(xg;hn) _m(xO)WBn(:EO;hn) — f(:co)bn(:co;hn)]

— \/nhE X F(@0)bn(30;n) B Opr

where

for any h > 0.
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Proof) Note first that

’ —1
! lZK(T)(Xi—mo)] lZK(X"’hn“)<Xi—mo>(xi—zo>/] lZK(X”hnz")(&-—mo)(m(&)—m(mo))]

=1

-1

n Xi—a n P /
‘[\/IFZK( h O)(X"‘”“’)} lMZK(JyX“””X““’]
nn i — n

i=1

i=1

From the preceding lemma, we showed that, for any function 6 : R¥ — R that is thrice

continuously differentiable with bounded derivative,

1 n X —xo ) (6% f)(x0) »
nhk z’:1K ( hn ) (Xi —20)6(Xs) - M X ha, (/]Rk ZZ,K(ZMZ) T o Okx1

ﬁ

n}ﬁ” f:lK (Xihnxo> (Xi —20)0(X;) & (/R zz'K(z)dz> W'

Both the function §(x) =1 and 0(x) = m(x) —m(xz¢) satisfy the boundedness conditions.

Furthermore, we also saw that

L sk (XZ- —:Eo) (X; —20)(Xi —20)’ B f(o) (/R ZZ/K(z)dZ> ,

nhﬁ” i—1 hn

Putting all this together, we have

1 L Xi—l‘o
———Y K XZ'—JJ mXi :Opl
e 2 () i am(x) = 0,1

[@;K(thn O) (Xi—mo)(Xz‘—xo)/] = 0p(1),

7 —1
! - [ZK(W)(&W] [ZK(Xih:””)(xizo)(xim’] lZK(T)(Xizo)(m(&-)m(zo))]

i=1
— 1/ nhk Xhi (afa(IO)) / 22" K(z)dz
—1
1 X, —=z , 1 X;—x
x [nhw ZK( — °)<Xi—wo)<xi—xo>] [WZK(MO)(X“”“’"(X”‘M””] = o0p(1)

i=1
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p 9m(zo)
=

n

1
X;—x , X;—x
°)(Xi—xo)<xi—wo>] [nhéﬁg K( - °)<Xi—xo)<m(xi>—m<xo))

=
K
nhkt2 ( hn

=1

Under the maintained assumptions, /nhk x h2 =1/ nhitt = O(1), so that we can finally

|

i=1

- z") (Xi —20) (m(X5) —m(zo))]

conclude
n ! n -1
1 X; —xo X; —xo , X
E K( . ) (X —10)] [ E K( . ) (X; —20)(X; —z0) ‘| [ E K( o
i=1 i=1

|

\/nhﬁ

i=1
—\/nhk Xhi (8f(z0)) / 22" K (z)dz (M) Zo.
oz ok oz

Since
/Rk zizm K (2)dz =0

for any 1 < j # m <k, it follows that

(752 (fuoemens) (52 o) =32

ox

From the result we derived above,

L3 5 (K220 () (o)

nhii =

k
2 f(o) *m(zo) | Om(zo) Of (zo) 2 _
—v/nhk xhi g 1 [ 5 8:0? + o az; 1 ( o zjK(z)dz) =op(1).
iz

As such,

n

— ) '« (%) (m(X;) = m(z0))
n -1
'z")(xi—mo)(xi—m’] [

- X; —=mo X;
Sr (e )] [ZK( -
i=1 i=1
ko2
— 1/ nhk Xhi%wza%(;w (/ z?K(z)dz)
=1 J RrRE

|

= X,; —zo
D x (h—) (Xi — 20)(m(X;) —m(20))

i=1

conveges to 0 in probability.

Q.E.D.
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Theorem 8.23 (Asymptotic Distribution of Local Linear Estimator)
Suppose assumptions R1 to R6 hold true. Assume in addition that nhf+* = O(1) as n — oo and
Jgr 22’ K (2)dz is positive definite. Then, for any x¢ € R* such that f(x0) >0,

I [0 ) = () = by (03 )| 5 N [0, ?(foo)) ( N K(z)2dz)] ,

where

e

for any h > 0.

Proof) Recall that we can decompose 1, (zo;hy) as

A

(20 hn) = (Bu(woihn)) [T (woih) + AL (w0:h)|

1 - “rroo 1 .
N . = Am)(,. . Iy | () IO
(nh,éBn@o,hn)) [nhﬁAn (@0iha) + o Al (w03 )

so that

M{mn(m; hy) —m(xq) — by (zo; hn)]

-1
— (e Balauita) llfig’") (03 ) =l f<mo>bn<xo;hn>]

nhk

- (nlfdff}n(xo;hn))l {f(fﬂo) - nlhkén(m?h”)] \/7% X ba (203 in)

n n

1 - -1 1 .
— Bu(x0; hn A (z0:h) | .
+(nhﬁ (=0 )) ( nhk (@0 ))

We have already established the following results:

1

— Bu(@oihn) B f(a0)
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Furthermore,

Bl X b (0; ) = /b x Z 8;60) (/RH ()dz) o(1)

as n — 0o because we assumed that nhft* = O(1) as n — co. Therefore,

n

\/Thﬁ[mn(xo;hn)m(:vo)bn(:vo;hn)}:(&én(xo;hn))1(\/17116A7(1u)($0;hn))+0p(1)

4o, ot ) ([, K1)

— N [0, %(z0) ( N K(z)2d2>

by Slutsky’s theorem.

Q.E.D.

Because by, (z0;hn) — 0 and nhE — +o00 as n — oo, the consistency of the local linear estimator

follows immediately from the above result:
1 (205 h) 2 m(o).

Notice how, under slightly stronger assumptions on the rate of convergence of nhf** (namely,
assuming that it is stable instead of just assuming that nh®*8 — 0 as n — 00), we have shown
that the local linear estimator has the same asymptotic distribution as the Nadaraya-Watson
estimator, but with a simpler asymptotic bias term. Indeed, the convergence rate condition
that nhf+4 = O(1) is satisfied by the Nadaraya-Watson estimator when h,, is equal to the
asymptotically optimal bandwidth, so that the local linear estimator has a simpler asymptotic
bias than even the asymptotically optimal Nadaraya-Watson estimator.

Note that the asymptotic bias of the local linear estimator does not involve the density f in
any way. In particular, the term %, which causes the bias of the Nadaraya-Watson estimator
to explode as f(zg) — 0 and is the source of its boundary bias, is not present in the asymptotic
bias for the local linear estimator. This is precisely the reason why the local linear estimator is

an alternative to the Nadaraya-Watson estimator that does not suffer from boundary bias.
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Chapter 9

Local Asymptotic Normality and
Asymptotic Efficiency

So far, we have either dealt with completely parametric models, in which our object of interest is a
finite-dimensional parameter, or non-parametric models in which we are interested in estimating
the entire distribution function or density as infinite-dimensional parameters. In many cases we
are interested in semiparametric models, where we want to estimate a finite-dimensional subset
of an infinite-dimensional parameter. We have already encountered examples of semiparametric
models and methods to estimate them; these include any linear regression model where we are
agnostic to the error distribution, or GMM models where we impose restrictions on only a few
moments.

The advantage of working explicitly with a semiparametric setup is that it allows us to obtain
efficient estimators of the parameters of interest, while remaining robust to local misspecification
because we do not fully parametrize the model. Recall that, in a fully parametric model, we
showed that the MLE is the unqualified asymptotically efficient estimator, whereas the efficient
GMM estimator was only shown to be efficient among the class of GMM estimators.

Below we first introduce contiguity and local asymptotic normality, which are preliminary
concepts that are required to formalize the notion of semiparametric efficiency. Then, we derive
semiparametrically efficient estimators for iid data and also for more general sequences of ran-

dom variables that may be dependent.

9.1 Contiguity

We first introduce the concept of contiguity, and Le Cam’s first and third lemmas. To motivate
our interest in contiguity, suppose that we are interested in conducting a test with null Hy : 0 = 6,
where the asymptotic distribution of the test statistic T}, is asymptotically normal and unbiased
under the null. To evaluate this test, we need to compute its power against various alternative
hypotheses. If T}, is constructed using a consistent estimator 0,, of the parameter of interest,
then we know that the test has good power against fixed alternative hypotheses H; : 0 = 61 # 6.

Our interest, then, is in alternative hypotheses whose distance to 6y reduces as n — oco; such
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alternative hypotheses are called local alternatives.

To evaluate how the test fares against local alternatives, we compute the asymptotic power
of the test under these alternatives. Under each local alternative, we obtain a different sequence
of distributions for the data compared to what we get under the null. We want to find the
appropriate rate at which the local alternative converges to the true parameter 6y in order to
be able to infer the asymptotic distribution of the test statistic 7;, under the local alternative
using the asymptotic properties of T;, under the null. This is where contiguity comes in. If there
are two sequences of probability measures that are contiguous, then we can find the asymptotic
distribution of a test statistic of interest under one sequence using the asymptotic properties of
the statistic under the other. Since it is best viewed mathematically as an asymptotic version
of the absolute continuity of measures, we first review absolute continuity, with a focus on like-

lihood ratios.

9.1.1 Absolute Continuity and Likelihood Ratios

Let (E,€) be a measurable space. Recall that two measures p and v on (E,€) are said to be
mutually singular (or orthogonal), denoted p L v, if they are concentrated on disjoint measurable
subsets of F, that is, if there exist E1, Ey € € such that E1NEy =0 and u(ANE;) = pu(A) and
v(ANEy) =v(A) for any A € €. If pu,v are probability measures, then p L v if and only if there
exist B, Fs € € such that By NFEy =0 and u(Ey) =v(E2) = 1.

We first study the simple case when P, are dominated by some common o-finite measure
on (E,E).

Lemma 9.1 (Properties of the Likelihood Ratio)

Let (E,€) be a measurable space and P, two probability measures on (E,E). Suppose that
there exists a o-finite measure p on (E,E) such that Q, P << pu. Letting p,q € £+ be the Radon-
Nikodym derivatives of P and @ with respect to u, the following hold true:

i) Defining Q,,Q 1 : € — [0,1] as

Qa(A) =Q(AN{p>0}), QL(A)=Q(AN{p=0})

for any A € &,

Q=0Q.,+Q1, Q.<<P, QL LP

ii) For any A €€,
Qu(4) = [ hap
E

for some h € &4 such that h = % P-a.e. on E.
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iii) @ << P if and only if Q({p =0}) =0, or equivalently, @ (A) =0 for any A € £.

Proof) i) For any A€ €,

Q(A) =Q(AN{p>0})+Q(AN{p=0}) = Qu(4) +QL(4),

so that @ = Q.+ @1 . It remains to show that Q, << P and Q| 1 P.
If P(A) =0, then

P(A)Z/Apduz/E(p-IA)dMZO

and p-I4 =0 p-a.e. by the vanishing property for non-negative functions. Letting
p(x)Ia(z) =0 for any = € Ey, where p(E§) =0, we have AN{p > 0} C Ef. Since
p(E§) =0 and Q << p, it follows that

Qa(A) = Q(AN{p>0}) < Q(EG) =0,

and we can see that (), << P. Now note that

P({p=0}) = /{ =0,

p=0

so that P is concentrated on {p > 0}. Meanwhile, )| is concentrated on {p =0}
by definition, so @ L P.

ii) Defining h: E— R, as

we can now see that

/ hdP :/ hdP = qdp

A An{p>0} An{p>0}
=Q(AN{p>0}) = Qa(A)

for any A € £. In particular,

h= P-almost surely

iSRS

because P({p > 0}) = 1.
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iii) Suppose that @Q << P. Then, for any A € £ such that P(A) =0,
Q(A) =Qa(A)+QL(A) =0,

so that @ (4) = Q(AN{p=0}) =0 as well. Since P({p=0}) =0, it follows that
Q{p=0})=0.

Conversely, suppose that Q({p =0}) =0. Then, Q; (A)=Q(AN{p=0}) <Q{p=
0}) =0 for any A€ &, so that Q =Q, << P on &.

Q.E.D.

The Radon-Nikodym derivative h is called the likelihood ratio, since it is literally the ratio of the

densities ¢ and p whenever the quotient is well-defined. We denote it by Z—g, but we emphasize

that it is actually the Radon-Nikodym derivative of @), with respect to P, or 88%1.

The Lebesgue decomposition is a clear generalization of the above results. Thus, the likeli-

hood ratio can be defined even when there does not exist a dominating measure p for P and Q.

Lemma 9.2 (The Lebesgue Decomposition and the Generalized Likelihood Ratio)
Let (E,€) be a measurable space and P, two probability measures on (E,£). Then, the fol-

lowing hold true:

i) There exist a unique pair of measures @, and @, on (E,E) such that

Q=0Q.,+Q1, Q.<<P, QL LP

ii) For any A € €&,

Qu(4)= [ har

for some h € £;. This h is unique up to P-almost sure equivalence.
iii) @ << P if and only if Q = Q,.

Proof) Probability measures are o-finite measures, so the Lebesgue-Radon-Nikodym theorem

tells us that there exist a unique pair of measures @, and Q; on (E,€) such that

Q:QQ+QL7 Qa<<P7 QJ_J—Pa
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and that there exists a non-negative £-measurable function A such that

Qu(4)= | har

for any A € £. This h is clearly unique up to P-almost sure equivalence.

Now suppose that QQ << P. Since Q| L P, there exist E1, Fy € £ such that E1NEy =10
and, forany A€ &, Q1 (ANE1)=Q1(A)and P(ANEy) = P(A). Since P(ES) = P(ESN
Ey) = P(0) =0, it follows that

Q(E3) = Qa(E3) + Q1 (E3) =0,
so that @, (FS) = 0. By implication, @, (E§N E;) =0, but since
QLESNE) =Q1(E2\ E2) =QL(E1) =QL(E),

it follows that @ (E) =0 as well. This shows us that @ (A) =0 for any A € £, so that
Q = Qa-
On the other hand, suppose that Q = @, on £. Then, Q = @, << P trivially by what

we proved above.

Q.E.D.

We denote the representative element of the P-almost sure equivalence class
(he & | QuA) :/ hdP VA€ €}
A
dQ

as 75, and call it the generalized likelihood ratio of @ to P. We can now furnish conditions that

are equivalent to absolute continuity in terms of generalized likelihood ratios:

Corollary to Lemma 9.2 (Characterization via the Generalized Likelihood Ratio)
Let (E,€) be a measurable space and P, two probability measures on (E,€). Let Q = Qq +
@1 be the Lebesgue decomposition of () with respect to P, and P = P, + P, the Lebesgue
decomposition of P with respect to . Then,

Q) =e|an{fg>0}]. Qu=afan{i;-o}]
for any A € £. By implication,
Q<< P ifandonlyif Q [{Zg :0}} -0

d
if and only if /EdgdP =1.
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Proof) Let = 1(P+Q). Then, y is a probability measure on (E, ) that dominates both P and
Q@; by the Radon-Nikodym theorem, there exist £-measurable non-negative functions
p,q such that p = ‘3—5 and g = %. By lemma 9.1 and the uniqueness of the Lebesgue

decomposition,

Qa(A) =Q(AN{p=0}), QL(A)=Q(AN{p>0})

for any A € £, and

dP p
— == (@-ae.onk.
dQ  q
Note that {p >0} N{g >0} = {p/q > 0}; therefore, for any A€ &,

Qa(A)ZQ(Aﬂ{p>0})=Q(Aﬁ{P>0}m{Q>O}):Q(Am{p/Q>0}):Q[Am{;lg =0

It follows immediately that

QL(A) = Q) - Quld) = Q) ~Q [An {55 > 0} =@ [an{ 5 =0}

for any A€ €.

If Q << P then Q = @Q,, so that % is the Radon-Nikodym derivative of ) with respect
to P and thus

aQ B
| pIP=Q(E)=1

On the other hand, if ng—gdP = 1, then because this implies Q,(E) =1, we have
Q1 (F) =0 and therefore Q = @, which implies Q << P.

Furthermore, @ << P if and only if Q) = @),, which holds if and only if

QL<E>:Q{{3§:0}} —0.

Q.E.D.

Our interest lies in the case where () << P and we know the distribution of the statistic (read:
£-measurable function) 7 : E — R* under the probability measure P, that is, we know the
probability measure Po7 . Can we use this information to infer the distribution of 7 under
Q? Note that knowledge of the distribution Qo7 ! of T under Q is equivalent to knowledge of
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the integral
[omia:= [ ra@oT
E E

for any non-negative Borel measurable function f(-). Lettlng be the likelihood ratio of @) to
P, since Q = @, due to the fact that () << P, Z—?D is the Radon—leodym derivative of ) with
respect to P. As such, it follows that

[(romiq= [ (rom)Eap

where we used the fact that fo7 is a £-measurable non-negative function.
Suppose that we know the joint distribution of (T,Z—g) under P, that is, we know the
pushforward measure

dQ)l

—-p il
v O<77dp

taking values in R**!. Then, for any B € B(R¥),

@(TeB>=/E<IBoT>dQ
/ IBOT 7dP

= (y-Ip(x)) dv(z,y)

Rk+1

= / y dv(z,y),
BxR

where we used the formula for integrals of pushforward measures to justify the third equality.
In other words, knowledge of the distribution of (T, %) under P is sufficient to recover the
distribution of 7 under @ in the case that Q) << P.

In practice we are more interested in recovering the weak limit of a sequence of distributions
corresponding to a sequence of statistics rather than the distribution of a single statistic. This
requires an asymptotic notion of absolute continuity to hold between two sequences of distribu-
tions, similarly to how we required the absolute continuity relationship @ << P to hold between
the two distributions ) and P. This asymptotic relationship is called contiguity, and we define

it below.

9.1.2 Contiguity and Le Cam’s First Lemma

Let {(En,En) tnen, be a sequence of measurable functions and { Py, }nen, , {@n}nen, sequences
such that P,,Q, are probability measures on (E,,&,) for each n € N.. We say that @, is
contiguous with respect to P,,, which we denote by Q, < P,, if:
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For any sequence {A,}ncn, such that A, € &, for each n € N,
P,(A,) =0 implies Qn(4,)—0

as n — 00.

How would we begin to characterize contiguity? Seeing as how it is an asymptotic version of
absolute continuity, a natural approach is to furnish a characterization based on the limit of
the sequences {P, }nen, and {Qn}nen, . The choice of the limit becomes clear in light of the

following lemma.

Lemma 9.3 (Weak Limits of Likelihood Ratios)
Let {(En,En)nen, be a sequence of measurable spaces and { Py }nen, and {Qn}nen, sequences

such that P,,Q,, are probability measures on (E,,&,). Then, every subsequence of the sequence

{Q" ° <31QDZ) h }nem

of probability measures on R has a further subsequence that converges weakly to some probability

measure 4 on R that assigns probability 1 to [0,400).

Likewise, every subsequence of

d -1
{re (G) )
dPn ’VLGN+
has a further subsequence that converges weakly to some probability measure v on R that assigns

probability 1 to [0,400).

Proof) We will prove that any subsequence of

{M" =@ne (jg;) ) }nel\u

has a further subsequence that converges weakly to some probability measure p on R,

since the second statement follows immediately from this claim by symmetry.

Recall from the Lebesgue decomposition that, for any n € Ny,

P, = P!+ P},

where P? << @, and P;- 1 Q,, and that 3@% = gg’z. Note that

dP,
En dQn

opre

4Q, =

dQ, =P} (E,) < P,(E,) =1

by the definition of the Radon-Nikodym derivative of P with respect to @,,. For any
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ke Ny,

dP, dP,
5 dQndQ"‘/{dPn>k} aQ, 19 +/{dpn<k}d L 4Qn

1>

- /{ dba >k dQndQ” O [{;gn k}] ~ el o))

or equivalently,
1
pn(h, +00)) < 7.
This holds for any n,k € N, and since each p,, is concentrated on [0,+00) (since any

likelihood ratio is non-negative valued),

for any k € Ny. Thus, for any € > 0, letting N € N be chosen so that % <€,

1
f O,N|)>1——>1—¢.
nler}v+“"([ D21-+ €
In other words, [0, N] is a compact set to which every measure on {/i, }nen, assigns mea-
sure at least 1 —e. By definition, {/in }nen, is a sequence of tight probability measures,
and Prohorov’s theorem implies that it is relatively compact, that is, every subsequence
of {ftn }nen, contains a further subsequence that converges weakly to some probability

measure u on R.

It remains to show that p is concentrated on [0,+00). This follows easily from Pro-
horov’s theorem; letting {iin, }ren, be the subsequence of {iin}nen, that converges

weakly to p, since [0,400) is a closed subset of R and iy, ([0,400)) =1 for any k € N,
1 = limsup fip, ([0, +00)) < ([0, +00)),

k—o0

so that p([0,+00)) = 1.

Q.E.D.

Let P,Q be two probability measures on some measurable space (E,£). Then, we saw from the

corollary to lemma 9.2. that the following are equivalent:

Q<<P, Q[{dQ }]:0, ngp_1

Le Cam’s first lemma shows that contiguity can be characterized using the asymptotic versions

of the above conditions: specifically, letting © be the weak limit of some subsequence of {Qn o
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dP, . dQy .
( dQn) }n€N+ and v the weak limit of some subsequence of {Pn o ( - ) }n€N+, we will show

that
Qn <P, ifandonly if px({0})=0 ifand only if / x dv(z) =1.
R

We start with a preliminary result relating to weak convergence.

Lemma 9.4 Let (E,d) be a metric space and & the corresponding Borel o-algebra. Let
{tin}nen be a sequence of probability measures on (E,&). If p,, — p weakly, then for any non-

negative continuous function f on F,

liminf/ fd,unz/ fdu.
Conversely, if
liminf/ fd,uHZ/ fdu

for any non-negative continuous function f on E and every open subset of F is o-compact, that
is, any open subset of E can be expressed as the countable union of compact subsets of F, then

tn — 1 weakly.

Proof) Necessity

Construct the sequence { f, }men, of non-negative continuous and bounded functions

as

fm(x) = min(f(z),m)

for any x € E and m € N4. Then, |fi,| = frn <m on E for any m € Ny and f,, /' f
pointwise. By the MCT, we have

I /md :/ dp.
mgnOOEf v Efu

Choose any M € R such that [ fdu > M. Then,

M< | fdp= sup /fmdu,
E E

m€N+

so that there exists some N € N, such that M < [, fydu. By the definition of weak

convergence,
/E Indp= nh_{go/Edeum
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and because

/E Indpn < /E fdpn

for any n € Ny by the fact that fy < f on E, we can see that

lim Indpy, < liminf/ fdpn.
E n—oo E

n—o0

As such,
M<1%rgi£f/Efdun.

This holds for any M < [ fdu, so it must be the case that

/ fdugliminf/ fduny,.
E n—oo E

Sufficiency

Suppose that every open subset of E is o-compact, and that

/fdugliminf/ fdpn
E n—oo E

for any non-negative continuous function f on F.

Because every metric space is a locally compact Hausdorff space, and the measure of
any Borel measurable subset of F has finite measure under the probability measure p,
it follows that p is a regular Borel measure!. In particular, it is inner Borel regular,
so that the measure of any open set under y can be approximated from beneath by

compact sets:
w(V) =sup{u(K) | K CV, K is compact}

for any open set V.

Choose any open set V and € > 0. Then, by inner regularity, there exists some compact
subset K of E such that K C V and

u(V) —e < p(K) C p(V).

Then, by Urysohn’s lemma, there exists a continuous function f: E — [0,1] such that

I This is the content of theorem 4.4 in the measure theory text.
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I < f <Iy. Since f is a continuous non-negative function, by assumption
liminf [ fdup, > / fdu.
n—oo E E

The monotonicity of integration tells us that [y fdu, < p,(V) for any n € Ny and
Jg fdpu> p(K) > p(V)—e, so that

liminf p, (V) > pw(V) —e.

n—o0

This holds for any € > 0, so we have

liminf p, (V') > (V).

n—oo

This in turn holds for any open subset V of E, so by the Portmanteau theorem, p,, —

weakly as n — oo.

Q.E.D.

Theorem 9.5 (Le Cam’s First Lemma)
Let {(En,&n)}nen, be a sequence of measurable spaces and {P,}nen,, {@n}nen, sequences
such that P,, @, are probability measures on (E,,&,) for each n € N;. Then, the following are

equivalent:

i) Qn < P,.

ii) If there exists a subsequence of {Qn o (35”

that converges weakly to some prob-

| NG

n }
neN4
abilit y measure p on R, then u((O,—l—oo)) 1.

-1
iii) If there exists a subsequence of {Pn o (i%") } N that converges weakly to some prob-
n neNy

ability measure v on R, then

/Rx dv(z) = 1.

iv) For any sequence {7, }nen, such that each Ty, : E,, — R* is &,-measurable,

JLH&OPn {|7Tn] >€}] =0 forany e>0
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implies

Jim_ Qn [{| 75| >€}] =0 for any € > 0.

Proof) 1) < iv)

The equivalence of i) and iv) is immediately evident. Suppose @,, < P,, and that
Jim P, [{|Tn] > €}] =0 for any ¢ > 0.

Then, for any € > 0, the sequence {A, = {|7,| > €}}nen, is a sequence of sets such
that A, € &, for each n € Ny and P,(A,) — 0, so that Q,(A,) — 0 by contiguity, or

equivalently,

lim Qu[{IT] > }] =0.

Conversely, suppose that iv) holds. Then, choose any sequence {A, },cn, of sets such
that A, € &, for any n € Ny and P,(A,,) — 0. Defining 7,, = I4, for each n € Ny, it
follows that {7,}nen, is a sequence such that each 7, : E,, — RF is &,-measurable and,

since
{ITal > €} = {14, > €} = Ay
for any e >0 and n € Ny,
Jim P, [{|Tn] > €}] =0 for any € > 0.
It follows that
Jim Qn [{[Tn| > €}] =0 for any €>0,

or equivalently, @Q,(A;,) — 0 as n — oo. This shows us that Q,, < P,.

Now we show that i) implies ii) implies iii) implies i), at which point the proof will be

completed.

i) = ii)

-1
Suppose that i) holds, and that there exists a subsequence of {Qn o (jg") } N
m neiNy

that converges weakly to some probability measure p on R. For notational simplicity,
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dQn

Qno (352>_1 for each n.

First, we show that ;([0,+00)) = 1. This is simple, since [0,4+00) is a closed subset of

—1
let {Qn o (dp ”) } itself be this weakly convergent subsequence. Denote u, =
neENL

R such that p,([0,4+00) =1 for each n; thus, by the Portmanteau theorem,
1 =limsup p, ([0,+00)) < p([0,+00)),

n—oo

which implies that u([0,+00)) = 1.

Now choose any € > 0. Since (—o00,€) is an open subset of R, by the Portmanteau

theorem

limin 1, ((0,€)) = liminf 1o ((—00,6)) > ju((—00,6)) = ([0, ).

n—oo

In particular, for any k € N,

liminf im0, 1/k)] > u[[0, 1/K)].
This allows us to construct a subsequence { Ny }ren, of Ny such that

1

a0, 1/8)] = [0, 1/K)] =

for any n > Nj,. Define the sequence {e,}nen, as
I .
€n:% lka-Sn<Nk+]_.
Then, €, \,0 as n — oo and, for any n € N, letting N <n < Niy1 we have
1
pin10.€0)] = 1[0 €0)] = pun [0, 1/B)] = [[0, 1/R)] = — = —eun.

This holds for any n € N4, so

liminf (,un {[07%)} - ,u[[(),en)]) > 0.

n—o0

By the Lebesgue decomposition lemma, for each n € N, we can decompose P, as

P, =P+ Pt

where P? << @), and ggﬂ = ng’g, and Pnl 1 @, so that there exists a measurable
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subset £ € £ such that Q,(EY) =1 for any A € &, and P-(EY) = 0. Therefore,
,un[[(),en)} =Qn {{x ek, | Q < en}}

_Q[{

Q < en}ﬁEff}

and

P, [{er |dQn<en}ﬂEQ} P {{er |dQn<en}mEQ}

ap,

= "dQ,, < €.
/{ernldQn <€n}ﬂEQ dQy, @n < eén
for any n € N,. Since €, \0,
. dp, ol _

and by contiguity we have

lim ,un[[() en)} =0.

n—oo

Sequential continuity tells us that

nli_}n;ou{[O,Gn)} = p({0}),
0< linlgioféf (Nn [[ann)} _N{[Oven)})
= Jim yun [[0.0)] = lim po[[0.60)] = —({0}),

which implies that p({0}) = 0. Therefore,

1((0,+00)) = ([0, +00)) — u({0}) = 1.

i) = iii)

Suppose that ii) holds, and that some subsequence of
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converges weakly to some probability measure p on R; for notational simplicity, we let

{#n}nen, itself be the weakly convergent subsequence. We want to show that

/Rac du(z) =1.

Define R, = %(Pn +Qy,) for each n € N;. Then, R, is a probability measure on (E,,,&,)
such that Q,, P, << R, so that

[ dP, dQn

P,(A)= | ——dR,, n(A) = dR;,
(4) AanR @n(4) AanR
for any A € &,. It follows that
db,  dQn
2R (A) = Po(A)+Qn(A) = /A o an] iR,

and thus

P, dO,
—2|dR,, =
/A[dRﬁan ]R 0

for any A € &,; it follows that % + Z%: =2 R,-.a.e. We choose versions % and zgz

ap, dQn
AR and . take

of the densities so that this equation holds exactly. By implication

values in the compact set [0,2], so that

dP,\ !
{vn:Rno<an) }

is a tight sequence of probability measures on R. We showed in lemma 9.3. that

(o-ane(ig) )

is also a tight sequence of probability measures on R.

By Prohorov’s theorem, there exist subsequences

{Atken,  and  {vp, bren,

that converge weakly to probability measures A and v on R. Because vy, (]0,2]) =1 for
each k € Ny, defining M : R — R as

0 ifxz<0
M(z)=<qx ifxel0,2],
2 ifxr>2
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M is a bounded and continuous function on R such that

/ 2 dvg, (x) = / M{() dvn, () — / M (z)dv(z) = / 2 do(z)
R R R R
as k — oo by the definition of weak convergence. Note that

dP,
dv,(z) = —dR, =1
/Rm vn () EnanR

for each n € Ny by the formula for integrals with respect to pushforward measures; it
follows that

/Ra: dv(z) =1.

as well.

Now choose any f € Cp(R,R), and define g: [0,2] - R as

5 ifze [0,2)
g(x) = :
0 otherwise

For any n € N, from lemma 9.1 we can infer that, Q,-a.e.,

AP, dP, dQ, &

aQ, = 4R, iR, T o dh

so that

for Qn-a.e. x € E,. Therefore,

.t (i) an= 5 (s
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for any n € N, where we define F': R — R as

2£(0) ifr<0
F(r)=< flg(r)(2—7) ifrel0,2].
0 ifr>2

F is a bounded and continuous function on R, so it follows from the definition of weak

convergence that

f, ! (0 ) 1@u = [ Fryun, ()= [ Fyinr) = | " Jgr) 2= r)du(r)

as k — oo. Another application of the definition of weak convergence tells us that

/En f (352)@% = /Rf (2)dAn, — /R fdX

as k — oo, so that

2
[ tir= [ rlg)@-rd.
R 0
Define {f}n}mg\;+ as
fm(x) = max(0,1—mlz|)

for any € R and m € N. Then, {fn}men, is a sequence of continuous and bounded

functions bounded above by 1 that decreases to Ifpy. For any m € N4,

2
[ tmdr= [ fulglrn@=ridue).
R 0

and by the DCT, taking m — oo yields

A({0}) = /02 Iiop(9(r) 2 =r)do(r) = [ Tiop(g(r)) (2 =7)dv(r) = 20({0}),

[0,2)

since g(r) =0 for r € [0,2) implies r = 0. Because we assumed that ii) holds, A({0}) =0
and therefore v({0}) = 0.

Choose any f € Cp(R,R), and this time, define §:[0,2] — R as

~ 2=z ifz €(0,2]
g(z) = -
0 otherwise
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By lemma 9.1 again, we have, Pp,-a.e.,

dP,
dQy, _ dQn/dPn _ 2T 4R,
dP, dR,’' dR, jgn ’

so that

for P,-a.e. x € E,,. Therefore,

fr (e yar= [, s (o5 v
<

for any n € N, where F': R — R is defined as

0 ifr<0
F(r)=19 f(g(r))r ifrelo,2]-
21(0)  ifr>2

F(-) is a continuous and bounded function on R, so that

/Enkf (Z%::)dpnk - /R F(r)do(r) = /0 " F@)rdu(r)

as k — oo by the definition of weak convergence. Meanwhile,

Lo (52 ara= [ wim@ [ @)

as n — oo by our initial assumption, so

2
[ @ydu@) = [ £(@)rdv(r).
Letting { fi }men, be a sequence of real valued functions defined as

—m fz<-—m
fm(z) = Qo if x € [-m,m],

m ifx>m

{fm}men, is a sequence of bounded and continuous functions increasing to the identity
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function on R. Since {|fi|}men, is a sequence of non-negative bounded and continuous
functions increasing to the non-negative function f:R — Ry defined as f(x) = |z|, the
MCT tells us that

[ Jeldu@) = tim_ [ 1fuldp
R m—0 JR

= I [ Un@)lrdet) = [ lot)irdotr)

m— 00

:/'(zfmmquzuqum»f1:1<+mx
02

so that f is p-integrable. It now follows from |f,,| <|f| and the DCT that

/xdu(x): lim /fmd,u
R m—00 R

2 2
=l [ fn(@)rdo(r) = [ g(ryrdue)

m—o0

:/’(Q—Amquzu_uqm»_1:L
02

This completes the proof that iii) holds if ii) does.

iii) = i)
It remains to show that iii) implies i). Suppose that iii) holds, and choose a sequence

{An}nen, of sets such that A, € &, for each n and

lim P,(Ay,)=0.

n—oo

Defining B,, = A¢ for each n, P, (B,) — 1 as n — oo; defining v, = P, 0 B! for each n,
{vn}nen, is a sequence of probability measures on ({0,1},2{%}) that is tight ({0,1} is

a compact set).

By lemma 9.3., we know that

admits a subsequence that converges weakly to some probability measure A on R.
For notational simplicity, let {\,}nen, itself be this subsequence. Let {Z,},en, be a

sequence of random variables with distribution process { P, }nen, , and define { X, }nen,
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as

_dQy
- dP,

Xn (Zn)

for any n € N,. Then, each X, has distribution A,, and X, 4 X for some real random
variable X with distribution A. Similarly, define

Y, =1p,(Zy)
for any n € N,. For any € € (0,1),
P(|Y,—1|<e)=PUp,(Z,)—1)=P,(B,)—1—0
as n — 00, so that Y,, 5. By Slutsky’s theorem, we can now see that
(X, Yn) 3 (X,1).
Define the function f:R? — R as
f(@.y) =2y -Ijo 100)2(2,y)-

for any (z,y) € R%. Then, f is a continuous non-negative function on R?, so that, by

the necessity part of lemma 9.4,

liminfE [f(X,,Y,)] > E[f(X,1)].

n—oo

For each n € N, we can decompose

Qn=Q5n+Qy,
where Q% << P, and Z%Z = g%il. Therefore,
Qu(B) == Q3B = [ I, 24P,
:L&nw (P,=PoZ 1)

:/Q[X”YH'I[O,—FOOP(Xn,Yn)} dP

(X,,Y, are non-negative valued)

=E[f(Xn,Y2)].
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Meanwhile,

E[f(X,1)] = E[X] = / z d\(z).

R
By iii), [z dA(z) =1, so that
lim inf Qu(By) > liminf E[f (X, Vo)) > E[f(X,1)] = 1.
It follows that
lim Qn(By) =1,

or equivalently, Qn(A4,) — 0 as n — oco. We have shown that any subsequence of
{Qn(An)}nen, has a further subsequence that converges to 0, so by the subsequence

selection theorem, {Qy(An)}nen, itself converges to 0. This proves that @, < P,.

Q.ED.

The following is one of the most popular applications of Le Cam’s first lemma, which allows
us to immediately establish continguity between sequences of measures whose likelihood ratio

converges weakly to a lognormal distribution.

Corollary to Theorem 9.5 (Contiguity with Lognormal Limits)
Let {(En,&n) tnen, be asequence of measurable spaces and { P, }nen, , {@n}nen, sequences such
that P,,Q, are probability measures on (E,,&,) for each n € N. Let v, ,2 be the probability

measure on R corresponding to a lognormal distribution with mean y and variance o > 0. If

{Q” ° <:llg;> : }neN+

converges weakly to v, ,2, then @, < P,. If in addition u = —%02, then P, <@, as well.

Proof) Since the support of the lognormal distribution is (0,+00), it follows immediately that

-1
v,,,52((0,400)) = 1. Since every subsequence of {Qn o (gg:) }n€N+ converges weakly
to v, »2, and v, ;2((0,+00)) = 1, it follows from ii) in the theorem above that @, <1 P,.

Suppose in addition that u = —%02. Then, letting X be a real random variable with
distribution v, 52, and Y ~ N [u,0?],

| @ du(@) = B[X] = E[X] = Efexp(Y)

(37
= exp u—|—§a =
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by the formula for the moment generating function of the normal distribution. It then

follows from iii) of the theorem above that P, < Q.

Q.E.D.

9.1.3 Local Alternatives and Le Cam’s Third Lemma

We now return to our original objective, that is, recovering the asymptotic distribution of some
sequence of statistics {7, }nen, under the sequence of probability measures {Qy}nen, when the
asymptotic distribution of these statistics under the sequence {P,},en, is known. It turns out
that the exact same relationship holds under contiguity as under absolute continuity: that is, if

we know the weak limit to which the probability measure

dQn>1

Pn ny 11
°<T dp,

converges, then we can recover the weak limit of
QnoT, b

This result is called Le Cam’s third lemma.

To give a heuristic motivation for the lemma, let (©,9) be the parameter space and {j, fnen,
a sequence of transition probability kernels from (0,9) into (E,,&y); in light of the framework
for asymptotic statistical problems, {/, }nen, represents a sequence of statistical models corre-
sponding to each sample size. Suppose we are interested in testing the null hypothesis Hy: 0 = 0g
against the alternative Hj : 8 # 6y, and that we have obtained a sequence of real valued statistics
{Tn}nen, designed to test Hy against Hy. The distribution of 7,, under the parameter 6 is given
as in(0,-) 0 T, "

Suppose that we know the limiting distribution of 7, under the null: that is, we have found

some probability measure p on R such that
pn (6o, ) 07;;1 -

weakly. To evaluate the asymptotic performance of this test, we want to obtain its power under
the local alternative {6, },en, , which is a sequence in ©\ {6y} converging to fy. In this case,

what we want to find is the weak limit of the sequence of probability measures

{1 (B, ) o Tt}

n€N+.

Defining P,, = uy(6o,-) and Q, = pin(0n,-), this is exactly the problem discussed in Le Cam’s
third lemma: given the knowledge of the asymptotic behavior of {P, 07, 1},, can we infer the
asymptotic behavior of {Q, 07, 1}? The lemma says that we can, given that we also know the

joint asymptotic behavior of 7, and the likelihood ratio fllg’:l under P,,: that is, if we know the
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weak limit of the sequence

dpin(00,)\
{Mn(Qo,')O<77m W) }nGN-»,-‘

Going forward, we use new notations that make this connection clear. Let {(Ey,&)}nen,
be a sequence of measurable spaces, {G,}nen, a sequence of &,-measurable functions taking

values in R¥, and {P, }nen . a sequence of probability measures in (E,,&y,). Then, for the result
PooGt =
weakly, where  is some probability measure on R¥, we write
G, 2 a,

where G is some random variable taking values in R¥ that has distribution x. This makes clear
that G,, converges in distribution to G in the sense that the distribution of G,, under P, con-

verges weakly to the distribution of G.

Theorem 9.6 (The General Version of Le Cam’s Third Lemma)

Let {(En,&n)}nen, be a sequence of measurable spaces and {P,}nen,, {@n}nen, sequences

such that P,,Q, are probability measures on (E,,&,) for each n € Ny. Let {T,}nen, be a

sequence of functions such that each 7, : E, — RF is measurable relative to &, and B(Rk).
Suppose that Q,, <1 P,, and that

dQn P, P
(7 S22) B (77,
Then,

T 479,
and the function p : B(R¥) — [0,40c] defined as

u(A) =E[14(T")-V]

for any A € B(RF) is the distribution of L.

Proof) Define the sequence

dQn\ 1
{U" =Fno (Tn’ dPn> }neN+

and let v be the joint distribution of (7F,V). Then, we are assuming that v, — v

513



weakly. Similarly, define

{Nn = Qn S nfl}nEN.;_;

our objective is to show that u,, — p weakly as n — oo.

i is a probability measure

We first show that p is a well-defined probability measure on R¥. V' is a non-negative
valued random variable because each %(Xf ) is non-negative valued, and from Le

Cam’s first lemma E[V] =1, since

{Pn ° <(jlcli: > : }neN+

converges weakly to the marginal distribution of V', and @, <1 P,. It follows that the

mapping p : B(RF) — [0, 4+0c] is well-defined as the expectation of non-negative random
variables, and that u(R¥) =E[V] = 1. It is clear that u(f)) =0, and for any disjoint

sequence {Ap}nen, of Borel measurable subsets of RF,

T A

n=1

by the MCT for series. Therefore, y(-) is a well-defined probability measure on (R¥, B(R¥)).

Integration with respect to u

Let f:RF — R be a non-negative Borel-measurable simple function with canonical form

n
f:Zai'IAi-
i=1

Then,

[ rn =3 a4 == H(ZI“‘> o’rﬂ -V] —E[f(T")V].
=1 i=1

Now let f be an arbitrary non-negative Borel-measurable function. Letting { f }nen,

be a sequence of non-negative measurable simple functions that increases to f, the

MCT tells us that
[ fdu=lim [ fad
]Rk
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- B ] =2[rr ],

since {(fnoT?)V}nen, is a sequence of non-negative random variables that increases

to (foTP)V.

Proving Weak Convergence

For any n € N, and non-negative continuous function f on R¥ letting Q, = Q% +Q;-

be the Lebesgue decomposition of (),, with respect to P,,, we have
[ S =E[fT(x0)] = [ (10T

dQn
P,

2/En<f°%)dQ?L:fEn<f°%) ap,

—E |7 2]

Defining the function ¢ : R¥*!1 — R as

9(x,y) = f(2)y-Tjo1o0)(y) for any (z,y) € R* xR,

it follows that ¢(-) is a non-negative continuous function on R*+1 such that

B AT 20| = [ f@y dune.)

Rk+1

= f(z)y dvp(z,y)
RF x[0,4-00)

(vp is concentrated on R¥ x [0, 4+-00))
= Rkt g dvn

for any n € N4, and likewise,

/Rk fdu=FE [f(TP)V} :/Rk+lgdv.

By the necessity part of lemma 9.4, v,, — v weakly implies that

.. > _ ‘
hnlgloréf RE+1 g dvn 2 /Rkﬂ gdv /Rk fdu

Together with the fact that [pr fdpn > [ges1 g dvy, for any n € Ny, we can now see that

hnn_lgoréf/Rk Jdpn > /Rk Jdu.
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This holds for any non-negative continuous function f on R¥, and because any open
subset of euclidean space is o-compact, the sufficiency part of lemma 9.4 implies that

W — 1 weakly.

Q.E.D.

Note that Le Cam’s first lemma, and by extension the contiguity relationship @, < P,, is only
used to ensure that the limiting measure p has mass 1, or in other words to ensure that it is
a probability measure. This is similar to Prohorov’s theorem, in which we can prove that any
collection of probability measures on a metric space admits a weakly convergent subsequence,
but this weak limit is a probability measure only when the collection in question is tight.

Le Cam’s third lemma can be used to obtain asymptotic results in the lognormal case dis-
cussed in the corollary to lemma 9.5. This result is what is usually referred to as the third lemma,
and we state it separately in light of its incredible significance in the statistical literature.

First, we given meaning to the convergence in distribution of the logs of non-negative random
variables. Given any sequence of non-negative valued real random variables { Xy, },,e v, and some

real-valued random variable X, we write
log(X,) % X
for
X, —e

If X,, > 0 with probability 1 for any n € N, then the two are equivalent in light of the continuous
mapping theorem. In the more general case, because eX > 0 everywhere on the sample space,

letting 4 be the distribution of e¥, we have

1((0,400)) = u({0}) =P (X =0) =0.
Therefore, by the Portmanteau theorem,

lim P(X, > 0) = u((0,400)) =P (¥ > 0) =1,

n—oo

which shows us that the random variables X,, are positive-valued with probability approaching
1. In other words, log(X,,) is well-defined (or real-valued if we let log(0) = —o0) with probability

approaching 1 as n — oo.
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Theorem 9.7 (Le Cam’s Third Lemma for the Log-Normal Case)

Let {(En,&n)}nen, be a sequence of measurable spaces and {P,}nen,, {@n}nen, sequences

such that P,,Q, are probability measures on (E,,&,) for each n € Ny. Let {T,}nen, be a

sequence of functions such that each 7, : B, — RF is measurable relative to &, and B(Rk).
Suppose that @, < P, and that

dQn P, P H DI
(rostfe) mrrnx| (1) (2 7))

for some 1 € R¥, 02 > 0, positive definite ¥ € R¥**¥ and 7 € R*. Then,

T L TO~N[u+7, 3.

Proof) Focusing only on the marginal distribution of the likelihood ratio under P,,, we can see
that

dQnP 12 2
dPn:gV /\/’{—20,0},

log

which is equivalent to

which in turn means that

weakly, where v is the distribution of e"'. By assumption, v is the probability measure
on R corresponding to a lognormal distribution with mean —%02 and variance o2, so

by the corollary to theorem 9.5, Q,, <t> P,.

Now, the general version of Le Cam’s third lemma tells us that, because

dQn P, PV
(72 o) B (e,

we have
T, %70,
where the distribution p of 7€ satisfies

(A) =E [IA(TP)eV}
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for any A € B(RF). We saw in the proof of the general version of the third lemma that
[, fan=E[r(T")e"]
Rk

for any non-negative Borel measurable function f. The moment generating function of

T is therefore given as

mq(r) =E [eT,TQ} = /Rk e tdu(t)

1
= exp (r’(/ﬁ- T)+ 2T’Er>
for any r € R¥, where we used the formula for the moment generating function of a

Gaussian random vector to justify the third equality. This is precisely the mgf of a

normal random vector with mean p+ 7 and variance ¥, so
TO~Nlp+7, 3,

as we desired.

Q.E.D.
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9.2 Local Asymptotic Normality

This section concerns an important generalization of Le Cam’s third lemma. First, we introduce
the statistical framework and approximation by normal limiting experiments; then, we introduce
local asymptotic normality as a sufficient condition to ensure that such an approximation holds.
Finally, we furnish some primitive conditions under which local asymptotic normality holds,

with a focus on the differentiability in quadratic mean condition.

9.2.1 Motivation and the Gaussian Location Problem

We work with the following framework. Let {(Ey,&n) }nen, be a sequence of measurable spaces
and (©,9) the k-dimensional parameter space. Let {,}nen, denote a sequence of transition
probability kernels from (©,4) into (Ey,&,), so that each p,, represents a statistical model given
a sample of size n. Suppose we are interested in testing the null Hy : 6 = 6y against the alternative
Hj : 0 # 0 using a sequence of k-dimensional estimators {7, }nen . of the parameter, where each
T, is a &,-measurable function.

Suppose we know that 7, is asymptotically unbiased and normal under the null; that is, we

know that
7;L Nn(:0>07.) TP NN {kal, E_l} .

for T € R* and positive definite ¥ € R***. Consider a local alternative given as {6o+h//n}nen, ,

where h € R*. If we know that 7;, and the log likelihood ratio log %W converge jointly

kal E_l h/
~iwsh) \ h WEh)|

T, un(ﬁog/\/ﬁw)N[h’ 2_1}‘

to a normal random variable under the null:

(m log dun(9o+h/\/ﬁ,-)> o)

dﬂn(QOa)

then by Le Cam’s third lemma, we know that

In other words, 7, can be approximated in the limit for any h € R* by a random vector that
follows the normal distribution A [k, £71].

The Gaussian Location Problem

Another way to put this is as follows. Let u be a Markov kernel on (R, B(R¥)) such that

pu(h,) ~ N [h, 2—1}
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for any h € R*. Then,

pin (B0 + b/, ) o Tt — p(h,-)

weakly as n — oo for any h € R*. In other words, the limiting distribution of the statistic 7y,
under the local alternative {6y +h/v/n}nen, can be approximated by the distribution y(h,-) for
any choice of h € R¥.

Focusing on this kernel p, we can see that this is the model corresponding to a statistical
decision problem in which we want to make inferences about the mean of a normal distribution
using a single observation drawn from the true normal distribution. Problems involving inferences
about the mean of a normal distribution are called Gaussian location problems; as such, p is
the model corresponding to a Gaussian location problem utilizing a single observation. The
asymptotic approximation above thus shows us that the statistical problem of interest that
uses the statistic 7, to make inferrences about the parameter 6 is equivalent, in the limit, to a
Gaussian location problem making use of a single observation. In other words, the asymptotic
properties of the original statistical problem can be obtained by simply studying the simpler
Gaussian location problem. We will repeatedly take advantage of this simplification below when
formalizing the concepts of asymptotic parametric and semi-parametric efficiency.

The asymptotic equivalence between the original statistical problem and the Gaussian loca-
tion problem in the limit can be phrased in another way. Let X be a random variable be drawn
from a normal distribution with variance ¥~! and unknown mean. Under the local alternative
0o+ h/\/n, the statistic T, behaves, asymptotically, in the same manner as the random variable

X if h were its true mean. To make this interpretation clear, we write
To 2 X,

Here, the superscript h serves two roles; it represents how we are studying the asymptotic be-
havior of 7, under the measure y, (0o +h//n,-); and it also represents that the true mean of X
is h, that is, that we are treating X as a draw from the distribution N [h, %71].

Sufficient Conditions for Approximation by a Gaussian Location Problem

The natural next step is to generalize this result. Specifically, we are interested in furnishing
sufficient conditions under which a sequence of d-dimensional statistics {7,}nen, can be ap-
proximated in the limit by a statistic in a normal limiting experiment, that is, if there exists
some Gaussian location problem utilizing a single observation X and a statistic G : R¥ — R¢

from this problem such that
h
Tn = G(X)

for any h € R*.

It turns out that there are two main sufficient conditions that ensure a statistic can be
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approximated in the limit by a statistic in a Gaussian location problem. The first is for 7, to
converge in distribution under the null; this is a standard result that is established in the process
of constructing a test statistic. The second sufficient condition is weak convergence of the log

likelihood ratio under the null:

dﬂn<00+h/\/ﬁa') un(fo,) |: 1 / / :|
I ——h'2 by
og dpim (o) =N 2h h, h'Sh|,

which can equivalently be written as

dpin (0o +h/\/n,-) b 0-)

1
exp| —=h'Sh+ h’A)
dpin (00, ) p( 2

for some A ~ N [Ogx1,%]. This condition is called local asymptotic normality, since it requires
the log likelihood ratio of local alternatives to converge to a normal distribution in the limit.
Below we show that these two conditions are sufficient for the distribution of the statistics of
interest to be approximated by a Gaussian location problem, and furnish sufficient conditions

under which local asymptotic normality holds.

9.2.2 The Main Approximation Result

We continue to work with the framework introduced above: {(Ey,&,)}nen, is a sequence of
measurable spaces, (©,7) the k-dimensional parameter space, and { i, }nen, a sequence of tran-
sition probability kernels from (©,9) into (E,,&y). The sequence {pn }nen, is said to satisfy the

local asymptotic normality condition at 8y € ©° if

There exists a sequence {7, },en, of nonsingular k£ x k matrices, a sequence {A,},en,
such that each A, : E,, — R¥ is a measurable function, a positive definite matrix I, € RF*¥

and a random vector Ag ~ N [Ogx1, o] such that A, M"(:9>07.) Ao and

d,un(eo +T;1hn, )
dpn (6o, -)

1 (00,
—exp (h’An - 2h’Ioh> unllor)
for any sequence {h;,}nen, in R* converging to some h € R¥, where 647, h, € © for
sufficiently large n.

Generalizing the notation introduced above, we denote weak convergence under the distribution

pn (0o + 77 hy,-), where hy, — h, by :h>2; local asymptotic normality then implies that

dﬂn(eo +7"T:1hna )
dun(90>')

1
log L WA — 31 Toh.

Before proving the result of interest, we introduce an additional concept. Consider a Gaussian

location problem with variance I, 1 and a single observation X. We call any Borel measurable

2This may be misleading because the convergence depends not only on the limit h but also on the choice of
the sequence hp; but in most cases we make explicit which sequence h, we are considering before utilizing this
notation, so that there is no confusion.
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function G : R¥ x [0,1] — R? a randomized statistic from the location problem, since in this case
the function G(-) depends not only on the observation X, but also on an independent uniformly
distributed random variable U, which adds an additional element of randomness to the value of
the statistic.

What we will show below is not that the statistics of interest can be approximated in the
limit by a statistic in a Gaussian location problem, but rather by a randomized statistic in this

problem; specifically, that
T % G(X.U)

for any h € R¥, where U ~ Uniform[0,1] and U L X. Formally, the above expression is shorthand

for the result
,U,n(eo + T'rzlhnv ) © 7:1_1 — (/“L(ha ) X U) © G_l

weakly, where pu(h,) ~ N [h,IO_ 1} and v is the uniform distribution on [0, 1].

First, we present a lemma of interest.

Lemma 9.8 Let 7 be a real valued random variable and A a real k-dimensional random
vector. Then, there exists a measurable function G : R¥ x [0,1] — R such that, for any random

variable U that is independent of A and uniformly distributed on [0,1], we have

(G(AU),A) ~ (T,A).

Proof) Because T is a random variable taking values in (R,B(R), there exists a transition
probability kernel x from (R¥, B(R¥)) into (R, B(R)) such that

u(,A)=PB(T € 4] A)

for any A € B(R). u(d,-) now represents the conditional distribution of 7 given A = 4§
for any 6 € R*.

Let the conditional distribution function F : R x R*¥ — [0,1] be defined as

for any t € R; F(- | 0) is the distribution function of 7 given A =¢. The Borel measur-
ability of the section F'(t|-) and the right continuity of the section F(- |d) implies that

F () is jointly Borel measurable on RF*1.

We can now define the conditional quantile function @ : (0,1) x R¥ — [—o0, +00] as
Q(u|d)=inf{t e R| F(t|0) > u}
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for any (u,6) € [0,1] x R¥, where we define Q(0 | §) = —oo and Q(1|d) = +oo. We know
that

Q(u]d) <t ifand onlyif w<F(t]|J)

for any v € (0,1) and t € R.

Note that Q(-) is jointly Borel measurable on (0,1) x R¥: for any o € R, inf{t € R | F(¢ |
§) > u} > « implies that ¢ > o for any (¢,8) € R¥*! such that F(t|6) > u, so that

{(u,6) €[0,1] x R | Q(u | 8) > a} = {(u,0) € [0,1] x R¥ | inf{t € R| F(t| ) > u} > o}

- ( N {(wd)eo,1] ><]Rk|F(q|6)<u}) U ({1} xRY),

q<a, g€Q

where the rightmost term is a measurable rectangle on [0,1] x B(R¥).

Define G': [0,1] x RF — R as

G(u,0) =Q(u|9) '1(0,1)(U)

for any (u,d) € [0,1] x R*. Then, G(-) is clearly jointly Borel measurable. Let U be a

uniformly distributed random variable that is independent of A. Then,
PQU[A)#GU,A)[A)=PU €{0,1} | A)=PU €{0,1}) =0,

so that Q(U | A) = G(U,A) almost surely by the law of iterated expectations. Further-

more, for any ¢ € R¥,
P(GU,A)<t|A)=PQU|A)<t|A)=PU<F(t|A)[A)=F(t|A).
As such, for any t € R and B € B(R¥), we have
P(G(U,A) <t, A€ B)=P(P(GU,A) <t|A)(IgoA))
=P(F(t|A)-(Ipod)) =P(u(A,(—o0,t])(IpoA))
=P(T <t, A€ B).

Since {(—00,t] x B|t € R, B € B(RF)} is a m-system that generates B(R¥*1) it follows
that

(G(U,A),A) ~ (T,A).
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Q.E.D.

Theorem 9.9 (Approximation via a Gaussian Location Problem)
Let {(E,,En)}nen, be a sequence of measurable spaces, (©,7) the k-dimensional parameter
space and {f, }nen, the corresponding statistical models. Let {7,}nen, be a sequence such

that each T, : E, — R is £&;-measurable. Suppose that the following hold true:

i) (Local Asymptotic Normality)
{ttn}nen, is locally asymptotically normal at 6y € ©, so that there exists a sequence
{rn}nen, of non-singular k x k matrices, a sequence {A,}ncn, such that each A, : E,, —
R is a measurable function, a positive definite k x k matrix Iy and a k-dimensional random
vector Ag ~ N [Ogx1, Iy such that A, 4 Ag and

dpn (8o +7,th,-)
dﬂn(007')

1
—exp <h/An — 2h'10h> 20
for any h € R¥ such that 6y + 7, h, € © for sufficiently large n.
ii) (Convergence in Distribution under Local Alternatives)

For each h € R¥ such that 6y +7,'h € © for sufficiently large n, there exists some real

random variable 7" such that

T 2T,
Then, there exists a measurable function G : R* x [0,1] — R such that
T'AG(XU),

where X is an observation from the Gaussian location problem with variance I Vand U is a
uniformly distributed random variable independent of X, for any h € R* such that 6y +7,,'h € ©

for sufficiently large n.
Proof) Denote
P, = /Ln(‘907 )
for any n € N,. By assumption,

T 70 A, B A,

It follows from the necessity part of Prohorov’s theorem that the sequences {P, o

T nen, and {P,oA;'},cn, are tight. By definition, for any e > 0, there exist

524



compact subsets K, and K5 of R and RF such that, for any € > 0,

(Puo T > 1=, (Pao ;) (K2) >1-3

for any n. Letting K = K x K, K is a compact subset of R¥*! by Tychonoff’s theorem
that satisfies

(Poo(Tn, An) ™ (K) = Pu[{Tn € K1} N {A, € K>}
>P,{The K1} + P [{An € Ko} —1>1—¢

for any n. We can find such a compact set for each e > 0, so by definition {P, o
(7;17An)_1}n€N+ is a tight sequence of probability measures on RF*!. By the suf-
ficiency part of Prohorov’s theorem, there exists a weakly convergent subsequence
{Pr © (Ts Any) timeny of {Pyo (%’An)_l}nENJF‘

Denote the weak limit of {P,, o (Tn,.,An,.) " }men, be the distribution of the k+ 1-
dimensional random vector (77,A’). Let 7_; : R¥*1 — RF be the projection function
defined as 7_1(xo,---,xx) = (21, ,x%) for any (zo,---,zx) € R¥1. For any bounded
and continuous function f:R* — R, the function fon_; is a bounded and continuous

function on R**1 so that

E[f(A0)] = lim [ f(An,)dPa,
= lim (fo7r,1)(7;Lm,Anm)dan

=RE[(for1)(T,A)] =E[f(A)]

by the definition of weak convergence. As such, A’ ~ Ay ~ N [Okx1, Ipl.

Now choose any h € R¥ such that 6y +r;'h € © for large enough n, and denote

Qn = Hn(90 +7’771h7 )

for any n € N4 such that @Q,, is well-defined; we assume without loss of generality that
Qn is well-defined for any n € Ni. Let {X, },en, be a sequence of random variables

such that each X, has distribution P,. Then, by assumption,

dQn
dp,

1
(X,) —exp (h'An(Xn) - 2h'10h> A 0,
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which implies that

dQn
P,

(X,) —exp (h’An(Xn) _ ;h’loh> —o,(1).
Likewise,
(%m (X)), exp (h’Anm (X )— ;h’loh>> 4 (T’, exp (h’A’ - ;h’loh>> .

It follows from Slutsky’s theorem that

dQnm d 1 Y,
(o). o, ) 4 (7 e b)),

or equivalently,

dQnm an ! I A/ ]' / >
(7;1,,” dan) <’T, exp(hA 2h Ioh) )

By implication,

dQ.,, P 1 1
Mm 2 WA — Zh Tgh ~ {—h’] h, h'I, h]
ap, = 5 0 N 5 uz on|,

log

m

so by Le Cam’s first lemma, @),,,, and P, are mutually contiguous. It now follows from

the general version of Le Cam’s third lemma that
Ton T,
where 7" is a real random variable with distribution v given as
v(A) = B [L4(T")- A/ =30Toh]

for any A € B(R). Since we assumed that the 7,, converges in distribution to 7" under
Qn, any subsequence of T, converges in distribution to 7" under Q,, and it follows
from the uniqueness of weak limits that v is the distribution of 7". It remains to show
that there exists a randomized statistic in the normal limiting experiment with variance

161 that has distribution v.

By the preceding lemma, there exists some measurable function H : R¥ x [0,1] — R such
that

(H(AlvU)aA,) ~ (T,aA,)

for any uniformly distributed U that is independent of A’. We define G : R¥ x [0,1] — R

as
G(z,u) = H(lpz,u)
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for any (z,u) € RF x [0,1].

Now choose some X ~ N {h, Iy 1} , and let U be a uniformly distributed random variable
that is independent of X and A’. By independence, the joint density fx y : R* x [0,1] —
Ry of (X, U) is the product of the individual densities:

1

Feu(@,u) = (%)k To| exp (—;(x— h)’Io(a:—h)>

for any (z,u) € R x [0,1]. Similarly, the joint density fasyR¥ x[0,1] — Ry is given as

fanu(0,u) = (217r> : |Ip| ™2 exp(— 81y 5)

for any (z,u) € R x [0,1]. Therefore,
P(G(X,U)e A)=P(H(IyX, U) e A)

= / T4y (low,u) - fx u(x,u)d(z,u)
Rx[0,1]

k
1 1
—/ /IH y({o, u)( )2 |Io|;exp<—(:r—h)'[o(:n—h))d:ndu
2 2
k
, 1, 1\2 1 1,
—/ / Ig—1(ay(loz,u) - exp hIga;—ih Ioh Py |Ip|2 exp —5 Iy | dxdu
™

/ ! 1 % -1 1 /1 r—1
IH y(0,u) -exp( h'0 — fhloh Py [Io| "2 exp —5510 0 )dodu
0

- / [IH_l( 4)(6,u) -exp (h'5 - 1h’10h)} Far (8, u)d(6,u)
Rx[0,1] 2
=B |[Ip(H(A,U)) - ¢MA =30 Toh]

for any A € B(R), where we used the change of variables z = I, 1§ to justify the fourth

equality. Since
(H(A,U),A) ~ (T, A),
it follows that
P(G(X, U) € A) =B [I5(T')- VA2 0h] = p(a)

for any A € B(R): we finally have



Letting u(h,-) be the distribution corresponding to N {h,]g 1} and v the distribution
of U, the distribution of G(X,U) is (u(h,-) x v)oG~! by the independence of X and

U, meaning we have just shown that
pn(0o+r hy ) o Tt = (u(hy ) x w) o G

Since this holds for any h € R¥ such that 6+, 'h € © for large enough n, out proof

is complete.

Q.E.D.

While the theorem above has been formulated only for real-valued statistics, it can easily be
generated to higher dimensional statistics. This involves a version of lemma 9.8 that holds for
higher dimensional statistics, which can be proved via a straightforward generalization of the
quantile transformation approach used in lemma 9.8.

It is important to clarify what this theorem does and does not say. The theorem says that,
if the log likelihood ratio satisfies the local asymptotic normality property and the statistic of
interest has some limiting distribution under any local alternative for which the LAN property
holds, then under the set of local alternatives for which the LAN property holds, the limiting
distribution of the statistic under each local alternative is determined by a single observation
from a Gaussian location problem and an independent random component. It does not, however,
tell us that this limiting distribution is Gaussian; it may even be a distribution whose name is
unknown. In this sense, the term “local asymptotic normality” refers only to the asymptotic
distribution of the log likelihood ratio, and not the limiting distributions of the statistics that

we are interested in.

9.2.3 Differentiability in Quadratic Mean

We have established above the importance of the local asymptotic normality condition as one
of two sufficient conditions required for the approximation of the distribution of a statistic by
a normal limiting experiment. This section is devoted to sufficient conditions that ensure that
local asymptotic normality holds. In particular, we focus on how differentiability in quadratic
mean (DQM) implies local asymptotic normality when the data is iid.

We consider the following statistical framework with iid data. Let (E,£) be a measurable
space, (©,9) the k-dimensional parameter space, and p a transition probability kernel from
(0,7) into (E,E). For each 6 € ©, if 6 is the true parameter, then the observations are drawn
independently from the distribution (6, -). It follows that the sequence {f, }nen, of statistical
models is such that each i, is a transition probability kernel from (0,9) into (£,£)™ and
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for any 0 € ©. We say that p is differentiable in quadratic mean at 6y € ©° if

There exists a measurable function g: E — R¥ such that [}, |g|*du(6o,-) < +0o and a o-finite
measure A such that p(6,-) << X for any 6 € © and

1 1 2
lim —— A0+ h. ) — Jdu(0o. ) — =h'g-Jdu(0e.) ) dr=0
B (VO30 - ) <o

where du(0o+h,-), du(bo,-) are the Radon-Nikodym derivatives of p(6y+ h,-) and u(6y,-)
with respect to .

Since 6y is contained in the interior of ©, we can see that g+ h € © for small enough h, which
means that DQM is well-defined. The function g(-) is called the score function. Indeed, it turns

out that g(-) is exactly the score function that we know under the usual regularity conditions:

Lemma 9.10 (DQM under Regularity Conditions)

Let (E,€) be a measurable space, (0,1) the k-dimensional parameter space, and p a transition
probability kernel from (0,9) into (E,€) that determines the sequence of statistical models
{#n}nen, under iid data. Suppose that:

i) There exists some o-finite measure A\ on (E,£) and a jointly measurable function p :
O x E — R, such that

/ p(0,2)dA(x) = (0, A)
A

for any 6 € © and A€ €.

ii) Forany z € E, p(-,x) is differentiable on the interior of ©, and there exists some A-integrable

non-negative function b: F — R4 such that

op(6,x)

‘aa <b(x)

for any (z,0) € E'x ©°.

iii) For any 6y € ©°, let sy, : E — R¥ be defined as

P(otl),x) ‘ 8p(693’$) if p(6p,x) >0

560 (x) =

0 otherwise

Assume that sg, is p(6o,-)-integrable, and that there exists some positive definite k x k

529



matrix Ig, such that

‘/ESQOS/@Od/QL(Q(), ) = Igo.

Then, p is differentiable in quadratic mean at any 6y € ©° with score function sg,:

1 1 9
i Th? 0o +hy2) = \[p(00,) = Sh'sg,-\/p(bo,") | dA=0.
‘hl‘I_I:O ’h’Q /E (\/p( o+ h, ) \/p( 0 ) 5 S0, p( 0, ))

Proof) Choose any 6y € ©°. For any n € N, For any n € Ny,

p(90 +hn7) _p(g()v)
|7

1 1 2
W [ (0o + hn,-) — (1 - Qh;ﬁoo) p(QOa')] <2 [

1
<2 b+ lsu*pl60. )]

where

1 1
/ 2 {b+ |590|2p(00,-)] dr =2 U bdA -+~ tr (190)} < fo0.
E 4 E 4

Finally, since

O\/p(6p,x) _ 1 y Ip(6o,x)
00 2y/p(0p,x) 00
_ 10logp(bo,x) _1
- 2 80 p(e()?x) - 2800(1')

for any = € Ey, it follows from the DCT that

. 1
lim —
n—o0 Eo ’hn |

(/o005 ) = o(60) = 550, (o ~>)2dA

= [ Jm <¢p<90+hm->—mowo,-)—;hgseo-m)?
E

||

n—oo

This holds for any sequence {h,},en, such that |h,| — 0, so

1 1 2
lim —— Oo+h.-) —/p(0o,) — =h'sg. - \/p(Bo.-) ) dr=0.
e (T )

Q.E.D.
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The next result shows us that the DQM condition implies local asymptotic normality:

Theorem 9.11 (DQM Implies LAN)

Let (E,£) be a measurable space, (©,9) the k-dimensional parameter space, and p a transition
probability kernel from (©,d) into (E,£) that determines the sequence of statistical models
{in }nen, under iid data. Suppose that the DQM condition holds at 6y € © with score function

go : E — R¥ and dominating measure \:

1 1 2
lim — du(Bg+h,-) —+/du(Bo,-) — =h go-y/du(bo,) ) d\=0.
i s (VO =0~ - Jauton. )
Then, the following hold true:

i) The mean of gy under u(fy,-) is 0:

/Egodu(go,') = Opx1-

ii) Letting {X;}ien, be a sequence of random variables drawn iid from the sequence p(6y,-),

the log likelihood ratio admits the asymptotic expansion

Apin (b0 + b/ V1) el (SR ) - Ly
d(l)in(é’o,-) (X1, Xn) = exp <h (\/ﬁ iZlgo(X@)> —5h Ioh> +op(1).

for any h,, — h. By implication,

dpin (0o + hn/\/ﬁ ) tin
dun(e()v)

for any h,, — h, where In = [ gogodp(6o,-) and Ag ~ N [Okx1,Io].

)

. 1
log @) prng — Sh'Toh

Proof) Choose any h,, — h, and denote

Qn = N(QO + hn/\/ﬁv )

P= M(Qo, )
OB+ ha/ V)
n o\
o a:u(e(h')
)Y

for any n € Ny. We now proceed in steps.
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Step 1: Convergence Results for Densities

In this step, we establish that /n (\/gn — \/;B) converges in mean square to %h’ go, and
use this fact to show that [ h'godP = 0.

By the DQM property,

nILIEOW/IS<\/q7—f—2fgo f) d\ =0;

since h,, — h, this implies

2
tin [ Vi (i~ V) -yl vB| dr=0,
E

n—oo

Furthermore,
1 2
[ |V =)= 3t v an

1 2 1
§2/E {\/ﬁ(\/ng—\/ﬁ)—2h;go-\/ﬁ d)\+§|hn—h]2/E|go|2dP—>O
as n — 0o, which tells us that

8/\)

vV (Van —/p) 390 VP

as n — co. Multiplying both sides by — Tn also shows us that

L2(EN
\/Qn_\/ﬁ

as n — 00, or equivalently,

n—oo

lim [ (y/gn—+/p)dXA=0.
E
Letting <-, ->)\ be the usual inner product on the L? space L?(E,p), it follows, from the

continuity of the inner product in both arguments with respect to the metric induced

by the inner product, that

/h/go dP = /( W go- f) (20/P) dA = < RN

= Jim (VA(Van = vB), Vit V),

n—oo

n—oo n—o0

:limf/\/» VD) (Van — \f)d)\—hmf/ p)dA=0

because densities integrate to 1.
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Random Variables Constructed using the Likelihood Ratio

In this step, we construct a triangular array {Wm}lgz‘gn,ne N, of random variables using

the likelihood ratio %" which will play a crucial role in the final asymptotic step.

Let {X;}ien, be a sequence of iid random variables taking values in (F,€) with distri-
bution P = u(fp,-), and define

Ey={z € E|p(x)>0}
and

m@f:2< i%xa—1>

for any n € Ny and 1 <i <n. As is customary, we define

an(x) 3
ql(:[;) _ (@) ifxe E()

b 0 otherwise

I

where P(Ejy) = 1. We want to obtain asymptotic expansions of the following terms:
n n

ZWM’ ZW,%Z, max |Wp|.

1<i<
i=1 i=1 Sen

Step 2-1: Asymptotic Expansion of the Sum

For any n € Ny,

Var Zn:Wm - \/lﬁiz:;h,go(Xi)] = Var [Z”: (Wm - \/ﬁh/go(Xi)ﬂ

=1

1., \?
—Zh dpP
>2g°)

(Because P(Ep) =1)

Il
i
&
o
N
5
7N
SIS
|
—_
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~1 [ (VAE— VB - o vB)

(Because L -p = g, on Ej)

<4/( 7 (\/an — \f)——h’go \[)

(Monotonicity of Integration and Fy C E)

Taking n — co on both sides, we can see that

) n 1 n
nangOVar lz Wi — % ;h/go(Xi)] =0.

i=1

Similarly,

:2n</E(\/q7\/§)dA—1),

where the last equality is justified because p =0 on Ef, so that

| Vamvp ar=o.

It follows that

= 2
E [Zwm-] == [ Waa === [ [Va(ya—vB)) A
i=1
where we used the fact that the densities q,,p integrate to 1 under A. Since

VA vp) " *hQO\f

it follows that

Therefore,
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2
where E[r,] =0 and Var[r,] — 0 as n — oo, and as such r,, L5 0 as n — 0o. Mean square
convergence implies convergence in probability, and [ (K go)?dP = N ([ goghdP)h =
R Igh, so

n

zn:Wm' =h <\/lﬁ Zgo(Xﬁ) — ih’[gh—l-ap(l).
=1

i=1

Step 2-2: Asymptotic Expansion of the Sum of Squares

We now shift our focus to the sum of squares Y7 ; W2,. We already saw above that

2
BV, W) =4 [ (v (\[Z 1) = Jwa ) dP -0
E

as n — 00. Defining

Am = \/’Ean - h/g(] (Xz)a

we can express the sum of squares of W,,; as

Z nz Anz—"h/gO( ))2

i=1
1 & 1 & 1 &
S O MESA IRET 5 SHESV TS P
n n - n -
=1 =1 1=1
By Khinchin’s LLN for iid sequences of random variables with finite first moments,

( Xpo )h%hhh

Meanwhile,

<E|An)* =0

1 n
2
Eﬁzy%
=1

as n — 00, so that
1< 1
-S4z bo
ni=

Finally, by Hoélder’s inequality,

1< 23 Elloo(X0)| [ ni]
1=1
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n

as n — 00, so that
- Zgo Anz _> kal
Therefore,

zn:W%:h' (iig (Xi)go(X )>h+op( ) & W' Ioh.

Step 2-3: Asymptotic Expansion of the Maximum

It remains to study the properties of the sequence {maxi<j<n |[Whyi|}nen, of random

variables. For any e > 0,

]P’(max |Whil > e) < ZIP(]Wm] > €)
i=1

R

(Wi = \}(Aerhgo(X )) for 1 <i<n)

evn

4 n
7 Z E|Api|)* +nP <|h/go(X1)’ > 2)

3\*—*

4 e2n
Letting Y be a non-negative random variable and b > 0, since
b-Iryspy <Y - Iiyspy,

it follows that

b-P(Y >b) gE[Y-I{YN,}]
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As such,

€2TL €2n

/ 2 / 2
4'P<‘h90<X1>| >4> <E 9000 P |

4

2
Z/E[W%’ 'I{Ih’go\2>(€2")/4}} db,

or equivalently,

62’/2

2 4 2
WP<MEMX”’>11>§624U”%‘JWWw>@mMJdR

Since |h/ 90]2 is P-integrable and 627" — +00 as n — 00, it follows from the characteri-

zation of integrable functions such that

. 2
tim [ {1190 T camy | 4P =0,

n—o0

which implies that n-P (]h'go(Xl)\Q > EQT”) —0asn—oo.

Meanwhile, we already established above that E|A,1|* — 0 as n — oo, so that
lim P ( max |Wy;| > e) =0.
n—00 1<i<n
This holds for any € > 0, so
max [Wy| 20
1<i<n

as n — oQ.
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Step 3: Taylor Expansion of the Exponential Function

In this final step, we use a second-order Taylor expansion of an exponential function to
establish the desired LAN result.

Defining X™ = (X1,---,X,,) for each n € N, it follows that {X"},cn, is a sequence of
random variables such that each X™ has distribution g, (6o,-). We want to show that

the likelihood ratio can be asymptotically expanded as

dun(eo—f—hn/\/ﬁ’.) o , 1 | 1 /
dpn (6o, -) (X )_eXp<h <\/ﬁ ;go(Xz)> —5h Ioh> +0p(1).

For any n € N, the mapping
xla » L ’_> H Qn !Tz

is the Radon-Nikodym derivative of (6o + h,/+/n,-) with respect to A; similarly, the
mapping

d/in(eO"i‘hn/\/ﬁv') e ) = - qi X;
dun(eo,-) (x1, ) n) lzl_[l p( z)

for any (z1,---,xy) € Ef, where
pn (00, E) = [[ P(Eo) = 1.

tn(6o,-) is the distribution of X™, so

dﬂn(90+hn/\/ﬁv') ny _ & Gn -
dinte) =

almost surely for any n € N,. Therefore, our problem reduces to showing that

lj[(; = exp (h/ (\/1%;:;90()(10 - ;h/10h> +op(1),

since

dpn (0o +ha/vV/1s") [ on - j _
a0 ) [Ip v(1)

as n — o0.
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To this end, we utilize the following Taylor expansion of the mapping

2

r—35T

1
e 2

around 0. This function has first and second derivatives equal to
1 1 1
x> (1—:1:)69”_5“7”2 and z+— (1—30)26”””_53”2—&_E ,

which, evaluated at 0, are equal to 1 and 0, respectively. Therefore, the second order

Taylor expansion of the above mapping around 0 is given as
_1g2
e’ 2" =14z+ R(x),

where

lim 7’R(§”)’ ~0.
z—0 X

Letting

For any n€ Ny and 1 <1 <n,

n 1 1 1 1
T (x,) - <Wm+1) _ exp(Wm- - W,%i) _R (Wn> ,

2 2 8 2
so that
3
1550 ) =T oo (i~ 02) ()
7Xz - PRAR Y - i | ni
(EP( )) i:]‘[jexp(zw Wi ) - R 2W
= exp lzn:W—liV[ﬂ +R
2z:l " 8i:1 " "
where

n

1 ) 1 - 1 1 2
o =T [ewp( W= g2 = (5 )| - T ewp (5170~ W2

i=1

Step 3-1: Asymptotic Negligibility of the Remainder Term

We deal first with the remainder term. Note that the mapping x — e*=3%” attains its

maximum at x = 1, at which its value is y/e. Therefore,

_ 1,2
5T

IN
DO =

1 x
2 /e
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for any x € R. Since R(z) — 0 as = — 0, there exists some 7 > 0 such that |R(z)| < /e
for any z € R such that |z| < 7. Defining the set

= | < .
H, {lrgggllwmlfn}

for any n € N, it follows that, on H,, |R (%Wm) < /e for any 1 <i <n, and by what
we proved above,

lim P(H,)=1.

n—oo

For any € > 0 and n € Ny,

P(|Ry| > ¢ :]P’<2\1/E|Rn] > 2%)
<P (el 1> 172 )+ (g gll dms > 17 )

P<2f|Rnl T, > 4\[)+IP’(H"’)

where the final inequality follows because %\/Q‘RM Ige > > 0 implies that Ire = 1.

€
4/e
Focusing on the first term, choose any w € H,,. Then, since

()| <

2\/e

for any 1 <i <mn, it follows that

n

TRl n ()l = ‘1]1 [zjgexp(;vvmw — S Wail)?) - QER@WM@J))] —E;Eexp(;wmw)— S Woi()?)

where we used the fact that

{ ! eXP(;Wm(W) - éWm(W)2) - MR< Wi (W)ﬂ ) 2\1/ER <;an’(w)>

are contained in the unit circle for each 1 <7 <n and that

n n

for any z1,--+,2zn, w1, - ,wy € C contained in the unit circle. Therefore,

1
R(5)|

|Rn|- I, < 5=

\[
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Defining the function r : R — R as

Rg) ifx>0

r(z) =
0 otherwise,

it follows that r(z) — 0 as * — 0 and R(x) = z%r(x) for any z € R because R(0) = 0.
As such,
| (5|

) ()

1
< —— max
~ 8y/e1<i<n

For any ¢ > 0, there exists a £ > 0 such that
|r(z)] < ¢ for any z € R s.t. |z] <.

It follows that, if maXxi<i<n ‘Wm‘ <, then maXxi<i<n "l‘ (%Wm)

1
(59m)|>¢) =P (pmg > ).

. P
Since maxj<i<n |Whpi| = 0 as n — 0o, we have

()] )-
()

We know that 3% | W2, = O,(1) as n — o0, s0

< (, so that

P(max

1<i<n

lim P( max
n—oo  \1<i<n

and because this holds for any ¢ > 0,

max
1<i<n

521l i, < 0p(10,(1) = (D).

which implies that 2—\1/E|Rn] I, =op(1) as n — oo as well. By implication,

limsupP (|R,| >¢€) < hm P

n—00 ( \f’R nl T > 4y/e

which implies that

>+ lim IP’(HC) =0,

lim P(|R,|>¢)=0.

n—oo

This in turn holds for any € > 0, so R,, = 0,(1) as n — oc.
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Step 3-2: Asymptotic Expansion of the Likelihood Ratio

Recall how we showed that

ni=h|— Xi) | —=h'1 1),
;W h <\/ﬁ;g()( )) 4h oh+0,(1)

Zn: W2 2 W Ioh
as n — 0o. By the Lindeberg-Levy CLT, it follows that
Xj: —>A0~N[kal, Io],
so that

ZWm—HzA —fhloh
=1

by Slutsky’s theorem. By implication,

1 & 1 1
exp (2 ZWm Z > — exp( h,Ao - 4h/10h> = Op(l)
=1

as n — 0Q.

From the preceding expansions, we can show that the likelihood ratio can be expanded

as
o0 ) )
—exp<;§;Wm Z )+op
:exp<éWm Z >+op
so that

li[(; = exp (h (\/IEZQO(XiO - ;hlfoh‘i‘ﬁn) +op(1),

i=1

where €, = 0,(1) as n — oco. Since

exp <h’ (\}ﬁ Zgo(Xi)> — h’10h> % exp (h Ay — h’Ioh>,
=1
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and exp(e,) — 1 =0p(1) as n — oo by the continuous mapping theorem,
1T % (x,) - exp (h’ (1 f:go(X)> - 1h’IOh>
=1 \/ﬁ =1 2
—exp (1 [ 23 g0(X0) ) - 2w oh ) fexplen) — 1]+ 0p(1)
Vi 5 2 ’

= Op(1)0p(1) +0p(1) = 0p(1)

as n — o0o. This proves that

dpin (00 + hn//n; ) (X") =exp (h/ (

1 & 1,
dpin (0o, ") \/ﬁZgO(Xi)> - ih Ioh> +0p(1),

=1

and by Slutsky’s theorem

dpin (00 + n/ /1, )
dﬂn(e()a )

1
(X™) % exp (h’Ag - 2h’10h> :

or equivalently,

d,un(eo + hn/\/ﬁa ) /Jn(:9>07')
d:“’n(e()’ )

1
exXp (h/A() — 2h’f()h> .

This holds for any h,, — h, so the proof is complete.

Q.E.D.
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9.3 Asymptotic Efficiency for Parametric Models

In this section we use the machinery developed above, in particular Le Cam’s lemmas and
approximation via normal limiting experiments, to formalize the notion of efficient estimation
in an asymptotic context for models with finite-dimensional parameters. We briefly touched
upon asymptotic efficiency in the section on maximum likelihood methods, where we claimed
that the MLE, under the appropriate regularity conditions, is asymptotically efficient because
its asymptotic variance is equal to the asymptotic version of the CRLB. Efficiency was brought
up again in the context of GMM estimation, where we derived the efficient GMM estimator as
the estimator with the smallest asymptotic variance among GMM estimators using the same
moment conditions.

While these examples may lead us to conflate minimizing the asymptotic variance with ef-
ficiency, in reality the concept of asymptotic efficiency demands much more subtlety. For one,
while we claimed the MLE is asymptotically efficient, there is no reason to believe a prior that a
limiting normal distribution is the “best” limiting distribution. Furthermore, we have not even
established that the CRLB is the smallest asymptotic variance that can be achieved by some

class of estimators with normal limiting distributions.

9.3.1 A Ciriterion for Efficiency

We define asymptotic efficiency in terms of how concentrated the limiting distribution is around
0. The mathematical framework is as follows. Suppose that (0,9) is the k-dimensional parameter
space, and that v : © — R? is some measurable function. We are interested in the value v(6)
given the parameter 6. Suppose that {(E,,&,)}nen, is a sequence of measurable spaces and
{tn}nen, the corresponding sequence of transition probability kernels representing statistical
models for each sample size.

We focus on statistics 75, such that, for some 6y € ©° and any h € R, there exists a random

vector Ty, , such that

Jn [7;—1# (90+;ﬁ>} L Too h-

Letting Lg, 5 be the distribution of 7y, 5, this is equivalent to requiring that

B0+ )0 (Vi [T = (00+ %)Dl ~ Lops

weakly as n — oo for any h € RF. We call such statistics smooth at 6. If the limiting distribution
Ly, n, does not depend on h, then we say that 7, is regular at 6. Regular statistics also play an
important role later on.

We want the limiting distributions Lg, 5 to be as concentrated around 0 as possible across
different values of h, so that the asymptotic bias and variance are minimized locally and uni-

formly around 6y. Formally, the degree of concentration is measured via the use of loss functions,
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as in decision theory for finite sample problems. Let [ : R — R be some measurable function
that is minimized at 0 and increase the farther we move away from 0. Then, under the loss

function [(-), the asymptotic risk associated with the limiting distribution Lg, j, is defined as
l(z)dLgy b ().
Rd

Our goal is to search for the Lg, ; under which this risk is suitably minimized across different
values of h. As in statistical decision theory for fixed finite sample sizes, we can think of different

criteria that allow us to optimally choose the collection {Lg, n},err of limiting distributions:

1. Bayes Criterion
Let 7 be a distribution on R¥. We may search for the collection {Lgy,n}nerr of limiting

distributions that minimizes the Bayes criterion

/Rk /RdldLgo’h(x)dﬂ-(h)’

granted that the mapping

his / L dLg, p()
Rd

is Borel measurable.

2. Minimax Criterion
We may search for the collection {Lg, p}j,cgrr of limiting distributions that minimizes the

maximum asymptotic risk

sup l dLg, n(x).
heRk JR?

To make the problem more tractable, we must impose more structure on the statistical problem
at hand. Once again, local asymptotic normality proves useful to this end, as the following the-
orem shows. Specifically, smooth statistics in a statistical model that satisfies the LAN property
have local limiting distributions that are location shifts of randomized statistics from a Gaussian

location problem.
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Theorem 9.12 (Smooth Statistics under Local Asymptotic Normality)

Let {(En,&n)}nen, be a sequence of measurable spaces, (©,7) the k-dimensional parameter
space and {/,}nen, a sequence of statistical models. Let ¢ : © — R? be a function that is
differentiable at 6y € ©°, and denote by 1/}(90) the derivative of ¥ at 0y. Let {7, }nen, be the

sequence of d-dimensional statistics of interest. Suppose that the following hold true:

i) (Smooth Statistics)
T, is smooth at g, so that

h
= Too,h ~ Loy h

-o(or )

for each h € RF.

ii) (Local Asymptotic Normality)
{ttn fnen, is locally asymptotically normal at 6, that is, there exists some positive definite
k x k matrix Iy, a sequence {Ay }nen, Where each Ay, : E;, — RF is a measurable function,
and Ag ~ N [Ogx1, Ip] such that A, 4 Ag and

dun(90+hn/\/ﬁa') < / 1 / ) 0
i (B0,) exp| h'A, 2h10h =0

for any sequence {h,}nen, in R¥ converging to h € R¥.

Then, there exists some measurable function G : R* x [0,1] — R? such that, for any observation X
drawn from the Gaussian location model with variance I Land U ~ Uniform|0,1] independent

of X, we have
Too ™~ GX,U) = (00)h

for any h € R*.

Proof) Choose any non-zero h € R*. By the definition of differentiability,

[ (60+ L) = (00) — $(00) |

lim T =0,
n—oo —_
v
which implies that
lim f[¢ (9 +h> — (6 )] —LZ}(O )h

547



It follows from Slutsky’s theorem that

h

Jﬁm—wwonzﬁ[n—w(mﬁ

) oaly (o 75) o)

L Toon+(00) .
Meanwhile,
V[T = (60)] = oy
Since {fin Jnen, satisfies the LAN property and
V[T —1(0)]

converges in distribution under any h € R*, by the main approximation theorem, theo-
rem 9.9, it follows that there exists some measurable function G : R¥ x [0,1] — R? such
that, for any h € R¥,

Toon +1(00)h & G(X,U),

where X is a draw from the Gaussian location model with variance I Land U is a

uniformly distributed random variable that is independent of X. This is equivalent to

Toon © G(X,U) — (6o)h

for any h € R¥, which is the result we desired.

Q.E.D.

The local asymptotic normality of the model at 6y and the weak convergence of T, under the null

not only ensure that 7, is smooth at 6y, but also shows us that the limiting distributions Lg, 4,

must be given as the convolution of a randomized statistic G(X,U) from a Gaussian location

model and a non-random location shift 1/}(90)h. This means that the asymptotic efficiency of 7,

around the point 6y depends entirely on the behavior of the convolution

G(X,U) —1(6o)h

for each value of h € R¥, that is, on the distribution

Loy n(G) = |((hy) x 0) 0 G 6y

where p is the single-observation Gaussian location model with variance I L'and v is the uniform

distribution on [0, 1].
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As such, when we restrict our focus to smooth statistics in models that satisfy the LAN
property, our objective can be simplified to searching for the statistic G(-) that makes is the

“best” in the sense of minimizing the asymptotic risk

R(h,G) = /}R (@) dlLgy n(@)](x) = /R k /0 ¥ (G ) —)(O0)h] do(u)p(h, de)

across different values of h, where [ : R? — R is our loss function of choice. Since this is intimately
tied to the statistical properties of the Gaussian location problem with a single observation, this

is what we focus on in the subsequent section.

9.3.2 Efficiency in the Gaussian Location Problem

We take a brief detour to focus on the statistical properties of the Gaussian location model g,

where

for each h € R¥, where ¥ is a k x k positive definite matrix. Let ¥ € R4*¥. Given a loss function
1:R? - Ry, We are interested in searching for a randomized statistic G : R* x [0,1] — R? from

the Gaussian location problem of interest such that the maximum risk

1
sup / / l[G(z,u) — Yh]dv(u)u(h,dz)
heRk JRF JO
is minimized, where v is the uniform distribution on [0, 1].

To make any sort of progress, we need to impose some structure on the loss function [(-).
Specifically, we will be interested in bowl-shaped loss functions, that is, loss functions such that

the sublevel set
{z eRY|i(z) < ¢}

is convex and symmetric around the origin (a subset A of R is said to be symmetric around
the origin if A= —A) for any ¢ € R,. If, in addition, the sublevel sets of [(-) are closed, we say
that [(-) is subconvex. Many types of loss functions are subconvex, including the absolute loss
function I(z) = |z|, the quadratic loss function I(z) = |2|? and the indicator [(x) = I3|>q for any
a>0.

A core result in statistics, called Anderson’s lemma, shows us that the risk associated with
a normal distribution centered at the origin is always lower than the risk associated with any
convolution of this normal distribution. First, we must introduce an additional concept. We say

that a measure p on (R?, B(R?)) is log-concave if

p(AA+(1=N)B) > p(A) u(B)'
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for any A, B € B(R?) and X € [0,1], where AA+ (1 — AB is defined as the Minkowski sum
M+ (1=-XN)B={\+(1-Ny|ze€ A,ye B}.

The name log-concave is made clear if we apply logs on both sides of this inequality (granted
that it is well-defined). Similarly, a non-negative function f:R?% — R, is said to be log-concave
if

FOz+(1=Ny) > f@) ()

for any z,y € R? and A € [0,1]. A well-known result by Prekopa (which we do not prove here)
tells us that:

(Prekopa’s Theorem)
A measure p on (RY B(R?)) is log-concave if and only if it has a density with respect to

the Lebesgue measure on R? that is itself log-concave.

This theorem shows us that the Lebesgue measure is log-concave (since it has density 1 with
respect to itself) and also that any normal distribution is log-concave (since the normal density
is a log-concave function).

We can now prove Anderson’s lemma for log-concave distributions that are symmetric around

the origin:

Lemma 9.13 (Generalized Version of Anderson’s Lemma)

Let ;1 be a probability measure on (RY,B(R%)) that is log-concave and symmetric around the
origin, that is, u(A) = pu(—A) for any A € B(R?). Then, for any bowl-shaped loss function 1 :
R? — R, and probability measure v on (R B(R%)),

L@yin@) < [ 1@ )@)
R R

Proof) Let X be a random vector with distribution p. Because p is symmetric around the

origin, — X also has distribution p. We first prove that
P(X+ye K)<P(X eK)

for any y € R* and Borel measurable convex set K that is symmetric around the origin.
To this end, note that

= Sy + (K~ )

K
2

clearly, %(K—l—y) + %(K —1y) C K by convexity, and for any z € K, z+y € K +y,
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r—y€K—yand 3(z+y)+3(z—y) =1, so that z € (K +y)+ 5(K —y). Therefore,

P(X € K) = |5 (K +1)+ 5(K ~)

N =
N

> (K +y)zp(K —y) (Log-Concavity of p)

= \/P(-X ~y € K)P(X +y € K) (—X has distribution p)

= /P(X +ye —K)P(X +yeK)

=P(X+yecK). (K is symmetric around the origin)

Now let v be some probability measure on (R? B(R%)), and Y a random vector with
distribution v that is independent of X. By definition, X +Y has distribution u*uv,
and the joint distribution of (X,Y’) is the product measure p x v. Let [ : R? — R, be

some bowl-shaped loss function, so that the sublevel set
K.={zeR|l(z)<c}
is convex and symmetric around the origin for any ¢ € R ; it is also Borel measurable

becuase [(-) is a Borel measurable function. By the integral representation of any non-

negative random variable, we can see that

E[Z(X+Y)]:/OOOIP(Z(X+Y)>c)dc
:/Ooo[l—P(XJrYeKc)]dc

= [71= [ [ e+ wdu@ot) | ae

_/OOO :1—/RdIP(X+y€KC)dU(y)] dc

2/0 :1— RdIP(XGKc)dU(y)] dc
:/Ooo[l—IP’(XeKc)]dc

:/OOOIF’(Z(X) > c)de=E[I(X)],

where we used the fact that P(X +y € K.) <P(X € K,) for each y € R¥ because K,

is convex, symmetric around the origin and Borel measurable to justify the inequality.
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Since

EI(X+Y)] = [ Ue)d(uxo)(a), EQX)) = [ 1@)dua)

l
R4

the proof is complete.

Q.E.D.

Corollary to Lemma 9.13 (Anderson’s Lemma)

Let N [O4x1,Y] be the distribution corresponding to the normal distribution centered at the
origin with positive definite variance matrix ¥ € R?*9. Then, for any bowl-shaped loss function
l:R?— R, and probability measure v on (RY, B(R%)),

/RdldN[del,E] S/Rdld(/\/'[del,Z]*v).

Proof) This follows immediately from the previous lemma because the normal distribution is
log-concave by Prekopa’s theorem, and a normal distribution centered at the origin is

also symmetric around the origin.

Q.E.D.

We say that a randomized statistic G : R¥ x [0,1] — R? is equivariant if the distribution
(B, ) xv) 0 G 46y

does not depend on h. Note that this implies that (u(Ogx1,) X v) oG~ is the distribution of

the random vector
G(X,U)—Uh

for any possible value h € R¥ of the true mean of X, where X is a single observation from the
Gaussian location model p and U is a uniformly distributed random variable independent of X.
We call this the distribution of G.

Anderson’s lemma plays a crucial role in the following result, which proves two facts: the
function G(z,u) = ¥z minimizes maximum risk under subconvex loss functions, and the distri-
bution of G(X,U)— Wh for any equivariant randomized statistic G(-) can be represented as a

convolution involving a normal distribution centered at the origin.

Lemma 9.14 Let p be the Gaussian location model for a single observation with positive

definite variance ¥ € R¥*¥ ¢ the uniform distribution on [0,1], and ¥ € R¥* a non-random
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matrix with rank d. Then, the following hold true:

i) For any subconvex loss function /: R? — R, and randomized statistic G : R¥ x [0,1] — R?

for the Gaussian location model,

! !/
:élﬂgg/w/o 1[G(z,u) — ¥h]dv(u)u(h,dz) > /Rdl dN [Ogx1, TXW'].

ii) For any equivariant randomized statistic G : R¥ x [0,1] — R? for the Gaussian location
model with distribution L, there exists a probability measure A on (R, B(R?)) such that

L=N[Ogx1, ST %A,

Proof) Let G : RF x[0,1] — R? be a randomized statistic for the Gaussian location model.
The proof of the theorem makes use of a clever Bayesian construction based on the
observation that the Gaussian location model can be viewed as a sort of asymptotic
posterior of a model with likelihood p and an uninformative, or flat, prior imposed on
the “parameter” H. Intuitively, this tells us that the properties of 1 can be recovered
by considering a sequence of Bayesian models with likelihood p and prior distributions

that become increasing flat.

To formalize the above intuition, first let A, be the distribution corresponding to the
normal distribution N [Opx1, Ay], where Ay, =n- I, {\n}nen, is a sequence of proba-
bility measures representing the prior distributions that become flatter as n increases
to infinity. Now let (X, H,,) be a pair of random vectors with joint distribution A, X u,
and choose U as a uniformly distributed random variable that is independent of X and

each H,3. By design, the conditional distribution of X given H,, is p, that is,
u(-,A)oH, =P(X € A| Hy,)
for any A € B(R¥) and n € Ny, so that
X |H,~N|H,, X].
Since the prior on H,, is given by
H, ~ N [Ogx1, Ayl

the posterior distribution of H,, given X can be obtained via the usual normal-normal

3We can construct the desired random variables X ,U,{Hn}n using Kolmogorov’s extension theorem.
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update as
1 e R
Hn|XNN X4 -1 XX, | X+ .
n n
Now define the sequence of random vectors {V,}nen, and {Wy}nen, as

1 —1
W,=G(X,U)-¥ (21+1k> »lx
n

1 —1
V, =" lﬂn - <2—1 + Ik) E—IX] :
n
Since
1 —1
Vn|XNN[OdX1, W(Z_l—l-nfk) \I//‘| ,

it follows that V;, L X. Furthermore, because U was chosen so that U L {(H,,X)}nen, ,
it follows that V,, L. U as well, indicating that V,, L W,,. Furthermore,

for any n € Ny.

Let 1:R? — R, be a subconvex loss function. Then, defining g : R¥ — [0,400] as

1
g(h) = /R k /O 1[G, u) — Uh] do(u)u(h, d)
for any h € R, it follows that
Q(Hn) =E [l (G(X7 U) - \IlHn) | Hn]

for any n € N1. As such, because supj,cgr g(h) > g(Hy), it follows from the monotonicity

of integration that

sup g(h) 2 Elg(Hy)] = E[l[G(X,U) = H] | = EQ(Va+ Wa)).

Since
1 —1
V, ~ N [del, U <zl+n1k> \If’],

and subconvex loss functions are by definition bowl-shaped, it follows from Anderson’s
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lemma that

sup g(h) > E[I(Vy)].
heRk

Finally, since

E [eir’Vn} B T TORLE 378 B NN T D7

as n — oo for any r € R?, the continuity theorem implies that
Vi 3V ~ N [Ogyy, UST]

as n — o0o. By the integral representation of the expected value of non-negative func-

tions,

E[I(V,)] = /OOOIP’(Z(Vn) > ¢)de

:/ [1—P(V, € K.)]de,
0
where

K.={zcR¥|i(z) < c}

is the sublevel set of [(-) associated with ¢ > 0. By the subconvexity of I(-), each K, is

closed, so that, by the Portmanteau theorem,

limsupP(V,, € K.) <P(V € K.)

n—oo

for each ¢ > 0. As such, Fatou’s lemma implies that

o0

liminfE[I(V,,)] = liminf 1-P(V, € K.)|dc

n—oo n—o0 0

Z/ {llimsupP(VnEKc) dc
0

n—0o0

Z/OOO [1-P(V € K,)]de
:/OOOP(Z(V)>c)dc=]E[l(V)]~

In other words,

sup g(h) > liminf E[(V;,)] > E[I(V)] = /Rdz N [Oux1, UEW].

hERk n—o0

This proves the first claim.
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To prove the second claim, let G(-) be an equivariant randomized statistic, so that there

exists some probability measure L such that

L= (u(h,")xv)oG 1 %6 gy
for any h € R*. Tt follows that

GX,U)-VH,|H,~L,
so that
o(r) = /Rd ¢ AL () = E [eir’(G(X,U)—\IIHn) | Hn]

and therefore

o(r)=E [eir’(G(X,U)—\I!Hn)}

for any r € R? by the law of iterated expectations. By implication, the distribution of
G(X,U)—VH, is equal to L for each n.

Since G(X,U)—-VH, =V, +W,, and V,, L W,,, we can see that
o(r)=E [eir’Vn+ir’Wn} -F {eir’Vn} E [eir’Wn}
for any n € N,. We saw above that
E [eir’Vn} ENPES T D
as n — 00, SO

. " . ! 1.7 / 1. !
lim E {e" Wn} = / eI VEYIT AL (1) = e2" VEV T (r).
n—00 Rd

Defining ¢ : R¥ — C as
Ly 'r
¢(r) = ez V=V To(r)

for any r € R?, we have shown that the characteristic function of W, converges pointwise
to the continuous function ¢(-) (since ¢(-), being a characteristic function, is uniformly
continuous on R?). Therefore, by the continuity theorem, it follows that there exists

some random vector W such that W, LY W. The independence of W,, and V;, now allows
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us to conclude that

Vol a [V
%
Wy W
jointly, so that, by the continuous mapping theorem,

VW, S v LW

Since V,,+W,, = G(X,U) — WH,, has distribution L, the uniqueness of weak limits tells
us that V+W ~ L. We already saw that V ~ N [Ogx1, YXU¥’], so the proof is complete.

Q.E.D.

9.3.3 The Convolution Theorem

Based on the results derived above about the Gaussian location problem with a single observa-
tion, we can see that the randomized statistic G* : R¥ x [0,1] — R? defined as G*(x,u) = Wz for
any (z,u) € R¥ x [0,1] is the best estimator of ¥A in the minimax sense and, among equivariant
statistics, in any sense, minimax or otherwise. As such, we can conclude that a sequence of
statistics in a model satisfying the LAN property whose local limiting distribution around 6 is
given as G*(X,U) —1(fg)h for any h € R¥ has the optimal limiting distribution among the class

of smooth statistics in terms of the minimax criterion.

Theorem 9.15 (Minimax Optimality of the Normal Distribution)

Let {(En,&n)}nen, be a sequence of measurable spaces, (©,7) the k-dimensional parameter
space and {ju,}nen, a sequence of statistical models. Let ¢ : © — R? be a function that is
differentiable at 6y € ©° of the parameter space, and denote the derivative by ¢(90). Suppose
that the following hold true:

i) (Local Asymptotic Normality)
{ttn }nen, is locally asymptotically normal at 6, that is, there exists some positive definite
k x k matrix Iy, a sequence {A, }nen, where each A, : E,, — R is a measurable function,
and Ag ~ N [Okx1, Io] such that A, L Ag and

dﬂn(eo‘{'hn/\/ﬁa') < / 1 / ) Q
— A, —=h'Igh
im0, exp 57 o =0

for any sequence {hy}nen, in R* converging to h € RF.

ii) (Nonsingularity of Gradient)
The d x k matrix ¢(fp) has full rank d.
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Then, defining the randomized statistic G* : R¥ x [0,1] — R from the Gaussian location model
with variance Iy " as G*(x,u) = 9)(6p)x for any (z,u) € R¥ x [0,1], G*(-) is an equivariant statistic

with distribution
L~ N[O, $(00) 15 4 (00)].

Furthermore, the sequence of smooth statistics {7, }nen, such that

h

Vit | T = (B0 2= )| & 67000 =00~ N [Ouer. 000) 5 000

for any h € R¥ is optimal in the minimax sense among smooth statistics at 6. That is, for any

sequence {7y }nen, of statistics that are smooth at fp with limiting distribution

h
Vn [7% - (90 + \/ﬁﬂ L Toon ~ Log
for any h € R*, and subconvex loss function [ : R — R,

sup [ l(x) dLgyn(x) >

l(x) dL(x).
hERk Rd R‘i

Proof) Let p1 be the Gaussian location model with variance I, ! and v the uniform distribution
on [0,1]. Define the randomized statistic G*(-) as above. Then,

G*(X,U) ~ (B0)h = (80)(X — h) ~ N[Ot (80) Iy 0(60)'|

when h € R¥ is the true mean, that is,
{M(h,-) X v)o (G*)’l} *0_j (00)h ~N {kala 15(90)10_11/}(90)/}

for any h € R¥. In other words, G*(-) is equivariant with distribution A° {de 1, 1/}(«90)1()_11/}(90)’] .

Now let the sequence {7 },en, be the sequence of smooth statistics with limiting
distribution involving G*(-) defined in the statement of the theorem, and choose any
sequence {7y }ne ~, of statistics that are smooth at fp. From theorem 9.12, the local
asymptotic normality of {/i, }nen, at 6y and the differentiability of +/(-) on the interior
of the parameter space imply that there exists some randomized statistic G : R¥ x

[0,1] = R? from the Gaussian location model x such that

h

\/ﬁ[’fn—w (9o+\/ﬁ)] L G(X,U) = (00)h ~ Loy n

for any h € R¥. For any subconvex loss function [ : R? — R, claim i) from lemma 9.14
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tells us that

sup | l(z)dLgyp(z) = sup /Rk/ (OO)h} dv(u)p(h,dx) > /Rdl(a:)dL(a:).

heRk JRY heRk

This completes the proof.

Q.E.D.

Since the distribution of the equivariant statistic G*(-) has distribution A/ [de 1, V(00) Iy b (6o)’ } ,
the preceding theorem can be used as a heuristic justification for why this distribution is the best
limiting distribution. Note also that the variance 1)(6o)I5 *4)(6p)" of this limiting distribution is
precisely the Cramer-Rao lower bound (since Iy is the limiting Fisher information matrix for
generally dependent data and the one-observation information matrix for iid data), suggesting
that the CRLB is not only a lower bound for the variance of an estimator in finite samples but
that it also serves the same role for the variance of smooth statistics in the limit.

The last claim concerning the CRLB does not hold generally for smooth statistics, since we
showed only that the maximum asymptotic risk associated with a smooth statistic is bounded
below by the asymptotic risk incurred under the optimal statistic G*(-). As such, it may be the
case that there exist values of h € R¥ such that

/z 2)dLg 1z /z JAL(x

so that, in the special case that [(x) = |x]2, there may exist a local alternative around 6y that
achieves an asymptotic variance that is smaller than the CRLB.

The following theorem shows us that, if we restrict our attention to regular statistics, then
the CRLB serves also as the lower bound for the asymptotic variance. Called the convolution
theorem, it actually goes further and reveals that the asymptotic risk from the normal distribu-
tion with asymptotic variance equal to the CRLB is never exceeds the asymptotic risk of any

regular statistic for any values of h € R¥.

Theorem 9.16 (The Convolution Theorem)

Let {(En,&n)}nen, be a sequence of measurable spaces, (©,7) the k-dimensional parameter
space and {j,}nen, a sequence of statistical models. Let ¢ : © — R? be a function that is
differentiable at 6y € ©°, and denote the derivative by (). Suppose that the following hold

true:

i) (Local Asymptotic Normality)
{ttn}nen, is locally asymptotically normal at 6, that is, there exists some positive definite

k x k matrix Iy, a sequence {A, }nen . where each A, : Ej, — R is a measurable function,
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and Ag ~ N [Okx1, Io] such that A, 4 Ag and

dpin (00 + hn/\/n;-) (’ L ) .
— A, —=h'I
im0 exp| h' A, 2h oh ) =0

for any sequence {hy}nen, in R* converging to h € RF.

ii) (Nonsingularity of Gradient)
The d x k matrix 9(6y) has full rank d.

Let G* : R¥ x [0,1] — R? be the randomized statistic from the Gaussian location model with

variance [ L and T be the regular at 0y statistic with limiting distribution given as
L* ~ N [Oaxas (605 "4 (60) |

defined in the previous theorem. Then, for any sequence {7, },en, of statistics that are regular

at 6g with limiting distribution

alrs(we o7

for any h € R, the following hold true:

i) (Convolution Representation)

There exists a distribution A on R? such that

L=L"sA=N[Oax1, $(00)I5 " (00) | <.

ii) (Uniform Dominance of Asymptotic Risk)
For any bowl-shaped loss function [ : R? — R,

l(x)dL(x) > | l(x)dL*(x)

R4 R4

for any h € R¥.

iii) (CRLB as Lower Bound on Asymptotic Variance)
If ¥ = [paza’dL(z) exists in R4,

% —1(60)15 (o)

is positive semidefinite.
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Proof) We showed in theorem 9.15 that G*(-) is an equivariant statistic with distribution
L* ~ N O, $(60)I "0(60) |

so that the statistic 7, such that

V[T = (04 52 )| & 6o b~ L

NG
for any h € R¥, where X is a single observation from the Gaussian location model & with
variance I L'and U an independent uniformly distributed random variable, is regular
at 90.

Let 7,, be a statistic from the statistical model {Mn}neN+ that is regular at 6, so that

there exists some d-dimensional random vector 7 with distribution L such that
\/E[T —¢<9 +h>} LT

for any h € R*. By theorem 9.12, the local asymptotic normality of {i, }nen . and the
continuous differentiability of () on the interior of the parameter space imply that
there exists some randomized statistic G : R* x [0,1] — R? from the Gaussian location

model p such that

N
vn
for any h € R¥. Because the distribution of G(X,U) —(f)h is the same at L for any

value of h € R it follows that G(-) is an equivariant statistic for the Gaussian location

Vi [T= (60+ 22 )| & Gx0) by

model p, and by the second claim of lemma 9.14, there exists some probability measure
X on R? such that

L=N [Oaxt, ¥(00) Iy "(60)'] # A = L %A,

Now let [ : R — R, be any bowl-shaped loss function. By Anderson’s lemma, the
convolution representation L = L*x A and the fact that L* is a normal distribution

centered at the origin with nonsingular variance, we can now conclude that

[ @)L (@) < /R x)dL(a).
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Finally, suppose that the asymptotic variance

Y= [ za/dL(x)
R4
of the statistic 7, exists in R9?, Then, for any a € RY, define I(z) = o’z for any
x € RY. [(-) is a non-negative valued function that is continuous, and since I(-) is twice
continuously differentiable with Hessian 2ca/, a positive semidefinite matrix, I(-) is a

convex function. It follows that, for any ¢ € R, the sublevel set
{r eRY|I(z) <}

is convex. Finally, the sublevel set is symmetric because [(—z) = I(z) for any x € R
It follows that I(-) is a subconvex and thus bowl-shaped loss function, which indicates
that

o'Sa= | 2)dL(z)> [ Uz)dL*(z) =o' [$:(00)I5 P (0) ] o
Rd Rd

This holds for any a € RY, so it follows by definition that
% —4(80) Iy (60)’

is positive semidefinite.

Q.E.D.

9.3.4 DQM and Asymptotically Efficient Estimators

So far, we have considered asymptotic efficiency for general models {1, }nen, that satisfy the
LAN property. In light of the DQM property for models with iid data that imply the LAN
property, for models with iid data it is possible to use DQM as a primitive condition under
which the results above hold. In fact, under additional parametric assumptions we can obtain
an expression for asymptotically efficient estimators, that is, regular estimators that achieve the
distribution N {del, 1&(00)[0_ 1¢(90)’ } at the limit, in terms of the efficient influence function,
which is defined using the score function and the Fisher information matrix.

We begin by formulating the convolution theorem under DQM:

Theorem 9.17 (Convolution Theorem under DQM)

Let (E,&) be a measurable space, (©,9) the k-dimensional parameter space, and u a transition
probability kernel from (0,9) into (E,€) that determines the sequence of statistical models
{#n}nen, underiid. Let ¢ : © — R? be a function that is differentiable at 6y € ©°, and denote the
derivative by (). Suppose that the DQM condition holds at 6y with score function go : E — R¥
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and dominating measure A:

1 1 2
i d(B0+ho) — Jdu(0o. ) — =B go - +/du(8o.) ) dr= 0.
|hl|rilo\h\2/];<\/“<0+’) Vulto,) 5" 90 “(0’))

Assume in addition that [z gogodp = Iy is positive definite, and that the d x k matrix 1/}(60) has
full rank d. Then, for any sequence {7, },en, of statistics that are regular at §p with limiting

distribution

f{’r ¢(90+\fﬂ£7’ ~L

for any h € R*, the following hold true:

i) (Convolution Representation)
There exists a distribution M on R? such that

L =N [Ouar, v(600) 15 '4(00) ] +

ii) (Uniform Dominance of Asymptotic Risk)
For any bowl-shaped loss function [ : R? — R,

[ L= [ 1aN [Our, 90015 (60

for any h € R*.

iii) (CRLB as Lower Bound on Asymptotic Variance)
If ¥ = [paxa’dL(z) exists in R4,

—(00) 15 "4b(6o)’

is positive semidefinite.

Furthermore, suppose the sequence {7,*},cn, of statistics satisfies

\/ﬁ[ﬁ(Xla"'aX ) ¢( 0 IZ@Z} 90 IO 90( )"—Op(l)a

where {X;};cn, is an iid sequence of random variables drawn from the distribution s (6p,).

Then, 7,F is a regular statistic at 6y such that

Vir T2 = (00 + 7 )| £ 47 [Ower. 0015 b0
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for any h € R*.

Proof) Recall from theorem 9.11 that, if the DQM condition holds at 6y for a score function
9o, then the LAN property holds:

d/‘n(go +hn/\/ﬁv ) Q 1/ 1 /
1 h'Ag—=h'Iyh
0og djin(00,) = 0—5flo

for any h,, — h, where Ay ~ N [Ogx1, Io]. As such, statements i) to iii) follow immedi-

ately from the general convolution theorem.

It remains to show that statement about the asymptotic efficiency of the asymptotically
linear statistic 7," holds. Letting { X; }icn, be a sequence drawn iid from the distribution

(6o, -), and defining X" = (X,---,X,,) for any n € N, by assumption

n

VA TEHX™) — (0)] = \}ﬁzzz)(eo)folgo(xi) +op(1)
=1

for any n € Ny, where
LS 00(x) 5 A
= 290\ A 0
Vn i=1
by the Lindeberg-Levy CLT. We also know from theorem 9.11 that

dpn (B0 +h/ /M) | ony (1 AN
Giallo) (X =e (h (ﬁ ggow) 3" Ioh> +0p(1)

for any n € Ny and h € R*. It follows from Slutsky’s theorem that

(vt e -, SN )

_ <1n S g0(X0) +op(1), exp (h’ (;ﬁggom)) - ;h’foh> +o,,<1>>

i=1
% ((00)I5 ' Ao, et BomaMTom),

so that, by the continuous mapping theorem, we have

< SR — 060, logdun(GoJrh/\/ﬁw)):% N ( od )(w(eo){o Y (6o) w(%)h)]’
—$h'Ioh R (0o) h'Ioh

dﬂn(gﬂv’)
VT = (00)] 2 N [$(00)h, 1(00) I "(60)|

for any h € R*. By Le Cam’s third lemma,
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for any h € R*. We noted in the proof of theorem 9.12 that

Jim o (60+ ;ﬁ) ~0(00)] = (6o

for any h € R*, so that, by Slutsky’s theorem,

Va2 = (00 + 7 )| = valT vt v v (80+ 22) —wien)]

L N [1(80)h, (80) 5 (00)'| #3900 ~ N[Ot $(60) I "(60) |

for any h € R¥. This proves that 7,* is regular at § with the optimal limiting distribu-

tion.

Q.E.D.

The above theorem shows us that, in a setting with iid data, if \/n[7,f —1(6p)] admits an
asymptotic linear expansion under the null that 6y is the true parameter, then 7, is a regular

statistic with the optimal limiting distribution, that is, the regular statistic that attains the
CRLB. The function

(21, 2n) > (60) Iy " go(x:)

used to construct the linear part of 7. is called the efficient influence function.

In particular, we showed that, under the appropriate regularity conditions, the MLE of 8 is
asymptotically linear under the null with efficient influence function I, ! go(+), where the score
go(+) is here given as the gradient of the log likelihood for a single observation; in this sense, the
MLE of 6 is a regular statistic that attains the optimal limiting distribution A {kal,fo_ 1}.
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9.4 Asymptotic Efficiency in a Non-parametric Setting

So far, we defined asymptotic efficiency for regular statistics in a model with a finite-dimensional
parameter space. These types of models are called parametric models. It is also possible to ex-
tend the results above to a model with an infinite-dimensional parameter space, as suggested in
the beginning of the chapter. However, the extension is not so straightforward. For beginners,
all the results we have obtained so far have been local in the sense that we study a shrink-
ing neighborhood of a chosen parameter 6y in the parameter space. If the parameter space is
infinite-dimensional, so that, for example, it is a subset of the space of probability measures
on some euclidean space, how exactly would we define a shrinking neighborhood of a chosen
parameter? Furthermore, the results for asymptotic efficiency obtained above were predicated
on the assumption of the differentiability of the function v (-). How do we define the derivative
of a function ¢ (-) that maps probability measures to finite dimensional spaces?

The solution to both these complications is to consider finite-dimensional paths on the pa-
rameter space that pass through the chosen parameter. By considering these finite-dimensional
paths, we reduce an infinite-dimensional problem into a collection of finite-dimensional problems,
for which the notions of locality and differentiability are well-defined. The lower bound for the
asymptotic variance of regular statistics, in this context, can just be taken to be the supremum
of the CRLB of these finite-dimensional paths. In this sense, we can reduce the problem of defin-
ing asymptotic efficiency for a non-parametric problem into one of finding the finite-dimensional
subproblem with the largest, or worst-case, asymptotic variance.

Below, we motivate non-parametric asymptotic efficiency via approximation by one-dimensional
paths, and show that we can obtain an analogue to the CRLB. This quantity is then shown to
admit an interpretation as the lower bound for the asymptotic variance of regular statistics
via an analogue of the convolution theorem proved in the previous section. Finally, we apply
the machinery developed here to semi-parametric models and obtain an asymptotically linear
expansion for semi-parametrically efficient estimators. We work with iid data throughout this

chapter, and touch on more general forms of dependency and heterogeneity at the end.

9.4.1 Differentiability and the Efficient Influence Function

Consider the following theoretical framework. Let (E,£) be a measurable space and P a proba-
bility measure on (E,£). Suppose that P belongs to the class P C M,,(€) of probability measures
on (E,E), where M, (€) is the set of all probability measures on (F,€). P here is our (infinite-
dimensional) parameter space. Recall that, in a parametric setting, a statistical model repre-
sented by a transition probability kernel collects probability measures on (E,E) corresponding
to each parameter value. Analogously, in a general non-parametric setting we let the class P
itself be the statistical model, since it collects all probability measures under consideration that
we may or may not be able to index using a finite-dimensional parameter.

Given a function 1) : P — R?, we want to estimate the value 1)(P). Recall that our discussion

of asymptotic efficiency in the parametric case held under two assumptions: local asymptotic
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normality and the continuous differentiability of the mapping ¢ (-). The LAN property, in turn,
held if the DQM property was satisfied, from which we can obtain the Fisher information matrix
associated with the parametric model. Thus, we require a generalization of DQM and differen-

tiability for the case where the parameter space P is infinite-dimensional.

Differentiability in Quadratic Mean for One-Dimensional Submodels

We first discuss DQM and the generalization of Fisher information. Let Py be a parametric
submodel of P, that is, Py is a collection of probability measures on (E,E) such that Py =
{ro(8,-) | 0 € ©} for some finite-dimensional parameter space © and transition probability kernel
p from © into F, that satisfies P € Py C P. We might describe the probability kernel u, or
equivalently the collection Py, as a parametric model that passes through the true distribution
P. Because of the parametric nature of Py, if it satisfies the DQM property then its Fisher
information matrix for estimating ¢ (P) is well-defined.

Since the parametric submodel p passing through P contains more information about ¢ (P)
than the general non-parametric model, it follows that the information about 1 (P) in the general
model cannot exceed that of the submodel p. Therefore, a natural way to define the information
contained in the general model about v (P) is as the infimum of the information about ¢ (P)
contained in each parametric submodel; in terms of the information matrix, the information
matrix on ¢ (P) should be defined as the supremum over the information matrices of each
parametric submodel.

It turns out that, in many cases including any parametric model or completely non-parametric
model, it suffices to consider one-dimensional submodels of P. Formally, we consider one-
dimensional parametric submodels p of P, where p is a transition probability kernel from [0, +00)
into F such that p(0,-) = P. We say that the one-dimensional submodel p satisfies the DQM
property if:

There exists a measurable function g: E — R and measure A on (E, &) such that [, |g|*dP <
+00, u(t,-) << A for each ¢ >0, and

2
lim/ (Vd“(t")_‘/ﬁ—lg.\/ﬁ> d\ = 0.

t=0JF t 2

Note that this is equivalent to requiring that the DQM property holds at the point 0 € [0, +00).
The collection of all score functions g(-) corresponding to one-dimensional submodels of P sat-
isfying the DQM property is denoted by Pp, and it is called the tangent set of the model P at
P. The tangent set Pp is a subset of the L%-space L?(E,P) by definition (each score function
g(+) is square integrable with respect to P). The following lemma shows us that the tangent set
is a cone, and that any submodel associated with a score function in the tangent set satisfies
the LAN property:

567



Lemma 9.18 (Properties of the Tangent Set)
Let (E,€) be a measurable space, and P a probability measure in some statistical model P C
M, (€). Let Pp C L*(£,P) be the tangent set of the model P at P. Then, the following hold

true:

i) (Tangent Set is a Cone)

Pp is a cone, that is, it is closed under non-negative scalar multiplication.

ii) (LAN Property of Submodels)
For any one-dimensional submodel p of P that satisfies the DQM property with score
function g € Pp, we have [, gdP =0 and

L5 1)

where {X;}ien, is an iid sequence of random variables with distribution P and I(g) =

[z 9*dP. By implication,

log dun(1/yv/n,-) p

< pn EYNOE %I(Q),

where A(g) ~N[0,1(g)] and p,, is the transition probability kernel from [0,4+00) into E™
such that p,(t,-) = p(t, ) x --- x u(t,-) for any ¢ > 0.

Proof) Let g € Pp and a > 0. Then, there exists some one-dimensional submodel p of P such
that ©(0,-) = P and

t~>0

/(Vd“ \/ﬁ—lgw/ﬁ) d\ = 0.

2
for some measure A on (E,€) such that pu(t,-) << A for any ¢ > 0. Defining /i as
/l(tv ) = ,u(at, )

for any ¢t > 0, it follows that fi is also a transition probability kernel from [0,+00) into
E such that (0,-) = p(0,-) = P, so that it constitutes a well-defined one-dimensional
submodel of P. Furthermore, fi(t,-) << A for any ¢ > 0 and

~ 2 2
A e A L A e L

as t — 0, so that ag € Pp as well. Finally, the zero function is contained in Pp because
it corresponds to the one-dimensional submodel p of P defined as u(t,-) = P for any

t > 0 with dominating measure P.
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Meanwhile, if ;4 is a one-dimensional submodel of P satisfying the DQM property with
score function g(-), then putting 6y =0 and h,, = h =1 for each n € N, in the proof of
theorem 9.11 shows us that [, gdP =0 and

LTI R W o o

for any sequence {X;}icn, of iid random variables drawn from the distribution P and

Fisher information I(g) = [z g?dP. The LAN property follows immediately.

Q.E.D.

The collection Pp of score functions is sometimes called the maximal tangent set, since it collects
every score function associated with a one-dimensional submodel satisfying the DQM property.
Often we will be interested in subsets of the maximal tangent set, or collections of score func-
tions that satisfy additional properties other than being the score function associated with a
one-dimensional submodel. For instance, in many cases we want to focus on the collection of
score functions g(-) for which the function v (-) is differentiable in the direction g(-) (which will
be defined formally below), or score functions that satisfy some sort of orthogonality condition
(which arises when we deal with models with moment restrictions). As such, without loss of
generality below we let tangent set Pp denote a subset of the maximal tangent set; when Pp is

maximal, we will state as such.

Differentiability of Functionals

For estimating the quantity ¢ (P), we want to restrict our attention to submodels p such that
the mapping ¢t — ¢ (u(t,-)) is differentiable at ¢ = 0.
Let Pp be the tangent set at P, and let Sp(75p) be the closure of the linear span of Pp, where

the closure is taken relative to the topology induced by the standard L? metric on L?(€,P). We
say that ¢ (-) is differentiable at P relative to the tangent set Pp if there exists a continuous linear
transformation ¢p : L2 (€,P) — R? such that, for any g € Pp there exists some one-dimensional
submodel p with score function g(-) such that

P(u(t,-) —(P)

lim ; =9p(9).

Note the similarities of this definition to the directional derivative of a multivariate function.
Since the measure p(t,-) is an approximation to P in the “direction” g(-) for small ¢, it follows
that the limit of M as t goes to 0 can be interpreted as the directional derivative of
¥ (+) at P in the direction of g(-). Analogously to the case of directional derivatives for functions
defined on euclidean spaces, the directional derivative of P in the direction g(-) is given as a

linear function of g(-), where the function depends on P and can be interpreted as the total
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derivative of ¥(-) at P.

We emphasize here that the above equation need only hold for at least one one-dimensional
submodel of P of g for 1 (-) to be differentiable at P relative to Pp. Theoretically this is because
the properties of the optimal limiting distribution is determined by the score functions in Pp,
so that the specific submodel for which #(-) is differentiable becomes irrelevant. The irrelevance
of the choice of u is also advantageous from a technical standpoint, since in many cases we are
only interested in certain submodels with a given score function. For instance, in semiparametric
models, we are only interested in submodels that are separable in the parameter of interest and
the nuisance parameter.

For each 1 <17 <d, define @[’P,i : L?(€, P) — R as the ith coordinate function of ¢p(-). Since @Z}p,i

is a continuous linear functional on the Hilbert space (sp(Pp), <-, >2) defined over the real field,

where <-, ->2 is the inner product on L?(&, P), it follows from the Riesz-Frechet representation
theorem that there exists a unique L; € L?(&, P) such that

Vpi(g) = <Li7 9>2 = /ELiQ dpP

for any g € L?(€,P). Since we are interested in the value of 1)p;(-) on the subset Pp, we would
like to choose a square integrable function L; that takes values in this set. While this is not

always possible, we can take the next best option and choose a function L; that lies in the

closure of the linear span of Pp. sp(Pp) is a closed linear subspace of L?(£, P), so by the Hilbert

projection theorem, there exists a unique @pﬂ' € Sp(75p) such that

<Li — P, 9>2 =0

for any g € sp(75p). In other words, v p,i is the orthogonal projection of L; onto Sp(75p). It follows

that, for any g € Pp, since g € sp(Pp) as well,
Ypi(g) = <Li, g>2 = <¢P,z‘, 9>2~
This holds for each 1 <i < d, so defining ”L;p :E—R? as

Ypa(z)
Yp(z) = :
Ypa(r)

for any = € E, each component of " p(+) lies in the closed linear subspace sp(75p), and

?LP(Q):/E@ZJPQ dp

for any g € sp(Pp). We call 9p(-) the efficient influence function.

570



9.4.2 Reyvisiting the Convolution Theorem

Having generalized the notions of differentiability in quadratic mean and differentiability of the
mapping ¥ (+), we can now define the generalized CRLB for the model P. Let Pp be the tangent
set, 1 : P — R% a function that is differentiable at P relative to Pp, and @Z;p(-) the corresponding
efficient influence function. Let u be some one-dimensional submodel of P with score function
g(+) that is non-trivial, that is, it contains some information about (P). Formally, this is
equivalent to the requirement that I(g) = [z g*dP > 0. Since I(g) =0 implies that g =0 P-a.e.
by the vanishing property for non-negative functions, and P-almost surely equivalent functions
are identified as members of L%(E,P), it follows that any g € Pp such that g # 0 contains at
least some information about ¢ (P).

For any non-trivial score function g € Pp, since

lim w(u(tw)z—lb(l’) :/E%g dP,

n—oo

for some one-dimensional submodel g with score function g, the CRLB for p is given as

7y (e ) ([ v o¢)

As indicated at the beginning of the current section, a sensible definition of information for
the model P is as the infimum of the information contained in all finite-dimensional submodels.
Therefore, we define the CRLB for P as the matrix Vp such that

VPI(lg)</E?Z}P9dP) </E1ZP9 dP>/

is positive semidefinite for any g € Pp\{0}. The next result furnishes a positive semidefinite

matrix that can serve the role of Vp:

Lemma 9.19 (The Generalized Information Lower Bound)

Let (E,€) be a measurable space, and P a probability measure in some statistical model P C
M (). Let Pp € L?(E, P) be the tangent set of the model P at P, 1 : P — R? a function that
is differentiable at P relative to Pp, and 9p(-) the corresponding efficient influence function.
Then,

~ 2
Ny (Ju(a'dr)g dP)
« (/ wp¢de) a= sup 5

B gesp(Pp(0)  Jmg7dP

for any a € R%. By implication,

/. &p%dp—ngﬂdP( [ dwgar) ([ drg dP)'

is positive semidefinite for any non-trivial score function g € Pp.
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Proof) Fix any o € RF. Because the components of ¢p(-) are contained in L?(&, P), it follows

that [, zﬁpzﬁ}dP is a real-valued positive semidefinite matrix, and that
o (/ @pz@};dP) a < +00.
E
By Holder’s inequality,

(tirme) <[ firsar)] ([ r)

for any g € L?(&, P), so that

- 2
(fﬂgif;;fp) <ot [[artpar) o

for any g € sp(Pp)\ {0}. It follows that

~ 2
(Jettimpgar) o
sup 5 <a (/ wpwde) Q.
gespPp\(0}  Jpg*dP B

To establish the opposite inequality, suppose that

~ 2
(Jp(a'p)gdP)
ci= sup
gespPp(oy  Jp9PdP

<d </E¢P1%de> a= <a/1/~1P, 0/1;13>2-

It must then be the case that <O/Q§p, a’&p>2 > 0, since ¢ > 0, and that ¢ < +o00. By

implication, the relationship
C<0/1/~1P 0/15P> < <O/¢P C/@P>2
) 2 ) 27
or equivalently

<0/1;P, O/%Z)P>z — C<0/15P, a/TZNJP>2 >0,

holds. o/1)p is contained in sp(Pp), so there exists a sequence {gn }nen . of functions in

sp(Pp) that converges to o/1p in mean square:

lim Hgn — o/zZpHQ =0.

n—oo

By the continuity of the mappings

2

9= (adp. g) —c(9.9),
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g*—><9,9>2

on L?(€, P) with respect to the L2-norm, it follows that there exists some N € N, such
that

0< <O/1/~}P; 9N>Z —C<9N, 9N>2~

and 0 < <gN, gN>2. In other words,

2

<O/7,EP7 gN>2 _ (fE(a/’lZJp)gNdP)Q

- <9N7 9N>2 - JpgxdP

This contradicts the fact that gy € sp(7jp). It follows that

c=a ([ dripap)a.

which is exactly what we wanted to show.

Q.E.D.

Note that this implies that the integral [ 1/;p1/~133dP should serve as the lower bound for the
asymptotic variance of estimators of ¥(P) in the model P. Before we formalize this notion for
regular estimators via a generalization of the convolution theorem, a few remarks are in order.
Recall that, in the parametric case, the CRLB was also given as the integral of the outer product
of the efficient influence function under iid data. In this sense, our result is a true generalization
of the result for parametric models, and it suggests that estimators 7, that are asymptotically

linear as
VAIT(X™) = 0(P)] = 2= 3 0p(X0) +oy(1),
=1

where {X;};cn, is a sequence of random variables with distribution P, are asymptotically effi-
cient among the class of regular statistics.

Below we formalize the above intuition. First, we define regular statistics in the current
non-parametric context. We say that the measurable function 7, : E™ — R¢ is a regular statistic

relative to the tangent set Pp if there exists a d-dimensional random vector 7 if

Vi [T = g1/, )] " ) 7

as n — oo for any g € Pp, where ftg is a one-dimensional submodel of P with score function
g(-) and {ftgn}nen, is the statistical model generated by py. Note that 7, is regular in the

sense that the limiting vector 7 does not depend on the choice of score function g(-). This is an
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appropriate generalization of regular statistics in parametric models because the score function,
in some sense, represents the direction from which the corresponding one-dimensional submodel
passes through P. As such, the limiting distributions of regular statistics in the model P do not
depend on g¢(-) much like the limiting distributions of regular statistics in parametric models
do not depend on the direction h € R* from which the local alternative approaches the true
parameter value.

The next theorem shows us that the limiting distribution L for any regular statistic in the
model P can be expressed as the sum of two random vectors, one of which has distribution
N {del, Iz @pl%;dP}. In light of Anderson’s lemma, this shows us that the normal distribu-
tion with mean 0 and variance [ @pi%;.dp is the optimal limiting distribution among the class

of regular statistics.

Theorem 9.20 (The Generalized Convolution Theorem)

Let (E,&) be a measurable space, and P a probability measure in some statistical model P C
M (E). Let Pp C L*(E, P) be the tangent set of the model P at P, ¥ : P — R? a function that
is differentiable at P relative to Pp, and ¢p(-) the corresponding efficient influence function.
Suppose {7, }nen, is a sequence such that each 7, : " — R? is measurable and there exists a

d-dimensional random vector 7 such that
Hg.n 1; n,

as n — oo for any g € Pp, where lig is a one-dimensional submodel of P with score function g(-)

and {ftg.nfnen, is the statistical model generated by jig. Suppose that
| dripip
E

is a positive definite matrix, and that Pp is a linear subspace of L?(&,P). Then, there exists

some probability measure A on R? such that
LN [del, / ijz/?;,dp} .Y
E
By implication, if [ |z|*dL(x) < +oo, then
/:mc’dL(w)—/ YpippdP
E E

is positive semidefinite.

Proof) The proof proceeds in a similar fashion to the proof of the convolution theorem by

considering finite-dimensional subspaces of the tangent space Pp. We first show that

such a finite-dimensional approximation works for our present purposes, then prove the

convolution theorem for the finite-dimensional subspaces of interest.
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Approximation by Finite Orthonormal Sets of Score Functions

Because each component of ¢p is contained in the closure of Pp = sp(75p) with respect
to the metric induced by the L?mnorm on L?(€,P), it follows that there exists some
sequence {kp }men, of d-dimensional functions on E such that each component of &,

is contained in sp(Pp) and

~ 2
lim / ‘zpp—km‘ dP = 0.
E

m—0o0

Each component of k,, is a score function in 7jp, so it is contained in some finite-
dimensional linear subspace of Pp that contains ky,. Since every finite-dimensional
linear subspace has an orthonormal basis, it follows that there exists a collection
{g1",--- .90} of orthonormal vectors in Pp such that the components of k,, are con-

tained in the span of {g{",---,g7" }.

Defining Gy, = (g7",-++,g7 ), let H,, € R™*m be a non-random matrix such that
H,,G,, collects the orthogonal projections of the components of 1p onto the span

of {g1",---,9%" }. By the definition of the orthogonal projection,

~ 2 ~ 2
/’wp—Hme‘ dP < lim / ‘wp—km‘ dP
E m—0o0 E
for any m € N, so that
m—0o0

lim / ‘&P - Hme‘QdP =0
E

as well. Furthermore, by the characterization of orthogonal projections, we can see that
the identity

| (Gp = H,G11) GpdP = O,
holds for any m € N4. By implication,

/ /
( / &FG;ndP> ( / z/ZPG;ndP) —H,, ( / GmG;ndP> ( / GmG;ndp> H = Ho H.,
E E E E

where we used the fact that the vectors contained in G,, are orthonormal, so that

[z Gm G, dP = I, . The orthogonality condition also implies that
[ Gty = [ (00— HnGunGly i) dP
E E

< /E (0 — HuGun) (6 — HinGi) dP.
so that

| [ dpipdr o,

< / [ —Hme‘QdP -0
FE
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as m — 0o. By implication,
!/
lim ( / z/ZPG;ndP> ( / zZPG;ndP> = / YppdP.
m— 00 E E E

In particular, because [ zﬁpzﬁ}gdP is positive definite by assumption (in other words,

it has a positive determinant), for large enough m the positive semidefinite matrix

(k) (o)

is also positive definite.

Convolution Theorem for Finite-Dimensional Subspaces of Pp

Now fix any m € N, that is large enough in the above sense. Then, because Pp is a
vector space and h'G,, is a linear combination of score functions, for any h € R we
have g = h'G,, € Pp. Furthermore, by the assumption that 1 (-) is differentiable at P
relative to 75p and the definition of the efficient influence function 1/; p, there exists some

one-dimensional submodel 1, of P with score function g satisfying

g <uhlcm<1/¢fﬁ D) ([ Gl ar)n

or equivalently

125 m,n(l/\/ﬁv) ~
Vi, (1/vm) = w(P)) = ([ GoGdp ) b
By the regularity assumption, we also have

AT = (e, (1), )] M Gmes V) o

and as such, by Slutsky’s theorem,

Mh/Gm n 1/f

Vil To—(P) "7 ([ eGludr)n

Letting {X;}ien, be a sequence of random variables with distribution P, we saw in

lemma 9.18 that

dﬂh/Gm,n(l/\/ﬁv ) (X;) —exp (h/ <1 iGm(Xl)> - ;h/h> = Op(l)a

dpPm
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where
1 & d
ﬁZ:ZIGm(XZ) — A0 NN[Osmxh Ism]

by the Lindeberg-Levy CLT and the fact that the components of the d-dimensional

function G, are orthonormal.

This holds for any h € R®", so by a process identical to the proof of the main approxi-
mation theorem, theorem 9.9, this implies that there exists some randomized statistic
Sm : R*m x[0,1] = R? from the Gaussian location model with variance equal to the

identity matrix I, such that

T+ (/Eu?pGindP) b Sp(X,U)

for any h € R®", where X is a single observation from the Gaussian location model
with variance equal to the identity matrix I and U is a uniformly distributed random

variable independent of X. In particular,
S(X,U) — ( / zsz;ndP) Wi,
E

for any h € R, so that S,,(-) is an equivariant randomized statistic from the Gaussian
location model. It follows from result ii) of lemma 9.14 that there exist s,,-dimensional

independent random vectors V,,, and W,, such that

Voo N [0ucts ([ r P ([ drG,ap) |

T~V + W

The Main Result

We have shown that, for any r € R? and m € N,
p(r) =E [ T] =E[e"V ] B [¢Vn]
=E {eiT/Wm} .efér/(fEJ}PG;’LdP)(fEQZ)PGindP),T'

We saw above that

Jim ([ rat,ar) ([ drc,ar) = [ dpipar,
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so that

lim E[e""n] = o(r)ez” (JpbripdP)r

m—o0

The mapping

s p(r)edr U drdhae)r
is continuous on R¥, and in particular at O4x1, so by the continuity theorem there exists
a d-dimensional random vector W such that W,, LW as m— oo. By implication,

o(r)= lim E

m—o0

{eir/Wm} o3 ([porGndP)( [, $pGldP)'r

E {eir’W} .e—%T,(fE’l;P’I,Z’;;,dP)T‘
—F {eir’(VJrW)]

)

where V ~ N [del, I &pzﬁfgdP} and V L W. This holds for any r € R*, so
T~V +W.
Letting A be the distribution of W, this implies that

LNN[del,/zﬁp%dP * .
E

The claim that [, za/dL(x) — [5PpidpdP is positive semidefinite if [ |z[*dL(z) < +00

now follows in the same manner as in theorem 9.16 via Anderson’s lemma.

Q.E.D.

The preceding theorem shows us that, in the special case where the tangent set Pp is itself a
linear subspace of L?(&,P), the positive definite matrix [ ¢ py/pdP serves as the lower bound
for the asymptotic variance of regular statistics. Furthermore, the convolution theorem, together
with Anderson’s lemma, tells us that the asymptotic risk under a normal distribution centered
at the origin with variance [, @Z;pvf)},dP is always lower than that of any regular statistic, so
that we can once again formalize the notion of N [del, I ’QZP”QZ;;dP] as the optimal limiting
distribution among regular statistics.

Naturally, we can also furnish asymptotically efficient regular estimators of ¥ (P) using the
efficient influence function ¢)p in the same manner through which we defined asymptotically

efficient estimators in the parametric case. This is the content of the next theorem:
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Theorem 9.21 (Asymptotically Efficient Estimators of ¢ (P))

Let (E,€) be a measurable space, and P a probability measure in some statistical model
P C My (E). Let Pp C L?(E,P) be the tangent set of the model P at P, ¢ : P — R? a func-
tion that is differentiable at P relative to Pp, and ¢p(-) the corresponding efficient influence

function.Suppose that
| éripdr
E

is a positive definite matrix.

Let {7, }nen, be a sequence of statistics satisfying
VAT (X, Xn) — Zw i) +0p(1)

for any sequence {X;};cn, of iid random variables with distribution P. Then, 7, is a regular

statistic relative to 75p such that
gn 1 f * T
V[T = 0l (1)) B T O, [ deipar]

for any g € Pp, where g is a one-dimensional submodel of P with score function g(-) and
{igntnen, is the statistical model generated by pg. If, in addition, Pp is a linear subspace of

L?(E,P), then 7,5 has the optimal limiting distribution among regular statistics for estimating

(P).

Proof) We first show that 7, is a regular statistic. Choose any non-zero g € Pp and let fig be

a one-dimensional submodel with score function g. Denote

Qn = ,ug,n(l/\/ﬁv )

for any n € N;. By lemma 9.18, the submodel p, satisfies the LAN property: letting
{Xi}ien, be a sequence {X;};cn, of iild random variables with distribution P and

denoting X" = (X3, ---,X,,) for any n € N4, we have

AQn , on
dgn(X —eXp< Zg —*I >+Op(1)7

where I(g) = [ g?dP > 0. By the Lindberg-Levy CLT,

n (I (X Jp¥pdpdP  [gidpgdP
LZ (wP(Xl)> i> O(d+1)><1a ) i / :
Vi g(Xs) (JpgdP)  [pg%dP
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Since

(Varm e - ey, ) - (\}ﬁ > e (X, exp(;ﬁ Zg(&)—;f(g))) +op(1)
=1

=1

for any n € N, it follows from Slutsky’s theorem that
Odax1 [p¥pdpdP  [pdpgdP
) d
(X )) —N ) B /
~3Jpg*dP) \(JpdpgdP)  [pg*dP

dQn,
%% Ipn

(mmm—w(m], I

or equivalently,

dQy\ pr Ouxi Je0p¥pdP  [gpgdP
(Varm —ue), 102 B N
~LJpg?aP) \(JuipgdP)  [pg*dP

By Le Cam’s third lemma,

ValT; =6 SN [ dpgap. [ deipar

Meanwhile, by the definition of the efficient influence function,

VAl(Qn) = B(P)] - /E DpgdP

as n — 00, so by Slutsky’s theorem,

ViIT) —=(Qn)] = V[T, —¢(P)] = vVn[y(Qn) — 4 (P)]
%N[[Ed}pgdP, /EQ;P%DdP} —/Ei;PQdP

~N[0dxl, | dripar

This holds for any g € Pp, so T, is a regular statistic.

If, in addition, Pp is a linear space, then by the generalized convolution theorem, the
asymptotic variance of 7%, [5 Y pYlpdP, is the lower bound on the asymptotic variance

of regular statistics for estimating ¢ (P).

Q.E.D.
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9.4.3 Application: The Parametric Model

Here we show that, in the special case that the model of interest is actually a parametric
model, the usual convolution results for parametric models follows from the generalized convo-
lution theorem. This demonstrates how the generalized notions of DQM, differentiability and
the convolution theorem are truly generalizations of these concepts from a parametric to a non-

parametric context.

Model Setup

Suppose that we are actually interested in a parametric model with k-dimensional parameter
space (0,v) and transition probability kernel p from (©,9) into (F,£). Let P = u(fy,-) for
some 6y € ©°, so that P ={u(0,-) |6 € ©}. Assume p satisfies the DQM property at 6y with

dominating measure A and score function go(-):

1 1 2
lim — dp(Bo+ h,-) —\/dp(0o,-) — Sh'go- \/dp(bo,-) | dA=0.
|h1|130 ‘h‘Q L (\/ /’L( o+n, ) \/ M( 0 ) 9 g0 ,U,( 0, )) 0

Assume in addition that [ gogodu(fo, ) = Iy is positive definite. We are interested in the value
U(6p), where ¥ : © — R? is some function that is differentiable at 6 with derivative denoted by
(o).

The Tangent Space

In this model, the maximal tangent set Pp collects all linear combinations of the coordinates of

go- To see this, note that any one-dimensional submodel v of P must be defined as
v(t,-) = p(bo +th,-)

for some h € R¥. Since

A/ ) — 2 2
/1;( dv(t’z m—;h’go@> dA:tlg/E<\/du(00+th,-)—\/du(ﬁo,-)—;(th)’go- du(ﬁo,-)> dA

for any t > 0, it follows from the DQM property of p that

2
(N/du(t,.z_\/d?_;h,%@) =0,

lim
t—=0JE

so that h/gg is the score function corresponding to the one-dimensional submodel v; it follows
that Pp C {h'go | h € R*}.
Conversely, choose any h € R¥. Defining v(t,-) = (g +th,-) for any t > 0, it follows that v

is a one-dimensional submodel of P with score function h'gg, as we showed above. Therefore,
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h'go € Pp, which shows that
Pp={hWgo|hcRF}.

This proves that Pp is a linear subspace of L?(€, P); the zero function is contained in Pp (put
h = Okx1), while for any a € R and g1,¢2 € Pp, letting hi,hs € R* be chosen so that g; = R} go

and go = hhgo, we have
agi + g2 = (ah1 +h2) g0 € Pp

because ahi + hy € RF.

Differentiability of U(-)

Define the function v : P — R¢ as

for any 6 € ©. By assumption, ¥(-) is differentiable at 6y with derivative ¥(6p). We will show
that this implies the function 1(-) is differentiable at P relative to Pp in the sense defined above.

To this end, choose any non-zero g € Pp; by definition, there exists some non-zero h € R¥
such that g = h/gg. g is the score function corresponding to the one-dimensional submodel v
defined as

v(t,-) = p(bo+th,-)

for any ¢ > 0, in the sense that

/E ( ” dv(l/\/f’ )-VaP_ ;Wﬁ) P

2
= |h|

Ao+ hji ) — (6o, )~ 2o Jau(Bo, ) ap
(%) 2V

for any n € N4, so that

lim
n—oo

2
(T )

It follows that

%Erg)qp(u(t,-)z—w(P):% \11(90+ﬂ? U(b) _ W (60)h — / Iy go (h’go)dP
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by the formula for the directional derivative. Defining the efficient influence function as

bp () = U(00) Iy go(-),
it follows that each component of ¢)p is contained in the linear space Pp and

lim
t—0

w(v(tv'>;_w(P) :/E&Pg dP.

Meanwhile, if g =0, then g is the score function corresponding to the one-dimensional submodel

v defined as v(t,-) = u(bp,-) for any ¢ > 0, so that

P(u(t,) —(
t

lim
t—0

P _
) =0= / Ypg dP.
E
In any case, for any ¢ € Pp and one-dimensional submodel v of P with score function g, we have

lim w(v(tw)g—?b(P) :/E&Pg dP,

t—0

so that ¢(-) is differentiable at P relative to Pp with efficient influence function 9p(-) =
U (6o) Iy " go(-)-

The Optimal Limiting Distribution for Regular Statistics

Note that
|, GpiipdP = (60) 15 ¥(60)'

Since W(6y) has rank d by assumption, [ E@p@}dP is positive definite. Pp is also a linear

subspace of L?(&, P), it follows from the convolution theorem that
N[O, (60)15 " #(60)'|

is the optimal limiting distribution for regular statistics. This shows us that the generalized

convolution theorem is indeed a generalization of the same result for parametric models.
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9.4.4 Application: A Completely Non-Parametric Model

Now we move onto the other extreme and consider a completely non-parametric model, that is,
the case where the model P collects every probability measure on (F,£). The only restriction
we impose is that the true distribution P is dominated by some o-finite measure A on (F,€),
so that the DQM property is well-defined locally around P. Let py(-) be the density of P with
respect to .

In this case, the maximal tangent set Pp is the collection of functions in g € L?(&, P) satis-
fying [ gdP =0, where the latter condition must necessarily be satisfied by any score function

(note lemma 9.18). We formally state and prove this below. First, we prove a preliminary lemma:

Lemma 9.22 Let (£,£,\) be a measure space and {f,}nen, a sequence of real-valued &-

measurable functions that converges pointwise to some £-measurable function f. If
limsup [ |fn]?dA < / | fI2d\ < +o0,
E E

n—o0

then

. 2 N
nlggofE\fn—fl dA =0.

Proof) Since limsup,,_,, [ | ful2d) < +00, there must exist some N € N, such that /5 | ful?dX <
+oo for any n > N. As such, for any n > N,

o= FIP < (L fal +1FD? <20 fal 21 £,

where the mapping on the right hand side is A-integrable. It follows that

/E\fn—f!Qd)\§2</E|fn\2d/\+/E|f]2d>\)

and as such
limsup/ | fn— f]PdN < 2<limsup/ |fn|2d)\+/ yf\ZdA) g4/ |fI2d\ < +o0.
n—oo JE n—oo JE E E
Now we can apply Fatou’s lemma to see that
A [ 1pan= [ timint (2172420 - £ - 117) A
E E n—oo
.. 2 2 2
< timinf [ (204, +210P =1 £~ /%) dA

— liminf (2\fn|2—|—2|f]2>d)\—limsup/ | — fI2dA
E n—00 E

n—oo

< limsup (2/ |fn|2d)\+2/ |f|2d)\)—limsup/ | f— FIPdA
n—o0 E E n—o00 E
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<2 (tmsup [ [£,2dx) +2 [ |an-timsup [ |f, - rfax
n—o0 E E n—o0 E
34/ ]f\Zd/\—limsup/ f— fI2dA.

E n—oo FE

Note that the integrability of 2|fn|> +2|f]* and |f, — f|? for large enough n allows
us to apply the linearity of integration for integrable functions and justify the second
equality. The fact that the limit superior of a sum is majorized by the sum of limit

superiors is used to justify the third inequality. It follows that
timsup [ [f,— P <0,
n—0o0 E

so that [ |fn— f]?d\ — 0 as n — co.

Q.E.D.

Theorem 9.23 (Tangent Space for Non-Parametric Models)

Let (E,€) be a measurable space, and P a probability measure in the completely non-parametric
statistical model P = M (). Let Pp C L%(E, P) be the maximal tangent set of the model P at
P. Suppose that there exists some o-finite measure A on (E,€) such that P << \. Then,

Pr={geL*E.P)| [ gaP=0}.

Proof) In light of lemma 9.18, it is clear that
Ppc {ge L2(E,P)] / gdP = 0}.
E

To establish the reverse inclusion, choose any g € L*(€,P) with [ gdP = 0. We will
explicitly construct a one-dimensional submodel p, that satisfies the DQM property

with score function g.

To this end, we consider the function k: R — R defined as

2

k(z) = —
(SU) 1 _i_efo
for any = € R. k(-) is bounded above by 2, and note that:

1. The mapping =+ k(tg(x)) is E-measurable and P-integrable for any ¢ € R
2. The mapping ¢ — k(tg(x))g(x) is continuously differentiable on R with derivative

9 4g(z)
&k(tg(‘r)) = (1+6_2tg($))2
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for any z € E.

3. Forany z € F,

<4.

orkltg(a)

By the Leibniz rule for interchanging integration with differentiation, it now follows

that the mapping x — %k‘(tg(:v)) is P-integrable for any ¢ € R and that

0 B 0 B 4¢9(x)
> [E k(tg(2))dP(x) = /E <atk‘(tg(x))) AP (z) = /E T Ll @)

Note that, for any t € R, [pk(tg(x))dP(x) =0 implies by the vanishing property for
non-negative functions that k(tg(z)) =0 P-almost surely. Since k(-) is always positive
valued, this is a contradiction. Thus, [ k(tg(z))dP(x) >0, and we can now define the
mapping c: R — R, as

()= ( [ kttgenap))

for any t € R. Since k(0) = 1, it follows that ¢(0) = 1. It follows from the results we have

shown so far that

()=~ ([ Misonar) ([ Mtalepar)) = - [ e

for any ¢t € R by the chain rule. This proves that ¢(+) is continuous on R; together with

the BCT, this proves that ¢/(+) is continuous on R as well. In particular,

/ _ 1 —
c(O)——C(O)Q/EgdP—O.

Denote the density of P with respect to A by pp : £ — R,, and define the one-

dimensional submodel p, as

ot ) = [ clt)hltg(a))po(a) dA()

for any (¢,4) € R x £. When the true parameter is ¢ € R, the density of the model with
respect to A is given as c(t)k(tg(-))po(+); the distribution P corresponds to the model
with parameter ¢t = 0. Defining

p(t,-) = dpy(t,-) = c(t)k(tg(-))po(-)

for any (t,x) € Rx E, each p(t,-) is £-measurable, and each p(-,z) is continuously

586



differentiable on R with derivative given as

Op(t,z)
ot

= d (t)k(tg(x))po(x) + c(t)K (tg(x))g(z)po(x)

for any (t,2) € R x E. Define Ey = {py > 0}. For any z € Ey,

o 1 1 Op(t,x)
aVPOD) =5 s
-5 | S kst et st

for any t € R. Meanwhile, if x € Ef, then p(t,x) =0 for any ¢ € R, so that

lig VP& 2) = Vp(he) 1 [ W L ktg(a))g () c@)] k(tg(x))po(x)

s—t s—t 2 c(t)

for any t € R. In any case, defining s : Rx F — R as

sw):;[C’ig)+k(t9<x>>g(gg> c<t>] Kig()m(a)

for any (t,x) € R x E, so that s(-) is jointly measurable, s(-,z) is continuous for any

x € FE, and

lim \/p(5a$) — \/p(t,l’)

s—t s—t

=s(t,z) = (’?t p(t,z)

for any (t,x) € R x E, so that p(-,z) is continuously differentiable on R for any z € E.

In particular,

Vi) /(@) _ 1
t

lim 59(@)\/po(2)

t—0

for any xz € E.

Fix a sequence {t,},en, of positive reals decreasing to 0, and define the functions
{fn}n€N+ and f as

\/p(tmib)— \/pO(x) 1
‘ )

fule) = f(@) = 59(2)\/po()

n

for any n € Ny and x € E. Then, f, — f pointwise on E. Furthermore, for any = € F,
since the mapping /p(+,x) is continuously differentiable on R, for any ¢ > 0 the second

fundamental theorem of calculus implies that

\/p(t,a:) — \/po(a:) = /Ots(z,x)dz <Vt (/Ots(z,x)2dz) ’ ,
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where we used Holder’s inequality to justify the last inequality. As such,

ula)? = (“p“"’xi; v pO(“””))Q < ([ steepac)

1 tn CI(Z) 2
:%{/0 ( c(z)+g($) C(z)> k(zg(fn))po(ﬂf)dzl

for any n € N4, so that

/Z 2
L 15 dxsgl I/ <<() +h(zg(a))g(o) c<z>> (zg(e)(a) dA(x)dz]

:41 /tnlcz +2d (2 (/kzg ) (/kzg 2)2dP( ))]dz.

Since k(-) is a bounded function, the dominated convergence theorem implies that the

mapping
i +2d(z (/ k(zg9(x ))+c(2> </E’f(zg(fv))3g($>2dp (x))

is continuous on R; therefore, by the first fundamental theorem of calculus,

nhj%o;/tn [C z +2d(2 (/ k(zg(x )) +c(2) </E k(zg(x))?’g(x)zdP(:U))] dz
= gt/ot [c;((z); +2(2) (/E k(zg(;p))2g($)dP(x)> +¢(2) (/E k(ZQ(l‘))?’g(x)QdP(x))] dz |
2

) ([ k0Pg@)iP() )+ o) [ k0P gwap(a) )
:/Eg2dP:4/E|f|2dA.

Therefore,

hmsup/ | fnl d)\</ | fI2d\ < +o0,

so that, by the preceding lemma, we have

lim / fn— fI2dA = 0.
E

n—o0

Equivalently,

lim
n—o0 E

2
<\/p(tn’x1;\/p0(x)_;g($) po(l‘)> d\=0,

588



so by definition g is the score function corresponding to the one-dimensional submodel

ftg- This proves that g € Pp, and the proof is complete.

Q.E.D.

Because the tangent space Pp is so large for a completely non-parametric model, we can unfor-
tunately say very little in general about the efficient influence function ¢p corresponding to any
mapping 1 : P — R? that is differentiable at P relative to Pp. Indeed, ¢p is determined entirely
by the function #(-).

The most important takeaway from the preceding theorem is actually the way we constructed
one-dimensional submodels passing through P with the desired score function g(-). The one-

dimensional submodel pg, was constructed as a parametric model satisfying

dpg(t,-) = c()k(tg(-))po(-)

for any t € R, where pg(-) is the density of P with respect to some dominating measure A\, c(t)
is the normalizing constant, and k() is a positive, bounded and infinitely differentiable function
such that

for any ¢ € R. These conditions for k(-) ensure that ;4 satisfies the DQM property with score
function g(-). This convenient construction for one-dimensional submodels will also appear later

on when studying semiparametric models.
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9.4.5 Application: Models Characterized by Moment Conditions

In the preceding sections, we discussed the two extremes of a parametric model determined by
a finite-dimensional parameter and a completely non-parametric model where the parameter
space is the collection of all probability measures. Often we work on something of a middle
ground, that is, we impose some restrictions on the set of admissible probability measures, but
nevertheless refrain from specifying an explicit parametric form. One popular restrictions that
are imposed in the econometric literature are moment conditions; think of GMM methods. In
this section we derive the tangent space for models that are subject only to moment conditions
using methods analogous to those employed in the last section.

The mathematical framework is the following. As usual, let (E,€) be a measurable space,
and P a collection of probability measures that we treat as our model. Let P € P be the true
distribution, and m : E — R* a measurable function that is P-square integrable. We say that

the model P satisfies the moment conditions for m(-) if
P={QeM.(E)] [ mdQ=Oua}.

In other words, letting {X;};cn, be a random sample drawn from the distribution P, we must
have E [m(X;)] = Okx1-
Unlike in the completely non-parametric case discussed earlier, we cannot obtain a closed

form expression for the actual tangent set Pp. However, it is possible to characterize the closure

of the linear span of the tangent set, sp(Pp) for some subset Pp of the maximal tangent set.

Since the efficient influence function is contained in sp(Pp), knowledge of the form of sp(Pp)
suffices to recover the efficient influence function in many cases.

To obtain some intuition for how to characterize the tangent set, consider the simple case
of regular parametric models. Let u be a transition probability kernel from some d-dimensional
parameter space © into E, and suppose that each p(6,-) is dominated by some measure A on
(E,€) with density p(- | §). Assume that the moment condition [pmdu(6,-) = Ox1 holds for
any 0 € ©. Suppose the usual regularity conditions hold, so that the score function gg is given
as the derivative of the log likelihood logp(- | #) at § = 6. Then, assuming that py > 0 on E and
the order of integration and differentiation can be interchanged (via a Leibniz rule-type result),

we have

[ mapyir= [ m[ S rogp180)] ot 10)0n

= [ (2ot 100)
0

0
= o { [t 90)(1)\] = Ok = Opa

In other words, the components of the moment function m and the score function gy are orthog-

onal with respect to the inner product on L?(€, P). The next theorem generalizes this result and

shows us that sp(Pp) is precisely the orthogonal complement of the linear subspace spanned by
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the components of the moment function m.

Theorem 9.24 (Tangent Space for Models with Moment Conditions)

Let (E,€) be a measurable space, and P a probability measure in the statistical model P C
M (E). We assume that there exists a function m whose components are contained in L?(€, P)
and [5(1,m)(1,m) dP is positive definite such that P collects the probability measures that
satisfy the moment condition with respect to m = (my,---,my) and are dominated by some

o-finite measure A on (E,&):

P={QeMi(E)] Q<< /EmdQZkal}-

For any @ € P, let dQ € £, denote the density of @) with respect to A.
Let Pp C L?(E,P) be a tangent set of the model P at P that collects the score functions of
any one-dimensional submodel p of P that satisfies the DQM property under the dominating

measure A in addition to the following conditions:
i) The density du(t,-) converges pointwise to the density dP as t — 0.

ii) p(t,-) converges to P in squared moments:

limsup/ m2du(t,-) S/ midP V1<i<k.
E E

t—0

Then, the L2-closure of the span of Pp is exactly equal to the orthogonal complement of the

span of the components of the moment function m:

Sp(’PP) = (Sp{lamb' T amk})J_ :

Proof) Denote W = sp{1,my,---,my}. We first show that any score function g € Pp must be
contained in W+. Choose any ¢ € Pp and let ftg be the one-dimensional submodel of
P with score function g. We can immediately see from lemma 9.18 that [ gdP = 0.
Since every probability measure in P satisfies the moment condition with respect to m,
it follows that

[ dng(t.) = O
E

for any ¢ > 0. In particular, [, m dP = Ojx;. Since any submodel associated with a
score function in Pp satisfies the DQM property under the dominating measure A, we

have

2

VAkg(t,:) —vdP 1
lim ( J ——gVdP| dr=0.
t—=0 /g t 2
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By definition,

S () — VAP
g( t L(_E},)\) %g\/ﬁ,

as t — 0, and multiplying both sides by ¢ shows us that
L2(&)) /=
dlu’g (ta ) - ap

ast — 0.

Now choose 1 <i <k, and let {t,},en, be a sequence of positive reals converging to

0. By the way we chose the tangent set Pp,

lim mgy/dpg(tn, ) =m;VdP

n—o0

pointwise on E, and

limsup/ m2dpg(tn,-) S/ m2dP < +oo.
E E

n—oo

By lemma 9.22, this implies that

2
nh_)rgo E(mm/d,ug(tn,-)—mivdP> d\=0,

so that
2
miy/dpig(tn,) L (—gf)\) m;VdP

Let <-,->2 be the usual inner product on L?(€,)\) and choose any 1 <i < k. It now

follows from the continuity of the inner product that

/E(mig)dP:/E(;g\/ﬁ> (sz\/ﬁ) d\ = <%g\/ﬁ, Qmi\/ﬁ>2

_%g%< d#g(tvt)_\/ﬁ’ ml< dug(tm-)—l—\/d?) >2
_%i_{% E( d#g(t,t)—\/ﬁ) ( dug(tm')‘F\/diP) m;dA.

For any ¢t > 0,

T ——
() -
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by the moment condition. Therefore, [ (m;g)dP =0, and because this holds for any
1 < i<k, by definition g € W. This proves that Pp C W.

Now choose any bounded g € W, so that

/ mg dP = Opx1.
E

We will to show that there exists a one-dimensional submodel p of P with score function
g € Pp. To this end, we use a similar construction to that of theorem 9.23. Because g
is bounded, there exists some M > 0 such that |g| < M on E. Letting py = %—I;, define

the one-dimensional submodel 1, as

ot 4) = [ (L+tg(a)po(a) dA@)

p(t,z)

forany t € © = [ e M} and A € €. In other words, /14 is a one-dimensional parametric
model with parameter space © and density x +— (14 tg(z))po(x) with respect to A under
the parameter t € ©. The fact that [, gdP = 0 implies that p4(t,-) is a well-defined

probability measure under each ¢t € ©. Furthermore,
[ mdug(t) = [ m(1+tg@)po(a)dra)

:/mdP-l—t-/mgdP:kal
E E

for any t € © by the way we chose g and the fact that P satisfies the moment condition.

This proves that p, is a one-dimensional submodel of P.

Note also that
dpg(t,-) = (1+1t-g)po = po =dP
as t — 0 pointwise on E. For any 1 <i<k and t € O,

/m dpg(t, /m 1+4+tg)dP = /deP—l—t /mgdP

Here, since |g| < M,

‘/ m?gdP‘ S/ m?|g|dP§M</ m?dP) < 400,
E E E

so that
. 2
%g%/ m; dug / m; dP.
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It remains to show that p, satisfies the DQM property with score function g to conclude
that g € Pp.

We can again make use of lemma 9.22 for this purpose. Define Ey = {pg > 0}. Then,
for any z € Ey and t € ©°, since ¢(t,z) > 0, we have

2 ot =2 o) (2pa.m)

1

2 gl (e) = 5 sa(e) (o).

N | —

Meanwhile, if « ¢ E§, then p(t,z) =0 for any t € O, so that

. V(s @) —/po(x) 1
T T s )

for any t € ©°. In any case,

lim V/p(s,2) —\/po(x)

s—t s—t

=s(t,z)

for any t € ©° and z € E, where we define s(t,x) =

ﬁg(fﬂ) po(T).

Let {t,}nen, be a sequence of positive reals converging to 0, and define { f, },en, as

VD(tn, ) = /po(z)

n

fa(z) =

for any n € Ny and x € E. We already saw that f, — s(0,-) = %g‘/po pointwise as
n — oo. Furthermore, because t — +/p(t,x) is continuously differentiable on ©° for any

x € E, by the second fundamental theorem of calculus we have

\/p(t@) —\/po(2) :/0'58(7“’96)%S \/%</Ot8(7“,x)2dr>é

for any = € E, where the inequality is Holder’s. By implication,

2:<ﬁWﬂ—ﬁg2
tn

1 [tn
5 <o [Vt
n J0

_1( tn 1 d7“>(2 )
t, \Jo 4(1+7-g) g Po);

and by Fubini’s theorem,

/|fn|2d)\<1/tn /92 apP | dr.
E tn Jo E4(1+r-g)
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The mapping

92
TH/ __9  4p
g4(1+r-g)

is continuous on the set [—ﬁ,ﬁ] C ©° by the DCT, so by the first fundamental

theorem of calculus,

I 1/t" / 9 4p)a 8/t / 9 ap)ar 1/ 24P
im — —_ r=_— —_— rlt=0= — :
n=0ty, Jo E4(1+r-g) ot Jo \Je4(1+7-g) =074 Y

In other words,

1 1 2
limsup/ |fn|2d)\ < f/ deP :/ (g,/p0> d\ < +o00.
E 4 JE £ \2

n—o0

By lemma 9.22, this implies that

1 2
lim (fn _ gfpo) dr =0,
E 2

n—oo

and since this holds for any ¢, \, 0, we can conclude that

2
limé<m—lg\/170> d\ = 0.

t—0 t 2
Since this holds for any bounded g € W, we have
W+NB(E,R) C Pp,

where B(E,R) denotes the set of all bounded real valued functions on E. So far, we

have shown that

WLNB(E,R) C Pp Csp(Pp) C W,

For any sequence {g, }nen, € W+ that converges to some g € L?(&, P) in the L?-norm,

/mig dP = Iim/migndP:O
E n—o0 E

for each 1 <i <k by the continuity of the inner product on L?(&, P). This proves that
g € W+ as well, and as such that W+ is a closed subset of L?(€, P). As such,

WLNnB(E,R)c W.
To establish the reverse inclusion, note first that B(FE,R) is dense in L%(€, P). To see
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this, let g € L?(€, P) and define {9n}nen, as gn=g-Ijjg<ny for each n € N;. Then,
. 275 9 2.5
g;rgo/E |9 = gn|"dP = lim of?on) lg|”dP =0,
where the final equality follows from the fact that the singleton {g?} is uniformly

integrable.

Now choose any g € W+ and define the function m : E — R¥1 as m(-) = (1,m(-)).
Since g and each of the components of 1 are contained in L?(&, P), from what we just
showed there exists a sequence {gn }nen . of bounded functions on E and a sequence

{Mn}nen, of bounded k-dimensional functions on £ such that

lim / lgn —g|?dP =0
E

n—oo

lim [ |, —m|*dP = 0.
n—oo E

By the continuity of the inner product on L?(&, P), we have

lim / !, dP = / ' dP
E E

n—oo

lim / mgndP:/ mgdPZO(k+1)X1,
E E

n—oo

where the last equality follows because g is orthogonal to the elements of m. Since
[z min!dP is positive definite by assumption, it follows that [, mm,,dP is also positive

definite for large enough n.

For n large enough in the sense above, define

—1
By = ( / mrh’ndP) < / mgndP>.
E E
Then, B, = Ogy1)x1 and
/ 1M (gn — Bpin) dP = / gndP — ( / mm;dp> Bn
E E E
:/ mgndp_/ mgndP = O41)x1
E E

for any n € Ny. It follows that {g, — 3,7, tnen, is a sequence of bounded functions in
W such that

1

( / |gn—5;mn—g|2dp>2s ( / |gn—g|2dP)2+( / !ﬁ;mnfdP)Q
E FE F

(Minkowski’s Inequality)
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<(/ |gn—g|2dp)%+rﬁn| (/[ mn?cuo)é

for each n. Since

1 1
2 2
(/E]gn—gIQdP> +|Bn|</E|mn|2dP> —>0+‘O(,€+1)X1

as n — 00, it follows that

.([Eymﬁdp)%—o

_ L*(E,P)
gn_ﬁgmn - g

In other words, g is a limit point of W+ N B(E,R), and since this holds for any g € W+,

we have
W+ =WLnB(E,R).
It follows that

W+ =WLNB(E,R) Csp(Pp)Cc W,

so that

as we desired.

Q.E.D.
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9.4.6 Application: Asymptotic Efficiency for Semiparametric Models

We now move onto the case of semiparametric models, which are models with infinite-dimensional
parameters where we are interested only in a finite subset of the parameters. This affords addi-
tional structure to the problem at hand, and we are able to say much more about the efficient
influence function and the optimal limiting distribution compared to completely non-parametric
models.

The basic statistical framework is the same as the one introduced in the previous section. Let
(E,€) be a measurable space, P a collection of probability measures on (F,&) that represents
the statistical model, and P € P the true distribution of the data. Now we assume that each
probability measure on P can be indexed with a parameter lying in the parameter space © =
R* x H, where H is some infinite-dimensional set. Letting (6g,79) € © be the true parameters,

the statistical model P can be written as
P={Py,|0€R" necH}C M)

and P = Py, ,,,. We are interested in the finite-dimensional parameter ¢; formally, we want to

conduct inference for ¢(P), where the function ¢ : P — R¥ is defined as

'QZ}(PQ,U) =0

for any (6,n) € ©. This is why we call n the nuisance parameter, and H the nuisance parameter
space.

As before, we start by characterizing the tangent set Pp of P at P, and by extension, the
efficient influence function of P relative to Pp. To determine which subset of the maximal tangent
set to work with, we first study the case where H is also finite-dimensional; put H = R%. In this
case, the model reduces to a parametric model, and the one-dimensional submodels p of P are

of the form

N(t’ ) = Poy+thy, no+ths

for any t > 0 and h; € R*, hy € R%. Assuming that po: R¥*¢ — R, is the density with respect to
some measure A and gg is the score function corresponding to this model, we saw above for the
application to parametric models that u satisfies the DQM property with score function equal

to

h190.1 + h5g0.2,

where go 1 collects the first £ coordinates of gy and gg 2 the rest. Here, h} go,1 is the score function
of the submodel

pa(ts+) = Pagtthy, no
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and hbgo 2 that of

NQ(tJ ) = Pﬁ’o, no+tha-

In other words, the score function of i can be expressed as the sum of the score functions for
the “partial” submodels g1 and ps that correspond to keeping either 8 or 7 fixed at their true
values.

We can therefore generalize this approach to accommodate a wider variety of semiparametric

models. Denote the submodel of P corresponding to the nuisance parameter by
777390 :{P90,77|77€H}CP7

and let 7Pp be a tangent set of Py, at P.
Similarly, let 6P,, be the parametric submodel of P that corresponds to the parameter of
interest; assuming that there exists a transition probability kernel A from (E,&) into R¥ such

that A(0,-) = Py, for any 0 € R*, we put
0P, = {A(0,-) | 0 € R} C P.

Since A is simply a parametric model, we can now assume that it satisfies the DQM property

with score function llgm : E — R* and dominating measure \:

1 1. . 2
lim —2/ (q/dA(Hoth,«)\/dPh’len\/dP> A\ =0,
|h|=0 |h|” JE 2

and in particular

lim
t—=0 /R

2
VAN@o+th, ) —VdP 1,
( (°+t ) —5hlgyVdP | dr=0

for any h € R*. The maximal tangent set for this submodel is given as
0Pp = {I'lp, | h € RF}.
We now define Pp as
Pp = 0Pp +1Pp
= {h’l'gm—i-g |heRF genPp}.

The following theorem furnishes sufficient conditions for Pp to be a well-defined tangent set for
P at P, and derives the corresponding efficient influence function for estimating ¢ (P) relative
to 'Pp.

599



Theorem 9.25 (Efficient Influence Function for Semiparametric Models)
Let (E,€) be a measurable space, and P a probability measure in the statistical model P C
M (E). Let © =R¥ x H, where H is the nuisance parameter space, and assume that P is a

semiparametric model indexed by the parameters in © as follows:
P={Py,|0cR"ne H}.

Suppose P = Py, , for some (0y,70) € ©. Let nPg, be the submodel of P corresponding to the

nuisance parameter:
777390 :{P90,77|77€H}CP7

and let n75p be the tangent set of 7Py, at P. Letting IIy be the projection mapping onto the
closed convex subset Sp(?ﬂjp) of L%(&,P), define

lo., = Ze,n - Ho(ie,n)

and I = [, l~9,nl~g’ndP, where the mapping I1y(-) is applied elementwise. We make the following

assumptions:

1) (Baseline Score Function for 6)
There exists a transition probability kernel A from R* into (F,€) such that A(6,-) = Py,
for any 6 € R¥, and A satisfies the DQM property with score function l'9777 : E — RF and

dominating o-finite measure A.

2) (Separability of # and Nuisance Parameter)
For any h € R* and g € nPp, there exists a one-dimensional path t — 7, in H such that

the one-dimensional submodel p of P defined as

M(tv ) = P90+th, Nt

for any t > 0 satisfies the DQM property with score function h’ l'g’,] +g.

3) (Nonsingular Information Matrix)

I is a positive definite k x k matrix.

Then, the collection Pp of functions in L?(£, P) defined as
Pp={Nlpy+g|heRr genPp}
is a tangent set of P at P, and the function 1 : P — RF defined as
w(Pﬁ,n) =0
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for any (A,n) € © is differentiable at P relative to Pp with efficient influence function

Vp() =I5 lon().

Proof) By assumption 2, Pp =0Pp+nPp is a well-defined tangent set of P at P. We can thus

write

Pp = Sp(ie,n) +nPp,

where sp(l'gm) denotes the linear subspace of L?(€, P) spanned by the k components of

oy

To establish the differentiability of ¢(-) at P relative to Pp, we need to show that there

exists some function ¢p = (&p’l, . ,@Rk) such that:

a) For each 1 <i <k, 1p; € sp(Pp)

b) For any h € R* and g € nPp, there exists some one-dimensional submodel p with

score function h’ l.gm + g satisfying

oy PN =) e
t E ’

t—0

To this end, we choose h € RF and g € nPp, and we will show that the above relationship
holds for the separable one-dimensional submodel p with score function A’/ l‘gw + g, that

is, the submodel p defined as

'u(ta ) = P00+th,77t

for any t > 0 with score function b’/ i@m + g. By definition, we can see that

for any ¢ > 0, so that

t—0 t
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It remains to find a function ¢p whose elements are in sp(Pp) such that
], @e(Wio,+g)aP = h.
For this equation to hold for any h € R¥ and ¢ € nPp, the function Yp must satisfy
/Ezzipz‘gmdp =1, and /Eq;pg dP = Ojx1

for any g € nPp. The second condition tells us that the components of ¢¥p must be
orthogonal to any function in nPp; this will be the case if each component of ¥p
is contained in the orthogonal complement of the closed convex subset sp(nPp) of
L?(E,P). One way to construct Yp is therefore to choose any k-dimensional function
¢ : E — R* with components in L?(€, P) and let ¥p be its orthogonal projection onto
sp(777'3p)l. Since

L2(,P) = sp(nPp) Psp(nPr)

each component of ¢ can be decomposed as the unique sum of its projection onto

—_— 7¢L
sp(nPp) and its projection onto sp(nPp) ; it follows that
bp = —To(p)

7.L
collects the projections of the elements of ¢ onto sp(nPp) .

We now proceed to narrow down possible candidates for the function ¢ to find the
desired efficient influence function. Note first that the elements of ¢p must be contained

in the closure of the subspace spanned by Pp = sp(l.QW) +nPp. Since

sp(l'g,n) +nPp C Sp(l'gm) +sp (777513) )

and the sum of two vector spaces over the real field is itself a vector space over the real
field, it follows that

sp (%) C sp(ig,n) +p (nf’p) :

On the other hand, for any f € Sp(l‘gm) +sp (Tﬂjp), there exists some h; € RF, hy € R™
and G = (g1, ,gm) : E — R™ with components in nPp such that

f=Rlp,+hsG.

Assuming without loss of generality that ho does not contain any elements equal to 0,
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we can see that

m Bl . .
f= ;hzi <h2172'l6,n +gm> € sp (PP> .

By implication,

sp(l'gm) +sp (7775p> =sp (75p) C sp(Pp).

Since the sum of closures is contained in the closure of the sum,

sp(ie,n) +W C sp(la,y) +W

C sp(l'g,n) +sp (nﬁp) C sp(75p).

In other words, if the components of i)p are constructed as the sum of the linear

combination of elements of lG,n and a function in sp(nPp), then they are also contained

in Sp(75p). Thus, if p = Al.gm for some non-random k x k matrix A, then the components
of

P = —Tlo(p) = A (lpy — o (l,y) ) = Al

are contained in sp(75p), where we used the linearity of the projection operator Iy to

justify the second equality.

Now it remains to choose A so that the first condition [, pl"eyndP = [}, is satisfied. A

must therefore satisfy
A/ lo.nly AP = Ij.
o 010 k

Here, because the components of Il (l‘gm) are contained in sp(n?jp), while the compo-

~ 7-J_
nents of [y, are contained in sp(nPp) , it follows that

/Jﬂie,nﬂo(ie,n)/dp = Okxks
so that
A/Z it dP:A/i I 4P = Al,.
B 0777 9777 P 9,77 0,77 0

In other words, A must satisfy the equation Aly = Ij; thus, A = fg I and our efficient

influence function is given as

vp() =I5 oy ().
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Q.E.D.

In light of theorem 9.21 and the preceding theorem, it follows that the sequence of statistics
{7 }nen, satisfying

VT (X, Xp) —00) = 1! (\/15 ifa,n(Xa) +op(1)
1=1

for any n € Ni, where {X;}icn, is a random sample with distribution P, defines a regular
statistic relative to 75p such that

Pt n(1/v/n,)
ValTr -6 TS

N[O, ']

for any h € R¥, g € nPp and submodel x of P with score function A’ l'gm + g. This closely mirrors
the formula for obtaining asymptotically efficient estimators in parametric models, except here
the efficient influence function is given in terms of the residual function ZH,n = ng - Ho(ig,n)
instead of the score function l.gm. We refer to ngn as the efficient score function, and l'9777 as the
baseline score.

Heuristically, the use of l~9,77 instead of l.gm represents how information is lost in a semipara-
metric model with nuisance parameter n compared to a parametric model in which the value of
71 is known. More precisely, the added uncertainty in 17 means that we must partial out the part
of the baseline score l'g?77 that depends on 7; this is why the efficient score ng is constructed by
orthogonalizing l.gm to the subspace spanned by the score functions corresponding to n. Mathe-
matically, this results in a larger lower bound for the asymptotic variance of regular estimators:

since

/Elﬁnl/e,ndp:/EZG,nlle,ndP_/Ele,nHO(ZG,n)/dP:/Ele,nl/e,ndp

and
/E Mo (lp.)) o (lp.y) dP = /E Ho(z'gm)z'gmdp— /E Ho(z‘g,n)igmdp

= [ ol )ih. dP
/E‘ O( 9777) 0.n

because the components of Il (i9,n) and those of lN(;m are orthogonal, we have

o N 7,
/E lo.ll AP — /E lo.ly AP = /E (i —Ton) igydP
- /E o (lp )iy, P = /E o (ig.,)) o . dP.

By implication, [5 l'gml.gmdP— I l~97nl~'97ndP is positive semidefinite. If Io = [, l~9ml~’97ndP is positive
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definite, this implies that [ iﬁ,nig) ,dP is also positive definite and that

-1 -1
(/E lgynl’emdP> - (/E lg,nl’o,ndP>

is also positive semidefinite. This shows that the CRLB for semiparametric models cannot be
lower than that of the nested parametric model where the value of the nuisance parameter is

known.
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Chapter 10

Empirical Process Theory

10.1 Stochastic Convergence without Measurability

Empirical process theory mostly deals with stochastic convergence of random quantities of in-
terest uniformly across some index set. When this index set is a subset of the real line, or the
random quantities are continuous functions of some sort, then we can usually establish that
these quantities are measurable using a combination of Berge’s maximum theorem and some
measurable selection theorem—this is exactly what is used to show that, for instance, the max-
imum likelihood estimator is a measurable function of the data when the objective function is
continuous in the data as well.

However, for general index sets and cases where the quantities of interest need not be con-
tinuous, it is often impossible to establish measurability. In this case, we require the use of outer
probabilities, which take values on all possible subsets of the sample space, to generalize the
notion of convergence in probability and distribution. It can be shown that measurability of the
limit is sufficient for the usual properties of stochastic convergence, such as the Portmanteau
lemma and the continuous mapping theorem, to hold for stochastic convergence under outer
probabilities as well.

The usefulness of this more generalized notion of stochastic convergence can be seen most
clearly when it comes to the Glivenko-Cantelli theorem. Recall in the chapter on non-parametric
estimation that we spent a great deal of effort to establish that sup,ege |2 520 Ix,<; — F (ZL‘)‘ is
a random variable for a random sample Xi,---, X, in RF drawn from the distribution function
F. We show below that these concerns are rendered irrelevant when we use outer probabilities
to define almost sure convergence—leading to a much simplified proof of the Glivenko-Cantelli

theorem.
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10.1.1 Outer Measures and Integrals

Let (E,&,u) be a measure space. Recall from the Hahn-Kolmogorov extension theorem that the

function p* : 2 — [0, +o00] defined as

(1 (A) = inf{ iu(Vn) [{Valn CE, AC Uvn}
n=1 n

for any A C E is an outer measure on F, and the collection M of outer measurable sets defined

as
M={ACE|p"(B)=p*(BNA)+u*(BNA®) VBC E}

is a g-algebra on E containing £. The restriction of y* to M constitutes a complete measure on
(E,M).

Note that an equivalent formulation for the outer measure is
p(A)=inf{pu(V)| Vel ACV} VACE.

To see the equivalence, note that, for any V € € such that A C V, letting V;, =V and V,, =0 for
any n>2, {V,}, Cc&and ACl,V, =1V, so that

W(V) = 3 (Vi) = (A,
n=1

This establishes that infycg acy u(V) > p*(A). For the converse inclusion, choose any {V, }, C €
such that A C |J,, Vj,. Since £ is a o-algebra, V =J,,V,, € € as well, so that

i < (V) <
el p(V) s u(V) < ;N(Vn)

by the subadditivity of . This show sus that infyeg acy p(V) < p*(A4).
Analogously to the definition of the outer measure, we can define the outer integral of a

real-valued function f: E — R that is not necessarily £-measurable as follows:

/fd,u*:inf{/ gdu|geE/BR), f<g, /gdu exists}.
E E E

If the set on the right hand side is empty, we adopt the convention that [, fdu* = +o00. Note
that, if f is £-measurable and p-integrable, then [ fdu* = [ fdp, so that the definition above is
a suitable generalization of the usual abstract integral. We can now show that the outer integral

possesses the following properties:

Lemma 10.1.1. Let (E,&, 1) be a measure space and p* the outer measure induced by p. Then,

i) Monotonicity. For functions f,g: E — R such that f <g, [ fdu* < [pgdu*.
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it) For any f: E — R and a € [0,+00),

/E(af)du*=a/Efdu*.

iii) Finite Subadditivity. For any f,qg: E — R,

/fa(f+g)d“*§/};fd“*+/Egd“*'

i) Additivity with Measurable Functions. For any f,g: E — R such that g(-) is an

E-measurable integrable function,

/E(f+g)du*=/Efdu*+/Egdu-

v) MCT. For any sequence { fn}nen, of non-negative functions on E such that f, / f,

lim/nd*:/ du’*.
THOOEf M Efu

vi) Countable Subadditivity. For any sequence { fn}nen, of non-negative functions on I,

letting their sum be f =73 0", fn, we have
du* < / .
/Ef m 7; | Judn

vit) BCT. Suppose p is a finite measure. For any sequence { fn}nen, of uniformly bounded
functions on E that converge pointwise to some £-measurable function f: E — R and

satisfies the asymptotic measurability condition

/fndu*—i-/ (—fn)dp* =0 asn— oo,
E E

[ fdp exists and

lim/nd*:/ dt.
HOOEf u Efu

Proof. i) To show monotonicity, choose any real-valued functions f,g: E'— R such that f <g.
If [, fdu* = 400, then there does not exist any measurable real valued function h such
that f <h and [ghdp; and by implication [ gdp* = +00 as well. Now let [ fdu* < +o0.
Suppose for the sake of contradiction that [, fdu* > [ gdp*. Then, by the definition of
the outer integral, there exists some h € £/B(R) such that g < h and

/gdu*é/ hdu</ fdu®.
E E E
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ii)

iii)

iv)

However, since f < h as well, it must be the case that [ fdu* < [phdp, a contradiction.

Next, let f: E— R and a € R. If a =0, then it is trivial that [p(af)dp* =a [ fdp* = 0.
Suppose that a > 0. In the case that [, fdu* = +oo0, if there exists some measurable h
such that af < h with finite integral, then %h is a measurable function dominating f
with finite integral, which contradicts the assumption that [ fdu* = +oo. It follows that
Jglaf)dp* = +oo =a [ fdu* in this case.

Thus, let [, fdp* < +oo. If [p(af)dp* < a (g fdp*, then by definition there exists some
measurable h: E — R such that af < h and

/hd,u<a/ fdu*.
E E

Dividing both sides by a yields [ (%h) dp < [p fdp*, but since %h is a measurable real
valued function that majorizes f, we must have [ fdu* < [g (éh) du, a contradiction.
Thus, it must be the case that

o f s < [ (i

The same holds with a f in place of f and % in place of a, which establishes that [ (af)dp* <
a [ fdp*. This shows us that [;(af)du* =a [y fdu*.

Let f,g: E — R be arbitrary real-valued functions. If either [ fdu* or [pgdu* are +o0,
the result is trivial. Thus, we let both integrals be finite. Let hy,h,; be measurable real
valued functions such that f < h; and g < hy, whose integrals exist. Then, hy+ hy is a
measurable real valued function such that f+4 g < hy-+h, and whose integral with respect

to p exists by the additivity of integration; as such,

/ (f+g)dp” < / (hy+hg)dp :/ hfdu+/ hydp.
E E E E
Taking the infimum on both sides with respect to hy,hy then yields the desired subaddi-

tivity result.

Now suppose that g(-) is E-measurable and integrable while f(-) may not be measurable.
Suppose [ fdu* = +oo. Then, if there exists some measurable h such that f+g <h
and h is integrable, then f < h —g for the integrable function h — g, which contradicts
Jg fdp* = —4o00. Thus, in this case we have

|ty =too= [ pau

Suppose [ fdp* < 4o00. Then, for any measurable and integrable h such that f+g < h, it
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follows that h — g is a measurable and integrable function that majorizes f. By definition,

/Efdﬂ*S/Jg(h—g)dMZ/Ehdu—/Egd/,L.

This holds for any measurable and integrable function A that majorizes f+ g, so

[t < [ (r+g)du [ gan

and rearranging we have [ fdp*+ [pgdp < [(f +g)dp*. The reverse inequality was es-

tablished above, so we immediately have our desired result.

Let {fn}nen, be a sequence of non-negative functions on E such that f,  f. Since
Jg fndp* < [ fdp* by the monotonicity of the outer integral, and [j, f,dp* is increasing

in n, its limit is well-defined as the supremum and we have

tin [ fudt < [ fde.

If the limit on the left hand side is +o00o, then the result follows trivially, so let it be finite.

For any € > 0, since lim,, o0 [ fndp* = SUDpen, Jg fndp* we have

/fndM*< lim/fndu*—i—e Vn € Ny.
E n—o0 E

By definition, for each n € N, there exists some measurable non-negative valued function
gn such that f, <g, and

/gnd,u< lim/fndu*+e.
E n—oo E

For any k € Ny, define Gy, = inf,,>,g,. Then, {Gy}ren, is an increasing sequence of
non-negative £-measurable functions with limit/supremum G that is also £-measurable.

Furthermore, since
e <fa<gn Yn=>k,

it follows that fi <inf,>; g, = Gj. Taking £ — oo on both sides shows us that f < G

pointwise on F. Furthermore,

< o1 .
/Edeﬂ_Tllga/Egndu_ggH;O/Efndu +€

by the monotonicity of u, and by the MCT for ordinary integrals, taking k — oo yields

/Gd,ug lim/fndp*+e<—|—oo.
E n—oo E

Thus, G is a non-negative measurable function such that f < G with a finite integral; by
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vi)

vii)

the definition of the outer integral, [ fdu* < [ Gdp. It follows that
/ fdp* < lim / fndu™ +e.
E n—oo E
This in turn holds for any € > 0, so
/Efdu Snlbnéo/Ef”d“ ;

and the proof is complete.

For countable subadditivity, note that, by finite subadditivity,

o o

for any n € N. Defining g, = >_1—1 fm, {9n}nen, is a sequence of functions on E that

increase to f, and as such, the MCT implies

d*:lim/nd*g /md*.
/Efﬂ Jim | gndu mglEf m

Suppose that p is a finite measure. Let {f,}nen, be a sequence of real-valued functions
on F such that |f,(x)] < m for any n € N; and z € E. Since f,, — f pointwise, It follows
that |f(z)| <m for any « € E as well, so that [ fdu exists. Define g,, = infy>,, fi for any
n € Nyi; then, {g, +m}nen, is a sequence of non-negative functions on E that increases
to f+m. By the MCT,

n—oo

lim E(gn+m)du*:/Efdu+m-u(E)-

Similarly, define h,, = supy>,, fx for any n € N,. Then, {f —h, +2m}nen, is a sequence

of non-negative functions that increases to 2m > 0. By the MCT again,

lim [ (f —hp+2m)du* =2m-p(E).

n—0o0 E

Now, since the constant function is always measurable, the additivity condition with mea-

surable functions tells us that

/(gn+m)du*:/gndu*+m-u(E)
E FE

for any n € N,. Likewise, the measurability of f + 2m implies that

/E(f—hnvLQTn)dﬂ*Z/E(—hn)du*—k/Efdu—FZm-u(E).
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It follows that

lim [ g,du” :/ fdu=—lim [ (=hy,)du".
E

n—x /g n—oo | p

Since g, < fn < hy, for any n € Ny, the monotonicity of outer integration shows us that

/fd,u: lim /gndu* gliminf/ fndu* glimsup/ fndu™.

By the asymptotic measurability condition,

limsup/ frndp™ <limsup (—/ (—fn)du*> < lim (—/ (—hn)du*> =/ fdu,
n—oo JE n—00 E n—00 E E

and it follows that

Iim/nd*:/ du.
THOOEf i Efu

The fact that linearity does not hold for outer integrals makes them much harder to work

with. For example, the failure of linearity means that we cannot establish the DCT for outer

integrals, and that the outer integral for real- and complex-valued functions cannot be defined

through the outer integral for non-negative valued functions.

10.1.2 Stochastic Convergence without Measurability

Let (2, Hn,Py) be a sequence of probability spaces and (E,d) a metric space. For each n € Ny,

let Py be the outer measure constructed from IP,. Let {X,},en, be a sequence of mappings

Xy :Q, — E, and X a random variable taking values in £ under the probability space (Q2,H,P).

We define the following forms of convergence:

e Almost Sure Convergence

Q.S *

Suppose (2, Hp,Pp) = (Q,H,P) for any n € Ny. Wesay X,, — X if there exists a sequence

{An}nen . of non-negative functions on €2, that are H,-measurable such that

d(Xn,X) <A, VYneN,, A, 5500.

e Convergence in Probability

Suppose (Q,, Hp,Pp) = (Q,H,P) for any n € N;. We say X, X if
nli_}rg()[?’i [d( X, X)>€ =0

for any € > 0.

612



¢ Convergence in Distribution
X, % X if, for any f € Cy(E),

lim EY [f(X,)] =E[f(X)].

n—oo

Note that the definitions are extended naturally for mappings X,, that need not be measur-
able through the use of the outer probability and expectations, but the limit X is nonetheless
taken to be measurable. The definition of convergence in distribution cannot be stated in terms
of the distributions of X, because the lack of measurability means that the pushforward mea-
sure is undefined. The next theorem shows us that the Portmanteau theorem for convergence in

distribution continues to hold:

Lemma 10.1.2 (Portmanteau Lemma for Outer Expectations). Let (2, Hn,Py) be a sequence
of probability spaces, (E,d) a metric space with corresponding Borel o-algebra £, and { Xy, }nen,
a sequence of mappings Xy, : Qn — E. Let (0, H,P) be the limiting probability space and X : Q@ — E

a ‘H/E-measurable mapping. Then, the following are equivalent:
i) Xn3X.
it) EX [f(Xn)] = E[f(X)] for any bounded Lipschitz function f: E — R.

iit) For any closed subset F' of F,

limsupP) [X,, € F|<P(X € F).

n—00

iv) For any open subset G of E,

liminfP, , [X, € G] > P(X € G).

n—o0

v) For any Borel subset B of E with P(X € 0B) =0,
lim P [X, € B|=P(X € B).

Proof. i) — ii)
This follows trivially because any bounded Lipschitz function f: E — R is automatically a

bounded continuous function on FE.

ii) — iii)
Suppose that EX [f(X,,)] = E[f(X)] for any bounded Lipschitz function f: E — R. Let F' be
an closed subset of E. Then, the distance function = — d(x, F) is a continuous function on FE,

so that we can define the sequence {F} }ren, of closed subsets of E as

F = (d(- F))~! (H—I—oo))
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for any k € N, where the closedness of Fj follows from the fact that the inverse image of a
closed set with respect to a continuous function is closed. Since Fy A F°¢ as k — oo, by the

sequential continuity of measures we have
lim P(X € F)=P(Xe€F)=1-P(X €F).
k—o0
Choose any € > 0, and choose k € N, so that
IP(X € FY)-P(X € F)| < %

Defining V' = FY, V is an open subset of E that contains F', and such that d(z,y) > % for any
x ¢V and y € F. It follows from Urysohn’s lemma for metric spaces that there exists a Lipschitz
continuous function f: F — R such that Ir < f < Iy. Thus, f(-) is also bounded, and we can
apply ii) to see that there exists some N € N, such that

* €
B [f(X)] ~E[f(X)]| < § W= N.
Now, by the monotonicity of (outer) measures,
Py [Xn € F] = Ep [Ipo Xo] <Ep [f(Xn)]

< S+E[f(X)] < 5 +E[Iy o X]

DN

<e+P(X€eF)
for any n > N. It follows that
limsupP; [X,, € F] <P(X € F) +¢,
n—o0

and since this holds for any € > 0, we have the desired result.

iii) — iv)
Choose any open subset G of E. Then, letting F' = G¢, F is a closed subset of E. Choose
any H € H,, such that {X,, € F} C H. Then, H¢ C {X,, € G}, so that
Py« [Xn €G] >P,(H) =1-P,(H),
and rearranging we have
P,(H)>1-P,,[X, €G].

Taking infima on both sides over H € H,, such that {X,, € F'} C H, we have

P! (X, € F] > 1— Py [Xy € G].
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This holds for any n € N, so

limsup (1 =P, . [X, €G]) <P(X € F)=1-P(X € G).

n—oo

Rearranging terms yields the desired result.

iii) — v)
We saw above that iii) implies iv). Choose any subset B of E with P(X € 0B) = 0. Then,
letting G be the interior of B and F its closure, P(X € G) =P (X € F) =P(X € B). By iii) and

iv), we can see that

liminf P, . [Xn, €G] >P(X €G)=P(X € F) >limsupP} [X,, € F].

n—oo

Since G C B C F, it follows that

liIgianP’fL [X, € B> P(X € B) > limsupP; [ X, € BJ,
n—oo

n—oo

and we have the desired result.

v) — i)

Let f: E — R be a bounded and continuous function on E. Suppose that |f(z)| < M for
any z € F, and define h(z) = 55+ (f(x) + M), so that h(-) is a non-negative continuous function
bounded above by 1. For any t > 0, we showed in the proof of the ordinary Portmanteau lemma
that B, = {h >t} is a Borel set such that P (X € 0B;) > 0 only for ¢t € Ty, where Tj is a countably
infinite subset of [0,1]. As such, by v),

P} [X, € B] »P(X €B,) Vte[0,1]\T.

Note that the real-valued mapping ¢ — P} [X,, € By] is decreasing in ¢ by the monotonicity of
the outer measure; as such, it has at most countably many discontinuity points and is Borel
measurable. This mapping is also bounded above by 1, which is integrable with respect to the

Lebesgue measure on [0,1], so the almost sure version of the DCT tells us that

lim /Ol]P;[Xn eBt]dt:/OlP(XeBt)dtzE[h(X)],

n—oo

where the last equality follows from Fubini’s theorem.
Now, for any n € Ny, let Y, : Q, — R be #,/B(R) measurable with finite expectation
E, [Yn] < 400 under P, and 0 < h(X,,) <Y,. Since h(X,) <min(Y,,1) and

E, [min(Y,,1)] <E, [Y.],
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it follows that
E;, [h(Xy)] = inf {E, [Yo] | Yo € Ha/B(R), Bn[Va] < +00, h(X,) < Yo}
= inf {E, [V,] | Yo € Ho/B(R), By [¥n] < +00, h(X,) < Vo <1},

and we can restrict our attention to Y,, bounded above by 1. By Fubini’s theorem,

:/1]Pn[Yn>t]dt
0
>/011p>;; (X)) > f] dt

_ /OI]P;; X, € By dt.
As such,
/OlR’; (X € By]dt < inf{En Yol | Yn € Hyn/BR), E, [Ya] < +o0, h(X,,) <Y, < 1} =E
Taking n — co on both sides yields
E[h(X)] < hnrr_1>1orc1>fIE; [h(X5)].

To establish the converse, choose any ¢ > 0 and an integer k € N, such that % < €. Then,

1 k
EZ iy (@

for any x € E. The monotonicity and subadditivity of the outer integral shows us that, for any

n€N+,

Thus, taking n — oo on both sides yields

limsupE} [h(X,)] < e+E[R(X)].

n— oo

This in turn holds for any € > 0, so

lim EZ [h(X,)] = E[h(X)].

n—o0
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Finally, since the outer integral is additive for a sum that includes a measurable function,

B (X)) = 51 B L (X)) + 5

for any n € N.. Likewise, E[h(X)] = 5E[f(X)]+ 1, so it follows that

lim E* [f(X,)] =E[f(X)].

n—oo

O]

The usual relationships between the various forms of stochastic convergence continue to hold

for outer expectations as well:

Lemma 10.1.3. Let (Q,H,P) be a probability space, (E,d) a metric space with corresponding
Borel o-algebra £, and { X, tnen, ,{Yn}tnen, sequences of mappings XY, : Q — E. Let X,Y :
Q — E be H/E-measurable mappings. The following hold true:

i) X, 5" X implies X, 5 X
i) If X % X and d(X,,Y,) 50, then Y, % X.
iii) X, B X implies X, % X.
i) For a scalar c€ E, X, B ¢ if and only if X, e
v) If X B X and Y, BY, then (X,,,Y,) B (X,Y) in the box metric d x d.

vi) For a scalar c € E, if X, 4 X and Y, B c, then (X,,,Yy) A (X,c) in the box metric d x d.

Proof. Suppose that X,, “>" X. Then, there exists a sequence {A, }en . of non-negative H/B(R)
functions such that d(X,, X) <A, and A,, “% 0. For any n € N and € > 0, the event {d(X,,, X) >
€} is contained in {A, > €}, so that

Py (d(Xn,X) >¢€) <P, (A, >¢).

Because A, 30, A, % 0 and thus the right hand side is o(1) as n — oo. This proves that
X, 5 X.

Suppose that X, % X and d(X,,Yn) 0. Choose any bounded Lipschitz function f: F — R
such that |f(x)] < M for any = € E. Letting L > 0 be the associated Lipschitz constant, we can
see that

[ [f (V)] = B [f (Xl < [E*[£(Yn) — f(Xan)]] (Subadditivity)

<E*f(Yn) — (X)) (Monotonicity)
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Since |f(z) — f(y)| < Ld(z,y) for any =,y € E, it follows that

|f(2) = f(9)] <2M - I{g(ay)>e) + Le

for any x,y € F and € > 0. By the monotonicity and subadditivity of the outer integral, we now

have
B [f(Ya)] = E* [f (Xn)]| < 2MP*[d(X,Y7) > €]+ Le
for any n € N,. Taking n — oo yields

limsup [E* [£(Ya)] ~ E* [f(X)]] < Le,

n—o0

and since this holds for any € > 0,
E*[f (V)] = E*[f(Xn)] = 0
as n — 00. By the definition of convergence in distribution, E*[f(X,)] = E[f(X)] as n — oo, so

lim E*[f(Yn)] = E[f(X)].

n—oo

This in turn holds for any bounded Lipschitz function f: E — R, so by the Portmanteau lemma,
d
Y, — X.

Suppose X, = X. Then, defining Y,, = X for any n € N, d(Xn,Yn) 2,0 by the definition
of convergence in probability. Since Y, 4 x trivially, in light of the preceding result we can
conclude that X, 4 x.

Now suppose X, “ ¢ for some constant ¢ € E. Choose any € > 0 and define the Borel subset
B.={x € E|d(z,c) > €} of E. Denote by X the degenerate random variable that assigns unit
mass to ¢, and 0. the Dirac measure sitting at c. Since 6.(B.) =0 (¢ ¢ Be), it follows that
P(X € 0B.) =0 as well. By the Portmanteau lemma, we can see that

lim P*[X, € B]=P(X € B;) =0.

n—o0

X, & ¢ then follows from the fact that {X, € Bc} = {d(Xn,c) > €}.

Suppose X, L X and Y, BY individually. In this case, for any n € N,
(dxd)[(Xn,Yn), (X,Y)] =max (d(X,,X), d¥,,Y)),
so that taking n — oo on both sides implies that (X,,,Y,) = (X,Y) in the box metric.

Finally, let X,, % X and Y,, & ¢ for some constant ¢ € E. The proof of the desired result follows
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from a procedure similar to that of the proof of ii). First, choose any function f: Ex E — R
that is bounded and Lipschitz continuous with respect to the metric d x d. Letting |f(z)| < M
for any x € F, and letting L > 0 be the associated Lipschitz constant,

[E* [f (Xn, Yo)] = E* [f (X, 0)]| E*[f (X0, Yn) — f(Xn, ).
For any x,y € F and € > 0, we have
|f(x,y) — fz,c)| <2M - Ii40y.0)>e) + Le,
so that
B [f (X, Yo )] = E* [f (X, )| < 2M - P [d(Yn, ¢) > €] + Le.
Therefore,

lirnsup\E* [f(XmYn)] —E* [f(ch)” < Le,

T—00

and since this holds for any € > 0,

lim ‘E* [f(XmYn)] —E* [f(Xn,C)” =0.

T—o0

Now notice how the section f(-,¢): E — R is a bounded and continuous function on E. By the

definition of convergence in distribution,

E*[f(Xn, )] = E* [f(X, )]
as n — 0o. Therefore,

E*[f(Xn, Yn)] = E*[f(X, c)]

as n — oo, and we can conclude that (X,,,Y},) 4 (X,c).
U

The continuous mapping theorem also continues to hold for the more general forms of stochas-
tic convergence. We present a refinement of the theorem that holds for more general sequences

of functions.

Lemma 10.1.4. Let (Q,,Hn,Pyn) be a sequence of probability spaces, (E,d) a metric space
with corresponding Borel o-algebra £, and {Xp}nen, a sequence of mappings X, : Qy, — E. Let
(Q,H,P) be the limiting probability space and X : Q@ — E a H/E-measurable mapping.

Let (G,p) be another metric space with corresponding Borel o-algebra G, {Ey}n>0 subsets
of E and {gn}n>0 functions such that g, : E, — G for each n > 0. Suppose, for any sequence

{@n}nen, that admits a subsequence converging to some x € Ey, that gn(x,) — go(x) along this
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subsequence, and that go(X) is in H/G.
Then, X, % X in the metric d implies gn(Xn) 4 go(X) in the metric p.

Proof. We make use of the portmanteau lemma; choose any closed subset F' of G. Then, for any
ke Ny and n >k,

{x€Ey|gn(z)eF}C | J {2 €En|gm(z) € F}.

m>k

By monotonicity and countable subadditivity,

P* [gn(Xn) € F] <P* | X, € | {z € En | gm(z) € F}

m>k

<P*|X,e€ U{xEEm\gm(x)eF}

m>k

Taking n — co on both sides yields

limsupP* [¢,,(X,,) € F] < limsupP* [Xn € U {r € En | gm(z) € F}

n—00 n—00
m>k

By the Portmanteau lemma applied to X, 4 x , we can see that

limsupP* [g,(X,,) € F] <P (X € |J{ze€En|gm(z) e F}) .

n—00 m>k

This holds for any k € Ny.
Define By, = U5, {% € Em | gm(2) € F}. Then, {X '(By)}ren, is a decreasing sequence of

measurable sets in H, so that, by sequential continuity,

lim supP* [g,(X) € F] < lim P(X € By) =P (DXl(Bk)> =P (X S QBk> :
Choose any x € (; Bg. Then, for any k € Ny, x is a limit point of the union |J,,>,{%" € Ey, |
gm(2') € F'}, so that there exists some 2z’ € E such that g,,(z') € F for at least one m >k
and d(z',x) < % We use this property to construct the desired sequence. Choose any z’ € E
such that d(z',z) <1 and g,,1)(2") € F; then, we put x; = 2’ for 1 <7 <m(1). Suppose that
we have now constructed the sequence up to the index m(k) € Ny, where d(,,@x),z) < % and
Im(k)(@my) € F. Then, using the fact that x € By, y41, we can find some 2’ € E such that
d(z',x) < k%rl and g (k11)(2') € F for m(k+1) > m(k). Now put Zp,y41 =+ = Tp(hg1) = -

This construction gives us a sequence {Z,}men . in E and a strictly increasing sequence
{m(k)}ren, in Ny such that, forany k € Ny, d(2p ), 7) < % and gp, (k) (Tm(k)) € F. It follows that
{% k) tken, is a subsequence that converges to x, and thus, if x € Ep, then g,y (T k) — go(2)

as k — 00. Since { g (k) (Tm(k)) ren, 18 a sequence contained in the closed set F', by the sequential
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characterization of closed sets go(z) € F' as well. We have just proven the inclusion
(VB C g ' (F)UEG,
k

so that

limsupP* [g,(X,.) € F] <P (X € gy (F)UE).
n—oo
Since go(X) is well-defined on the sample space €2, it follows that X must almost surely take

values in Ej, so we have

limsupP* [g,(X») € F] <P(g0(X) € F).

n—oo

This in turn holds for any closed subset F' of G, so the Portmanteau lemma implies that g, (Xp,) 4

go(X).
O

Note that the ordinary continuous mapping theorem follows immediately from the above

generalization.

10.2 Convergence of Stochastic Processes

Here we are interested in the convergence of random bounded functions; it can be seen as a
generalization of the results pertaining to random functions taking values in the space of contin-
uous functions on a compact metric space. Our interest in the convergence of arbitrary random
bounded functions elucidates the reason for focusing on outer expectations in the previous sec-
tion. The space of continuous functions on compact metric spaces is itself complete and separable
under the uniform metric, so that the usual notions of convergence in distribution and prob-
ability continue to hold. However, other classes of functions, such as the set of all bounded
functions or cadlag functions, on spaces that may not be compact or metrizable, are generally
not complete nor separable under the uniform metric. For the space of cadlag functions it is
possible to construct the Skorokhod metric as an alternative to the uniform metric, under which
completeness and separability are restored; but this construction is very complicated and the
theoertical cost is often not worth the benefit. Instead, it is simpler to concede completeness
and separability while continuing to work under the uniform metric—in which case the theory

of stochastic convergence for non-measurable functions becomes indispensible.

10.2.1 Semimetric Spaces
Let F be an arbitrary set. A function p: E x F — R, is called a semimetric if:

1) p(z,x)=0for any x € £
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2) p(z,y) = p(y,z) for any z,y € £
3) p(z,y) < p(x,2)+ p(z,y) for any z,y,z € E.

Simply put, a semimetric is a metric under which it is possible to assign distance 0 to two
distinct points. The topology 7 induced by the semimetric p is the topology generated by the

base of all open balls under p:
B:{{yEE|p(x,y)<e}|x€E, e>0}.

Note that B is a base on F because any x € E is contained in an open ball centered at x and,
for any two open balls B,(x,e) and B,(y,n) for x,y € E and €, >0, if z € B,(x,€) N B,(y,n)
then z € B,(2,0) C By(z,€)N B,(y,n) for § = min(e —p(z,2), n—p(y,z)) > 0.

We say that a function f: E — R is continuous on FE if it is continuous relative to the
topology induced by p and the standard euclidean topology on R. It is easy to show that this is
equivalent to requiring that, for any x € E and € > 0, there exists a é > 0 such that

|f(z)—f(y)| <e VyeFEst. p(x,y) <4

Analogously to the case of metric spaces, we say that f is uniformly continuous on F if

sup | f(z) = f(y)| =0
z,yeE, p(z,y)<d
as 0 — 0. Uniform continuity plays an especially important role for continuity with respect to

semimetrics because it allows us to construct continuous extensions:

Lemma 10.2.1 (Uniformly Continuous Extensions). Let (E,p) be a semimetric space with
corresponding topology T and Ey a subset of E that is dense in E. If f: Ey — R is uniformly
continuous on Fy with respect to the semimetric p, then there exists a unique continuous function

f:E =R such that f(x) = f(z) for any x € Ey. Furthermore, f is itself uniformly continuous.

Proof. We start by defining f(m) for each x € E. Choose x € E. Because Ej is dense in F,
there exists a sequence {x, }nen, in Eg such that p(x,,x) — 0 as n — co. Choose any € > 0. By
uniform continuity there exists a § > 0 such that |f(x)— f(y)| < € for any z,y € Ey such that
p(x,y) < 6. Since {x,}nen, is Cauchy in p, there exists some N € N, such that p(z,,zm) <0

for any n,m > N: and as such,
|f(zn) — f(xm)] <€ Vn,m>N.

We can find such an N for any € > 0, so {f(2n)}nen, is a Cauchy sequence in R. The real line
with the euclidean metric is a complete metric space, so it follows that there exists some f, such
that f(z,) — f. as n — oo; we define f(x) = f,.
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To show uniqueness, let {1, },en, be another sequence in Ey that converges to z. Then,

[F(n) = F(@)] < 1f ) = Fn) |+ | F(2n) = F(2)

Y

and since p(Tn,Yn) < p(Tn,x) + p(yYn, ) converges to 0 as n — 0o, by uniform continuity of f(-)

we can see that

lim f(yn) = f(m)

n—oo

Thus, the value of f (z) does not depend on which approximating sequence in Ey we use.

It remains to show that the function f defined thusly is uniformly continuous on E. For any
€ >0 choose 0 > 0 so that |f(x) — f(y)| < § for any x,y € Ep such that p(z,y) <. Now choose
any z,y € E and suppose that p(z,y) < %. We want to show that ’f(x) — f(y)‘ <e.

Let {xn}nen, and {yn}nen, be sequences in Ey such that x, — = and y, — y in p. Then,
there exists an N € N, such that

max [p(Zn,x), p(Yn,y)] < g Vn > N.

By implication, p(zn,Zm), p(Yn,Ym) <0 for any n,m > N, so that
€
max [|f (zn) = f(@m)l, [f(yn) = fym)l] < 5

for any n,m > N. Taking m — oo on both sides of the inequality also shows us that

max || f(2a) = f(2)],

Fm) — Fw)]] <

Wl ™

for any n > N as well. Finally, we can see that
P(Tn,yn) < p(zn, ) + p(z,y) + p(Y,yn) <
for any n > N, so that |f(z,) — f(yn)| < §. Putting this all together,

[F@) = F@)| < 1f@n) = fun) | +| flan) = F@)]|+] Fon) = Ty)| < e

We can find such a § > 0 for any € > 0, so by definition f is uniformly continuous on E.

10.2.2 The Main Theorem

Let E be an arbitrary set, and define ¢>°(F) as the collection of all bounded real-valued functions

on E. Then, defining ||| as

[flloe =sup|f(z)| Vfel*(E),
zeE
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we know that |||, is a norm on £°°(E). Let d be the metric on £°°(E) induced by |||, so that
({*(F),ds) is a well-defined metric space (that may or may not be complete and separable).
Let Boo(FE) be the Borel o-algebra corresponding to doo.

Given a probability space (2,H,PP), we are interested in functions X : Q — ¢*°(FE) that may
or may not be measurable relative to H and B (E). Given this function, we can construct the

corresponding stochastic process { X (t) }+cp as
[XO)(w) = [X(W)I(t) VieE, weq,

where the left hand side is the function X (¢): Q — R evaluated at the outcome w and the right
hand side the path X (w) of X corresponding to the outcome w, evaluated at the ordinate t € E.
If X is H/Bx(E) measurable, it is easy to show that each X (¢) is Borel measurable.

The following is the statement and proof of the main result. It shows us that, if a sequence
{Xo}nen, of functions taking values in ¢°°(E) has weakly convergent finite-dimensional distri-
butions and satisfies a tightness condition, then it converges in distribution to a random function

whose paths are uniformly continuous on some well-defined semimetric space.

Theorem 10.2.1. Let (},H,P) be a probability space, E an arbitrary set, and {X,}nen, a
sequence of functions Xy, : Q — (*°(E) with corresponding stochastic process { X (t) }1ep. Suppose
that

i) There exists a random function X : Q — (>°(E) with corresponding stochastic process

{X(t)}ter such that, for any finite collection of points (t1,---,tx) € E,
(Xn(t1), = Xn(ti)) 5 (X (02), - X (10)).

i) For any m € N, there exists a finite partition ET",--- E}" of E such that

limsupP* | sup sup |X,(s)—X,(t)|>2""| <27™
n—so0o  |1<j<kp st€ET

Then, there exists a semimetric p on E and a H/Bs-measurable mapping X: Q- (>*(E)
with paths that are everywhere uniformly continuous with respect to p such that X, 4 X with
respect to the uniform metric doo on £°°(E).

Suppose in addition that there exists a metric d on E such that we can choose t7* € ET" for

any 1 <j <kp and m € Ny such that

( . \X(t?)—X(tw!)(maX s 7)) o

1<i#j<km d(t, ") 1<j<km

almost surely as m — co. Then, X also has paths that are almost surely continuous and bounded

with respect to d.
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Proof. The proof proceeds roughly as follows. We know that the finite dimensional distributions
of X,, coverge in distribution from condition i); the goal is to generalize this to convergence in
distribution of X, itself. Condition ii) allows us to construct finer and finer partitions of the
space F, using which we can form a semimetric p based on whether two points are contained in
the same partition. The axiom of choice then allows us to choose a point on each partition, and
p will have been designed so that this collection of points Ey forms a countable dense subset of
E. Since the probability that the X,,-ordinates coincide for points in F that are contained in
the same set in a given partition becomes smaller the finer the partition becomes, in the limit
condition i) implies that the limiting process X has almost surely uniformly continuous paths on
FEy with respect to p. The continuous extension lemma proved above allows us to extend X to a
process X with almost surely uniformly continuous paths on the entire set E with respect to p,
which also inherits the measurability of X. Now we prove that X,, converges in distribution to
X by first showing that, at each partition, we can construct a piecewise constant function from
X, which, because it can be reduced to the collection of a finite number of ordinates of X,
converges in distribution to the same piecewise constant operation applied to X. Afterward, we
show that, as the partition becomes finer, the piecewise constant version of X,, converges to X,

itself in distribution, and likewise for X.

Constructing the partitions and semimetric

By condition ii), for any m € Ny we can find a partition {ET",---, Ef” } of E such that

limsupP* | sup sup |X,(s)—X,(t)|>2""| <27™.

n—00 1<j<km s,tGEJm
Since the left hand side is smaller for finer partitions, we can let {E{”H, e ,E,Z’:fl} be a refine-
ment of {E7",--- B} } for each m € N, without loss of generality. For each m € N, we can

define a semimetric p,,, on F as

0 ifx,y€ L™ forsomel<j<ky,
pm(T,y) =
1 otherwise

for any x,y € F; in other words, pp,(z,y) =1 if 2,y belong to different partitions and equals 0
otherwise. Note that the e-ball B, (x,€) around some x € E equals the entire set £ if € > 1 and
equals the partition containing x if € < 1. Thus, the topology induced by p,, is the topology
generated by the base {ET", -, E}" ,E}.

Define the mapping p: F x E — R as

pz,y)=> 2 "pm(z,y) Vaz,y€E.

m=1

Note that p is also a semimetric on E: p(z,2) =0 and p(z,y) = p(y,x) follow easily from the
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same properties of p.,,, and for any x,y,z € F,

o0

Z " (pm(w,2) + pm(2,9)) = pl@,2) + p(2,y).-

Note also that, for any z,y € EJ", since pg(x,y) =0 for any k <m,

o
doooh=2m

k=m+1

so that the p-diameter of the set E7" is bounded above by 27™. Construct the countable set Ey

as

Eo = {t]"}1<j<km, meN,

by choosing some #7" from each partition E7". We can see that Ey is dense for £ under the semi-
metric p: for any x € E and p-neighborhood N of z, by the definition of the topology induced
by p there exists some € > 0 such that B,(z,e) C N. Now, choosing m € N4 so that 27 <, we
can see that, if z € E7, then p(z,t]') <27™ <, so that ¢]* € By(z,e) CN and thus t]" € EgNN.

X has uniformly continuous paths on Ej
Since Ej is countable, it can be enumerated as Ey = {t]}ie N, - For any k € N, define
Eor=A{t],---,t;}. Then, for any m,k € N,

{ s sup  Xu()-Xa(s)|>27f = U {Xau(t) = Xu(s)| > 271,

1<j<km s;teE"NEg 1<j<km st€E" NEy

and for any s,t € E, {|X,(t) — X, (s)| >27} can be expressed as

{(Xn(t),Xn(s)) € (U (r, +00) x (—oo,r—2m)) n (U (—o0,r —27™) x (r,—l—oo)) }

reQ reQ

Since the set (UTEQ(T‘, +00) X (—o0,T — 2"”)) N (UTEQ(—OO,T —27") x (r, +oo)) is an open sub-
set of R?, it follows that there exist some ¢, - sti(m,k) € E and an open subset Gk of RI(m:k)
such that

{ s sup [Xa(t) = Xa(9)] > 27 = {(Xat), - Kaltimpy)) € Gh)-
1<j<km st€ETNEq i

By assumption, (Xy(t1), -, Xn(ti(m.x))) A (X(t1), -, X (ti(m,k))), s0 the Portmanteau lemma
implies that

P((X(tl),'“ X (tim,ky)) € Glfn) < liminfP* [(Xn(tl),--- s X (tim,y)) € Glfn}

n—o0

<limsupP* | sup sup |X,(t)—X,(s)|>2""| <27
n—00 1<j<km steET

626



The definition of G, now implies that

P sup sup ’X(t) —X(S)| > 2*m S 2*m_
1<j<km s;t€ET'NEo i

This holds for any k£ € N, and defining

ok = { sup sup | X(t)—X(s)] > 2_m}v
1<j<km steET'NEo

{H} }ren, are measurable sets in H that increase to

{ sup sup | X(t)—X(s)| > 2_m}.
1<j<km stEETNEy

By the MCT, taking k — oo yields
1<j<km st€ETNEy

P ( sup sup | X(t)—X(s)| > 2_m> <27,

For any s,t € Fy, suppose that p(s,t) <27™. Then, p,,(s,t) <1 (otherwise, p(s,t) > 2" pp(s,t) =
27™), so that s,t € E7"NEy for some 1 < j < ky,. As such,

P sup |IX(t)—X(s)|>2"" | <P sup sup | X(t)—X(s)|>27™ | <27™.
s,t€Eo, p(s,t)<2™™ 1<j<km site ET"NEo
Since
o
ZIP’( sup ]X(t)—X(s)\>2_m> <1< +o0,
m=1 s,teEp, p(s,t)<2—m

the Borel-Cantelli lemma implies that, for P-almost every w € €, there exists some IV € N such
that

sup |[X(@)](t) = [X (w)](s)| <27™
s,t€FEy, p(s,t)<2—m
for any m > N. By implication, for any € > 0, choosing m > N so that 27 <,
SUDs s By, pls,t)<e [[X (W)](1) = [X (w)](s)] <€, so that the function X (w) is uniformly continuous
on FEy. This proves that the limiting function X has paths that are almost surely uniformly

continuous on Ejy with respect to the semimetric p. Ey is dense in E under p.

Constructing measurable uniformly continuous extension

Let X (w) now represent the paths of X restricted to Ep, so that X : Q — ¢*°(Ep). Let do o
be the uniform metric on ¢>°(Ey) and B the corresponding Borel o-algebra. X is measurable
relative to H and Booo because the norm |[|-[|, o is strictly dominated by ||-||,, and thus the

transformation X — X is continuous.
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To find a measurable extension of X, we first show that the subset UCy(Ep,p) of £>°(Ep)
that collects bounded functions on E that are uniformly continuous with respect to p is a closed
subset of £>°(Ey). Let = be a limit point of UCy(Ey, p) with respect to the uniform metric dog 0,
so that for any € > 0 there exists some y € UCy(Ejp,p) such that ||z -yl o < e Since y is
uniformly continuous, there exists some § > 0 such that |y(t) —y(s)| < e for any t,s € Ey such

that p(t,s) < d; now, for any t,s € Ey such that p(¢,s) <4,

|2(t) = 2(s)] < 2[z = ylloo o + y(1) =y ()] < 3e.

We can find such a § > 0 for any € > 0, so by definition x € UC}y(Ep, p) and thus UCy(Ey, p) is a
closed subset of Ej.

Now define the mapping T : UCy(Ep,p) — £*°(E) so that T (z) is the uniformly continuous
extension of z to E defined in the continuous extension lemma. Then, for any z,y € UCy(Ep, p),

the continuity of 7 (z),7 (y) as well as the fact that Ey is p-dense in F implies that

sup [(t) —y(t)| = sup [T (2)](t) = [T (y)](?)].

teFEo teE

Thus, 7 is an isometry and by implication a continuous mapping. We now formally define
X :Q—(>®(E) as

X=T(X)Iq,,

where (g € H is the almost sure event on which X has uniformly continuous paths. It follows
that, for any A € B,

X1 A) = [2n X (T71(4) ] ulgn{o € A},

where 0 is the zero function on E. All quantities on the right hand side are H-measurable, so by
definition X is H/Bso-measurable. X also has p-unifomrly continuous paths everywhere, since
X(w) is p-uniformly continuous for w € Qy by the continuous extension lemma and X (w) is

constant for w € Q.

Piecewise constant approximation

Now, for any m € N, define the mapping 7, : £ — F as
m(x) =7 ifxe B

for any x € F, and define the mapping Y,, : Q — (*>°(FE) as

Yo (@))(8) = [X(@)](7m(t) Vw€Q, L E.
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We now establish that Y, inherits the H /B, measurability of X. Note that we can write

km
Vi (@)](8) = X _[X(@)](E]") - Tpp (1),

Jj=1

so that Y, = ®,, 0 X, where we define the mapping ®,, : (*°(E) — (>°(E) is defined as

Z:L‘ IEm

for any x € (°°(F) and t € E. For x,y € {*°(F), we can see that

77L

[ @ (2)](2) = @) < Z

—y(t7)| L (8) < o =yl

for any ¢ € F, so that

[P (2) = P (y)]] < [z =yl

and ®,, is a continuous mapping on ¢*°(E). The continuity of ®,, implies that it is Borel
measurable, and since measurability is preserved across compositions of continuous functions,
Y. is also H /Bs-measurable.

For any w € €2, note how

Y (@)](0) ~ [X (@)](0)] < kgi X @) = [X@)])| - Lep (t)

for any ¢t € E. By uniform continuity, for any e > 0 there exists a § > 0 for which |[X (w)] () — [X (w)](s)| <
e for any s,t € E such that p(s,t) < 4. For large enough m, 27™ < § and, for each 1 < j <k,
and t € ET", p(t,1]") <27™ < 4, so that

[Vinlw) = X ()| <

We can always find an m large enough for any ¢ > 0, so Y;,(w) — X (w) in the uniform metric du.
This establishes that Y;,, “3 X (this convergence actually holds everywhere), and by implication
Y 2 X as well.

Now, for each fixed m € N4 and w € €2, Y, (w) is a piecewise constant function taking finitely
many values { X (¢"),---, X (¢ )}. Similarly, defining Y,;} : Q — £>°(E) as

Y =d,,0X,

for any n € N, Y, (w) is a piecewise constant function taking finitely many values { X, (t7"),- -+, Xp(t* ) }.

m
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More precisely, defining the mapping ¢, : R¥m — (*°(E) as

km
[m (V)] (1) = v;- Ipn(t) VteE,
j=1
we have Y, = ¢ 0 (Xp (t1"), -+, Xy (8] ) for any n € N, Note that ¢, is a continuous mapping:

[[Em ()(E) = [Pm(W](O] < max |v; —uj] <o —ul

for any v,u € R¥» and t € E, so that ||¢n (v) — ¢m(u)|, < [v—u|. Therefore,

Yo = b (Xn (), Xn(t2)) > S (X (A7), -+, X (1]2)) = Vi

as n — oo by the continuous mapping theorem.

Completing the proof of convergence in distribution
Now choose any bounded Lipschitz function f:¢°°(F) — R with Lipschitz constant L > 0
and |f(z)| < M for any x € {>°(E). We can see that

E* [f(X)] — B [F(X)] | < IB* [£(Xn)] = E* [F ) + [E* [f (V)] = E[F (V)] + [E[f (V)] — E [£(X)]|
for any n,m € N. For any € > 0, the first term can be bounded above by

E*|f(X0) = f(Yi)| < Le+2M P [[| X = Xia | o > €]
We saw above that

| X0 = Xiillo < sup sup [X,(87) = Xu(H)| < sup  sup [Xn(s) = Xn(t)],
1<j<kmteET" 1<j<km steET

and by construction we know that

limsupP* [|| X, — X} || o > €] <limsupP* | sup sup |X,(s)—Xn(t)|>27"| <27™
n—oo n—o0 1<5<km s,teE‘]m

for any m such that 27 < e. As such, for any m such that 27 < e,

lim sup [E* [/(X,)] —E [(X)]| < Le+2M - 27" + |E[£(¥,0)] - E[/(X)]|

n—oo

+limsup [E* [f(Y,)] = E[f (Ym)]]-

n—oo

We saw above that for any fixed m, the last term is equal to 0 by the Portmanteau lemma, so
that

E*[f(X)] ~E[f(X)]| < Le+2M 27+ [B[f(¥)] - E [£(X)]|

limsup
n—oo
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Taking m — oo at this point shows us that

limsup E* [£(X,)] ~ E[£(X)]| < Le,

n—o0

since Yy, % X as m — oco. This in turn holds for any € > 0, so we can conclude that

lim E*[£(X,)] =E[£(X)].

n—oo

and by the Portmanteau lemma we conclude that X, % X in the uniform metric on (>®(E).

d-continuity of the paths of X

Suppose now that d is a metric on E, and that ¢J* € E7" have been chosen so that

max ‘X(tT)_X(tlm)‘ ( max diamd(Em)> 20
1<iZj<knm  d(t], ) 1<5<km J

as m — 0o. We show that X has continuous paths by first constructing a sequence {Lm}men, of
mappings L, : Q@ — Cy(E,d), where C,(E,d) is the set of all continuous and bounded functions
on (E,d). If L,,(w) — X (w) uniformly, then because Cy(E,d) is a complete and therefore closed
subspace of /*°(E) with respect to the uniform metric, it follows that X (w) takes values in
Co(E,d) as well.

Let 9 be the almost sure set on which [X (w)](t) = [X (w)](t) for any t € FEy,w € Qg and the
above condition holds. For any m € N4, we use the McShane extension to construct L,,. Choose

any w € £ and let

bnlw) =, max (e em)

Now define

[Lon(@)])(8) = min {[X(@)(#]") + b (w)d(t,17) }

1<j<km

for any ¢t € E. By construction, for any ¢,s € E, if [L,,(w)](s) = [)_((w)](t;") + U (w)d(s,t]"), then
L)) = Ln(@)](5) < ) (A1) = d(5,87)) < a5,

and since this holds for the order of ¢ and s interchanged as well, we can see that L,,(w) is
Lipschitz on E with Lipschitz constant ¢,,(w). We have not yet established that L,, has paths
that are bounded.

Recall how we defined the mapping Y,,, : 2 — ¢°°(E) as a piecewise constant function. Now, for
any w € Q and t € Ef", suppose that [Ly, (w)](t) = [X ()] (t]") + by (w)d(t,1]") for some 1 <i < kp,.
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Then,

Similarly,
[Yin (w)](1) = [Lin ()] (2) = [X(@))(E]) = [X (@) (") = L (w)d (2, 1]")
< () (d(E 87 = d(t,8) )
< A (W)d(2,7"),
so that
[[Yin ()] () = [Lon (w))()| < b (w)d(2,25")
As such,

1Y (@) = Lin(@) | o < fon(@) < max diamd(EJm)> < +o0,

1<j<km

which implies that Ly, : Q@ — Cy(E,d) because Y;,, maps into the set of bounded functions £*°(E)
on E.
For any w € Q,

fm(w) = 1<iry Sk d(tm tm)

and therefore £,,(w) (maxlgjgkm diamd(E]m)> — 0 as m — oo by assumption. It follows that
Y (w) — Ly (w) — 0 in the uniform metric, and since Y;,(w) — X (w) in the uniform metric for
any w € Q, we have L,,(w) — X (w) in dy for any w € Qq. Since each L,,(w) takes values in
the closed subset Cy(E,d) of (*°(E),X (w) € Cy(E,d) as well. The desired result follows now by
noting that this holds for any w in the almost sure set €.

O]

10.2.3 Application: The Functional CLT

Let DJ[0, 1] be the collection of all cadlag functions (right continuous with left limits) with respect
to the euclidean metric on the interval [0, 1], and C[0, 1] the collection of all continuous functions
on the interval [0,1] (again with respect to the euclidean metric). Note how C[0,1] C DJ[0,1] C
0°([0,1]).
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For any T' € Ny, define the stochastic process { X7 (r)},¢jo,1] as

\Tr)

XT(T \/1> Z € Vre [0 1]

where {€}1cn is a martingale difference sequence with respect to some filtration F with mean
0 and variance 1. Letting X7 : Q — D[0,1] be the corresponding function, we want to prove
that X7 -% W, where W : Q — (>®(F) is a measurable function that takes values in C[0,1]
and has stationary and independent Gaussian increments—W is exactly the random function
corresponding to the standard Wiener process on [0,1].

The proof proceeds by first showing that the finite-dimensional distributions of X7 converge
to those of W, in what is ultimatley an application of the martingale difference sequence CLT.
Afterward, we show that the limit X that has almost surely uniformly continuous paths with
respect to the partition semimetric also has almost surely continuous paths with respect to the

euclidean metric as well, which shows us that X = W almost surely.

Theorem 10.2.2 (Functional CLT). Let (2,H,P) be a probability space on which the standard
Wiener random function W : Q — C[0,1] and a sequence {€ }tcz of real random variables are

supported. For any T' € Ny define the stochastic process { X1(r)}rejo,1] as

L

XT(’I“ ¢ Vre [0 1]
iy
and let X : Q@ — D[0,1] be the corresponding mapping into £>°([0,1]). Suppose that the following

hold true:

i) MDS Property. There exists a filtration F on Z such that {€ }tez is a F-martingale

difference sequence.
it) Boundedness of Moments. There exists some § >0 such that supteZElet]Ha < +o00.

ii) Convergence of Conditional Variances. For anyrc[0,1], ZLTT [e% | Fi1] Ly

as T — oco.

Then, Xp YW in the uniform metric on (> (E).

Proof. We need only show that:

o For any rq,---,r; €[0,1],

(Xr(r1), - X () S (W(r1), - W (rg))
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m

 For any m € N there exists a finite partition ET",---,EJ" of [0,1] such that

limsupP* | sup sup |Xp(s)—Xrp(r)|>2""| <27™
T—o0 1<j <k s,r€ET

in order to apply the preceding theorem and conclude that there exists some semimetric p on
[0,1] such that X 4 X for some random function X : Q — (>*(FE) that takes values almost
surely on UCy([0,1], p).

To show the first condition, we make use of the martingale difference CLT. Choose any

0<7r <--<rp<1 and define ry = 0. Choose some a € R¥, and define

k [Tr;]
A = Zai (Xp(ry) — Xp(ri—1) Zaz ( Z et) .
=1 tZLTTi,1J+1

Let {vi1}1<t<|Try | Ten, De the triangular array defined as

1 .
v = ﬁaiet if |Triq]+1<t<|Tr;

for any 1 <t < [T'ry]. Then, v, is an F-martingale difference array because {€;}icz is an
F-MDS, and

\_Trkj k 1 \_T’I”lj
S B[vtr| ] =)ol (T > E[e m)
t=1

1=1 t=|Tr;—1]+1

k 1 [Tri] 1 [Tri—1]
=Y a 3( ZE[QW -7 Z E|e} | Fi- 1})

by assumption iii). Finally, for each 1 <t < |T'r;],

1
246 0 246
Bl < i (g o) (s i)

SO

[Tr ]
5 _ [Tl 1 5
D Elr™? < S5 gy (e el ) {sup e ) =0

as T — oo. This proves that {v; 7} 1 satisfies the Lyapunov condition for 2+ 4. It follows from
the martingale difference array CLT that

[Tr]

k
AT = Z v, T iN [O,Za? (Y’i _Ti—l)] .
t=1 i=1
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This holds for any non-zero o € R*, so by the Cramer-Wold device we have

Xr(r) 1 0
XT(T’Q)fXT(Tl) 4oL, 0 ro—mr
Xr(ry) _'XT(Tk—l) 0 0 TR _'Tk:—l
and
Xr(r1) W(ry)

Xp(re) — X7(r1) q W(rz) = W(r1)

XT(’I“k) _XT(T]C—l) W(’r‘k) —W(Tk_l)

by the uniqueness of weak limits. The continuous mapping theorem now allows us to conclude
d
that (XT(T1), e ,XT(T‘k)) — (W(T‘l), e ,W(’I”k)).

To show that the second condition holds, for any m € N, construct a partition {ET",---, B} }

of [0,1] as ET = [%, ﬁ) for any 1 <j <k, where ;" contains the right boundary as well.
Denote aj’p = LT%J for any 1 < j <k, +1. Then, for any r,s € ET",

a' a’
Xr(r)—Xp(s)| < | Xp(r)—Xp i + | X7r(s)— Xp 5T
T T
2 ajrta
< — max €t
\/Toﬁqgaﬁl,T_aTT t:a%;+1

p @t
< — max E €4
/T 0<g<A™
T 0=q=AF t=a+1

where AT = ajyyp—ajp. It follows that, for any € > 0,

km 2

sup sup |Xr(s)—Xp(r)|>2""¢C —— max
{1§j§km s,reE;.n’ R ) } Jyl{\/TOSqSA’T”

My(afy)| > 27},

where
a-+q
My(a) = Z €t

t=a+1

for any ¢,a € N. For each 1 <j <k,,, the process {Mq(a?T)}qu is a martingale, so by Doob’s
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maximal inequality,

m —m—1 (m+1)(248)p—1-6/2 m (M
P <0§I£l§§? ‘Mq(aﬂw)‘ > 2 ﬁ) <2 T E|Mam (aji7)

— 2(m+1)(2+5)T—1—5/2E Z €

[
1+2
m
41,1 ’

< 2(m+1)(2+5)T—1—5/202+6 . Z 6152

t=a"+1

where we used the Burkholder result to assert the existence of some constant Co s satisfying

the last inequality. By the summation version of Holder’s inequality,

a™ 1+g a™

j+1,7T j+1,T s s
El > & <| X Eel|@ar):
t:a;.’fT—l—l t:a’]??T—&-l

< (A3 <§1€1sz|@|2+5> :

Since AT < % +1, it follows that

km
Pﬂsw 9””“@—&“Wﬁwigip<m“\MM%wﬁwHwﬂ
j=1

1<j<km s,reE" 0<g<AT

245 Dess (L, 1\'*3
< Cas supBla** ) sy 200G (g 1),
tezZ kym T

As T — oo, we can see that

limsupP* | sup sup |Xp(s)—Xp(r)|>2""
T—o00 1<j<km s,rEE}“

s
< Cays (SUPE|€t’2+6) (A 2
tez

A specific value of kj, under which condition ii) is satisfied is then
ko, o 26T

for some natural number ¢ such that ¢ > %—F 2.

We have thus shown that both conditions of the preceding theorem are satisfied by X, and
W: thus, there exists a semimetric p on [0,1] and a random function X : Q — UCy([0,1], p) such
d -
that XT — X.

Now it remains to show that X almost surely has paths that are continuous with respect to
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the euclidean metric. Then, X will almost surely take values on C[0, 1], and, its finite dimensional
distributions will coincide with those of W by condition i) and the continuous mapping theorem.
The fact that the collection of all inverse images of finite-dimensional projections is a m-system
generating the Borel g-algebra on C[0,1] then implies that X has the same distribution as W,
and therefore we can assert Xr i) w.

To establish the requisite continuity property, in light of the preceding theorem it suffices to

show that we can choose points 77" € E7" = [%, im) such that

k
W -wer|\ v
ma. -
1<i<hm ‘r}n —ym Ko

as m — oo. Let 77" be the left endpoint of the interval E7", that is, r]" = % Then, for any

weNand 1<i<j<k,, we have

(W @) () = W (@) 7)] =

It follows that

and since this holds for any 1 <1 < j <k,

( W) —W(rm\) 1
max —
1<i#j<km ’r}n —r;n‘

W () - el ()]

W(w) :[0,1] = R is uniformly continuous on [0,1] and k,, — co as m — oo, so the desired result
follows and we can conclude that X almost surely has paths that are continuous with respect
to the euclidean metric.

O

Note that the standard Wiener process on [0, 1] can be constructed using continuous function
space methods, as in the Bilingsley text. The theorem then concerns the convergence of partial

sum processes with paths in D[0,1] to this Wiener process.
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10.3 Gilvenko-Cantelli and Donsker Classes

The machinery developed above is instrumental to the study of empirical processes. Let { X, }nen,
be a random sample drawn from a distribution P on the measurable space (E,E). Given any
E-measurable function f: E — R, we denote by Pf the integral [, fdP, granted it exists. The
empirical analogue to this population value is defined as P, f = % *, f(X;). Given a class of
functions F of interest, the goal in this section is to investigate the uniform convergence over F

of two classes of objects:
|Pnf_Pf| and \/E[Pnf_Pf]
Given any f € L'(P), we know from the SLLN that P, f 3 Pf pointwise. If

sup | P, f — Pf| “3"0,
fer

we call the class F of functions P-Gilvenko Cantelli in light of the Glivenko-Cantelli theorem
for distribution functions.
Similarly, for any f € L?(P), the Lindeberg-Levy CLT tells us that

x/ﬁ[Pnf—Pf]=\}ﬁé(f(Xi)— [ sap) S xfo, [ (s~ pipar)].

We say that a class of functions F C L?(P) is P-Donsker if the sequence of mappings Gy, : Q —
{FE — R} on Q defined as

[Gn(W)](f) = Vn[[Pafl(w)—Pf] VfeF

converges in distribution to a Gaussian process on JF, that is, a random function taking values
in ¢>°(F) whose finite-dimensional distributions are jointly Gaussian. Here, {E — R} denotes

the set of all real-valued functions on E.

10.3.1 Bracketing Numbers and the Glivenko-Cantelli Theorem Revisited

Sufficient conditions for a class of functions to be Glivenko-Cantelli or Donsker are furnished
through the use of bracketing numbers and entropy. For any pair of functions ¢,u: E — R, the
bracket [¢,u] is defined as

[l,ul|={f: E—R|{< f<wu pointwise on E}.

We say that [¢,u] is an e-bracket in L"(P) if

1
=], = (/ \u—£|rdP>T <e
’ E
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Given a class F of real valued functions on F, the bracketing number N (e, F,L"(P)) is
the minimum number of e-brackets in L"(P) required to cover F. Note that the mapping e —
Npj (€, F,L"(P)) is necessarily decreasing in €, since any collection of e-brackets that covers F
is also a collection of n-brackets covering F for n > €. Since monotonically decreasing functions
on the real line have at most countably many discontinuity points, this mapping is Lebesgue
measurable on (0,+00).

It can be shown easily that a sufficient condition for a class of functions F to be P-Glivenko
Cantelli is for Njj (e, F, L' (P)) to be finite for any € > 0.

Theorem 10.3.1 (Glivenko-Cantelli Theorem). Let (2,H,P) be the underlying probability space
and { Xy, tnen, a random sample drawn from a distribution P on the measurable space (E,E).
Suppose F is a collection of real-valued £-measurable functions. If Ny (e,]:,Ll(P)) < 400 for
any € >0, then

sup | P, f — Pf| “3" 0.
feF

Proof. Choose any m € N, and let {[¢({",u]"],---,[(;’ ,u}’ ]} be the minimal collection of 1
brackets in L!(P) that cover F. Thus, for any f € F, there exists some 1 < j < k;,, such that

. . 1 . 1
07 < f <wj'. Furthermore, since [¢7",u]"] is an --bracket in LYP), |5 ‘ugn —f}”’dP < ;- and we

can see that

1
/ugndp</e;“dp+—.
E E m
Now we can see that
Pf—Pf—lznjf(X)—/ fdP<1zn:um(X-)—/ urdp+ -
" _nz‘:1 ' E SN 7 5’ m’
while

PI-Puf < [ u P03 xo< [ 6 AP0+
It follows that
1
[Puf =PI < ([P = Pu | v |Put — PEY|) + .

This holds for any f € F, so

sup |Paf — Pf| < max. (| Pau = Pur| v | Pty = Pey|) + %
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Since u", €' € LY(P) for each 1 < j <k, the SLLN tells us that

mo.__ m _ m m _ m|) a8
Ay = max (| Py = Pug| v [ Poty = P|) =5 0
as n — 0o. Let Q,,, € H collect the outcomes for which A} — 0 as n — oo. Then, Qy =, m
is also a ‘H-measurable event with probability 1 under P. Now define
A, = inf AT+ 1
me meN " m
for any n € N. Since A,, is formed as the pointwise infimum of H/B(R)-measurable functions,

it is also H/B(R)-measurable. Furthermore, for any w € Q,

An(w) SAT()+

for any m € N, so that, taking n — oo, we have limsup,,_, ., An(w) < % Taking m — oo now
shows us that A, (w) — 0 as n — oo, and since this holds for any w € Qg, A, “3 0. Finally, for
any n € N4,

1
sup |Ppf —Pf| <A+ — Vme Ny,
feF m
so that

sup |P,f — Pf| < A,.
feF

This completes the proof.
O

The condition that bracketing numbers are finite also has implications for the mappings
G,,. Specifically, it allows us to establish the integrability of a given class of functions and the

boundedness of the paths of G,,.

Lemma 10.3.1. Let (Q,H,P) be the underlying probability space and { Xy, }nen, a random sam-
ple drawn from a distribution P on the measurable space (E,E). Suppose F is a collection of
real-valued E-measurable functions. If Nyj(e,F,L"(P)) < +oc for some € >0 and r € [1,+00),
then F C L"(P) and Gp(w) € £>°(F) for every w € Q.

Proof. By assupmtion, there exists a collection [¢1,u1],---,[lx,ur] of e-brackets in L"(P) that
covers F. For any f € F, there exists some 1 < j <k such that ¢; < f <wj, so that | f| <|u;|V|¢].
Since the right hand side is the maximum of two functions in L"(P), f € L"(P) as well, which
establishes that F C L"(P).

Now define F' = maxj<;<x(|u;j| Vv |¢;]), it follows that F' € L"(P) and |f| < F pointwise for
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any f € F. As such, for any n € Ny and f € F,

Gn(f) < [f(Xo) [+ vl fll pa

Bl
o

@
Il
-

F(X;)+v/nl|Fllp,

IA
Bl
M-

s
Il
—_

I
Ells
M-

(F(Xi) = PF)+2yn||F|p,

@
I
—

(F(X;) = PF)+2Vn||F||p,.,

IA
Bl
M-

@
Il
-

Gn(F)

so that

sup |G (f)| < |Gn(F)|+2Vn||F| p,-
feF

It follows now that, for any w € €2, and denoting the supremum norm on £>°(F) by ||| 7 ..
1Gn (@)l 7,00 = igg\[Gn(W)](f)\ <|[Gu(@)(F)[+2vn||F||p, < +oo.

We have therefore verified that G, maps into £°°(F).
O

For a class of functions to be P-Donsker we require a stronger restriction than finiteness on
the L2-bracketing numbers Ny(e, F, L?(P)). The bracketing entropy in L"(P) of the class F is
defined as log Njj(¢,F, L"(P)). The é-bracketing integral in L"(P) is then given as

é
Jy(6,F,L"(P)) = /0 \log Ny (e, F, L7(P))de.

For F to be P-Donsker, it suffices that J(1,F, L?(P)) < +o00. Roughly speaking, this requires
that Njj(e, F, L?(P)) < +oo0 for 0 < e < 1, so that each function in F is P-square integrable, and

2

that the entropy log Nj(e, F, L?(P)) grows at a slower speed than e~2 as e — 0. This is the sense

in which the class F must be “small enough” for a uniform CLT over F to hold.

10.3.2 Maximal Inequalities

The proof of the general Donsker theorem requires a few complicated maximal inequalities that
bounds the outer expectation of ||Gy | ., = supscr|Gn(f)|. This supremum generally ranges
over an infinite set, so to establish the desired bound, we make use of a chaining argument along-
side maximal inequalities for finite maxima. First, we express each G, (f) as the telescoping sum

of terms that are finite maxima—this is the chaining step.Afterward, we use an exponential
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inequality for finite maxima to bound each of the terms in the telescoping sum.

Lemma 10.3.2 (Bernstein’s Inequality). Let (Q,H,P) be the underlying probability space, (E,E)
a measurable space and P a probability measure on (E,E). Let { Xy }nen, be an iid sequence of

random variables taking values in E with distribution P. Then,

2
S

for any x >0 andn € N,.

Proof. Choose any bounded and £-measurable f: E — R such that Pf? >0, z>0and n€ N,.
By Markov’s inequality, for any A > 0 we can see that

P(Gu(f) > 2) =P (29 > M) < R [0 )]

<1+Zk.( ) (- Pf)>n

where the second line follows from the iid nature of X7, -, X,,, the third line from the definition

of the exponential function, and the third from the DCT for series. Choose

X

=
2 1
Pf2+ Lz fll.,

DO |

Defining A1 = %ﬁ and \g = %”}/Hﬁ , note that A <max (A1, \2) and

k—1
N x <At ”3 < AAE-

(Pf2+ﬁx\|f\|oo)k 2 (Pf2+ﬁscllflloo)k_1 )

for any k > 2. By implication, \¥ = A\F~1 < )\1)\]2“72)\ for any k£ > 2, so that

i,:.(\;;) P(f=Pf)* Anik.( >k2\P(f—Pf)’“\

k=2

2 & 1
<guppr 2 @l P P
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Note that

[PU=PPH|< [ (1=PrRIE—PIP2ap

< QI3 (- PIaP) < @170 2P

where we use the fact that |f — Pf| < 2| f| ., on E. Therefore,

21/ AN D VRN B v A\
S () PU-POi s S =g en =5

It follows that

P(Gn(f) >z) <e ™ (14-)\:;)”,

and since the binomial theorem implies

() =3 (1) ()

for any a > 0, we have

N

P(Gn(f) >x) < e~ ATe3AT _ p3AT _ e_ R )

This holds for f replaced with —f as well, and since G,,(f) = —Gy(f), it follows that

22

1

1 L%
P(=Gn(f) > 2) =P(Gn(—f) > ) <e 2 =¢ = TH7mell
The desired result follows from the observation that

PGn(f)] > ) SP(Gn(f) > z) +P(=Gnlf) > ).

O]

Lemma 10.3.3. Let (Q,H,P) be the underlying probability space, (E,E) a measurable space and

P a probability measure on (E,E). Let { X, }nen, be an iid sequence of random variables taking

values in E with distribution P.

There exists a C > 0 such that, for any finite class F of bounded functions in L?(P) and

n € N4, we have

1G5 < C { (e Do om0+ 171) 4 (el 11, ) viow(1+ 17D }.
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Proof. To prove the theorem we start by choosing any n € Ny and f € F such that Pf? >
0. Defining a = 24l a1 b = 24P 2, we first establish that, for any z > 0, if « > g, then

NG
1 x2 —3x b 22 —3z2 .
—= < =22 while if z < 2, then —3 < . To see this, note
AT Pary Lalfl, = @ " 4fEf2dP+ﬁmllf||oo =0 ’
that g = ”fHPf/Qf so that z > & o implies %foHOO > Pf? and therefore
1 x2 1 x2 T 3z

_Z < —-= =- -
4Pf2+ﬁx”f”oo - 42%x||f||oO 8/[flloo/ v/ a

Meanwhile, if z < %, then ﬁx”f“oo < Pf? and we have

1 x? < 1 22 _ z? _ 322
APfr+ ol fll, —  42Pf 8Pf? b

Now choose any x > 0. We can see that |Gn(f)|- (G, (f)|>b/a} > * implies that [Gy(f)] >z
and |G, (f)| > b/a, so that

b
P (|Gn(f)| If1Gn (f)|>b/a} > x) <P (]Gn(f)| >axV a) .
By Bernstein’s inequality and the fact that x \/ > , it follows that

3 b 3z
P (IGu(H)- IG(p)f>b/ay > T) < 2exp (—a (wv a)) < 2exp<—a).

Similarly, since |Gy (f)| I{jG,.(f)|<b/a} > implies < [Gy(f)] < b Bernstein’s inequality tells us
that

P (IGu()- Iyc,(i<s/ay > %) < P(Gn(f)] > 2) La<iya)

322 372
S 26Xp<b> I{%Sb/a} S 26Xp (b) .

For any p > 1, define ¢, : Ry — Ry as ¢,(z) = exp(zP) — 1. Then, 1, (-) is strictly convex on
1
R, and admits an inverse function ¢, Y(y) = (log(1+y))» for any y > 0. For any non-negative

X (w)
:// e“dzdP(w)
aJo

- / / = I x () (2)d2 dP(w)

random variable X,

:/ P(X > z)e*dz. (Fubini’s Theorem)
0
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As such, we have

1 > =
E ¢1 *|Gn(f)| 'I{|Gn(f)|>b/a} = P ‘Gn(f)’ ‘I{lGn(f)|>b/a} > za)etdx
a 0

o0
S/ e dy =
0

<1

N

Likewise, since

X(w) 2
:// 2ze* dzdP(w)
QJ0
_ / / 2267 Ijg x (u))(2) dz dP(w)
QJo

:/ P(X>z)2ze22dz
0

for any non-negative random variable X by Fubini’s theorem,

E {@Z’Z (\}5|Gn(f)| 'I{IGn(f)ISb/a}>] = /OOO]P’ (1G] TG i<bjay > wVb) 20e™ da

/ 2we= 2% d =

[\DM—t

So far, we have established that

\/ﬁ -
E 1/}1 24 f |Gn(f)‘ I{\Gn(f)|>P7f2n} <1
) flloo/vn? ) |

| ]
E [1#2 (W'G"(f)‘ {Gn(f)|<f|Pfjf}>- =

for any f € F such that Pf? > 0. Then, by the convexity of 11 (-) and Jensen’s inequality,

s | NG |
" (E [r?a%‘wxufu ) I{Gn<f>l>ff;f?ﬁ}D§E{wl (max24”f” o f{|gn<f).>m}ﬂ

(Jensen’s inequality)

f
E o (24Hf|| 1Glf )"I{lGn<f>l>ufﬁZ£fﬁ}>1

i
<> E |1 (%Wn(f)" {\Gn(f)| T /W})]

feF
(11 is non-negative)

<|F|.
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Taking the inverse of 17 across both sides yields

E[max vn |Gn(f)]-1

<
767 24| fll {Ga()1> ,fi{jf}} < log(1+|F]),

and since

<I}1€ax NG I}leaX|G n(f) I{lGn(f)\>”fHPfjﬁ} E IJ¥l€aX2 171 |Gn(f)] I{‘ n(f)|>w“pfjﬁ} )

we have

< (max 1/l

a1 =) log(1+ |7]).

fer (1G> 57}

E [max\Gn(f)] I

By a similar line of reasoning,

(f)|'I{|G (f )|<||f|oo/ﬁ}>]

1 [ 1
E | max —————|Gn(f)] -1 <E ——— |Gy,
1/&( l??%ﬂ/mpﬁ‘ D e iy ) k& (?5?,/2413]?2’

' 1
< - . 2
=k _?ea}{w( 2ipp o) I{'Gn<f>|§uf|li.f/ﬁ}>]

1
SJ;E [¢2<«/24Pf2|G"(f)‘ (G (DI 7t M})}

<F,
so that
E L)1 et
maX ————=|ln .
fea}-(\/m {|G7L(f)|§“f|\i5f} -
As such,

N lr;lGaJ)f('Gn(f)‘ UG DI 7t

<V24 (r]pg; HfHP,2) log(1+[F7),

where || f[|py = v pPf2.
Finally, the relation

E[r;lgglGn(f)l] <E ll}lgglGn(f)l-l +E

Pf2

mgx\G (HI-1 (G (NI< 77 /f}l

implies that

B e ()] < 20 { (s L= Y o1 170) 4 (s 1) oL 7D}

which is the desired result with C' = 24, which holds across any n € N, and collection F.
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O

We are now ready to use the chaining argument alongside maximal inequalities for finite
classes of functions. Given a class F of real-valued functions on E, we say that the function
F: E — Ry is an envelope function of F if | f| < F for any f € F. Measurability of F' is generally
not required. Given a random variable X taking values in E with distribution P, we denote by
P*(F) the outer expectation E* [F(X)].

Lemma 10.3.4. Let (2,H,P) be the underlying probability space, (E,E) a measurable space, P
a probability measure on (E,E). Let {Xp}nen, be an iid sequence of random variables taking
values in E with distribution P.

Choose any 6 > 0 and class F of £-measruable real valued functions with envelope function
F e &y such that || f||py <6 for any f € F. Suppose that Ny(e,F,L*(P)) < 400 for any e > 0.
Then, there exists a constant C' > 0 such that

E*|Gnll7 o < C{J[](5,f,L2(P)) +d4+/nP (F'I{F>a(6)\/ﬁ})}

— [
-~ log Ny (3,F,L2(P))V
that does not depend on any parameters.

for any n € Ny, where a(9) - > 0. The constant C' > 0 is a universal constant

Proof. By the assumption that Pf? < 62 for any f € F, we can see that Nﬂ(é,}",LQ(P)) €
[1,400), so that a(d) is a well-defined finite number. Fix n € N, and define two classes G and

g~ as

G ={f Lir<awyymy | FEFY G ={f Iipsa@vny | fEF}

For any f € F, the additivity of the mapping G, (-) implies that

Gn(f)=Gn (f : I{Fga(é)\/ﬁ}) +Gh (f : I{F>a(6)\/ﬁ}) ;

so that

sup |Gy (f)| < sup |Gr(f)[+ sup |Gn(f)|.
fer feb< fegs

Note how, for any f € F,

‘Gn (f'I{F>a(5)\/ﬁ})‘ < LiF(Xz')I{F(xi)>a(5)\/ﬁ} + \/ﬁ/E (FI{F>a(§)\/ﬁ}) dP,

[t

so that

fseugp |Gn(f)] < 7ZF(Xi)I{F(Xi)>a(6)\/H} +v/nP (F'I{F>a(§)\/ﬁ})
> i=1
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and we have

E*[|Ghllg. o <2VnP (F’I{F>a(5)\/ﬁ}) :

Therefore,

E*|Gnll 7,00 < E*[Gnllg. oo +2V0P (FIips o)y ) -

It remains to bound the first term with a multiple of Jj (6, F, L*(P))+4.
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First, we choose an integer go that belongs to the interval [—logy(d) —3, —logy(d) —2]; this
interval is of length 1 and thus must always contain a (possibly negative) integer. Then, 4§ <
279 < 8§ for this choice of gy.

The initial task is to construct a sequence of nested partitions of G. satisfying certain

conditions. For any f € F, if [¢,u] is an e-bracket containing f, then

¢ Tircawymy v Timcatoyvm)

is an e-bracket containing f Iy p<,(s)/m}» S0 that Ny (e, G<,L*(P)) < Ny(e,F,L*(P)) for any € > 0.
Thus, for any integer q > gop we can find a finite collection of e-brackets [¢{,ul],- -, [fzq,uzq] that
covers G, where kg = Nj(279,F, L*(P)). We can then define the partition {BY,--- ,ng} of G

as

-1
B = [¢{,uf], B?ﬂ@%u?]\(U[ﬁ&u?]) V2 < j < k.
=1

Defining DY = (u] —£) A2F for any 1 < j <k, it follows that

sup |f—g|<D! HDqH <274
f,gGB? ‘7’ ‘7 P72

for each j. Furthermore, since the mapping e — Nj(e, F, L*(P)) is decreasing on (0,+00) and
kg = Np(279, F, L?(P)), it follows that

86
> 27 floglky) V1 < [\ flog Ny (e, 7 E2(P) v 1de
0

4>90

where we used the fact that 27% < 8§. We can now see that

86 é
S 274, flog(ky) V1 < 2 /0 Vo Ny (e, 7. L2(P)) v 1de < 16 /O /o8 Ny (e, F, L2(P)) V 1de,

q>90

where for the last inequality we used the fact that the mapping € +— log Njj(e, F, L?(P)) is de-
creasing.

This property also implies that there exists some 0 < n for which
logN[](e,}",LQ(P)) >1 ife<np
log Nyj(e, F,L*(P)) <1 ife>n.

In the case that § <7,

/6 Vg Ny (e, F, L2(P)) V 1de = /5 Vg Ny (e, F, L2(P))de = Jy (8, F, L*(P))
) 06 A p(eF, 1(0,F :
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On the other hand, if § > 7, then

1) n
/0\/logN[](e,}",LQ(P))\/ldeg/o \/IogNH(e,}",LQ(P))de—i-(5—77)
SJH((;,]:,LZ(P))—F(;.

Therefore, in general we have

6
/ \/1ogNH(e,f, L2(P))V 1de < Jy(6,F,L*(P)) +5.
0
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To construct partitions that are nested, for each ¢ > go let N, = H;J-: 4 Fj and define {AY,-- ,A?Vq}

as the collection

q .
{NBLI1<ij<k Vo<i<d}
J=qo

By construction {491 ... ’A(JI\ZL} is nested within {A%,--- ,A?Vq}.Choose any 1 <j <N, and
let

q
q _ J4
Aj - n Biz
4=qo
for indices 1 < iy < ky. Then, we define A;I- = ming,<¢<q Dfe, so that
_ q q q —q
sup [f—g|<A] and HAJ-‘ pa = HDiq P2 <279,

f.geAl

By design, if 1 <j < N, and 1 < j' < Ng41 satisfy and A;J-,H C A‘;,, we have A?,H <A
Finally, since ,/log(N,) V1 <37 1 /log(kp) V1 for each ¢ > o, we have

> 270 flog(Ng)vi< Y 279 Zq: \/1log(kp) V1

9290 q>q0 P=qo0
= Z 279+ Nlog(ky) V 1
q>4q0

1
<32 / Vog Ny (e, F, L2(P)) v 1de.
0

We have established the existence of nested partitions {A{,--- ,A‘]]Vq} of G- and corresponding

non-negative random variables {Af, -+, A%, } such that:

SUPf,ge Al If—g] < A? <2F forany 1 <j <N,

HA?HP’2 <277 for any 1 <j <N,

For any 1 <j < Ng41, if A?-H C A?, for some 1 < j < Ny, then A?H < A;J.,.

The following inequality holds:

Y 279 log(N,) V1< 32/05 \/10gN[](e,]-", L2(P))V 1de < 32 (Jﬂ(é,f, L2(P)) +5) .

q4>490
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For each ¢ > gp and 1 < j < N, choose some element f]q € A;I. (if A;I. = (), then put qu equal

to any aribtrary function in G.). Then, for any f € G, we define

Thus {my(f) | f € G<} and {Ay(f) | f € G<} are both finite collections of functions that contain
at most N, elements. Now define
2-4
IOg(Nq+1) V1

aq:

[Ag(N@) = Ia,y (5)<age vt Aa () <agy/i} (£)

[B(F)(@) = La gy (£)Sage vt Bam1(H<ag-1v/m Ay (£)>agv/n} (T)

for any q¢ > qo, f € G< and x € E. The nestedness of the partitions implies that, for any ¢ > qo,
Aq(f) = Aq(g) and By(f) = By(g) for any f,g € G< contained in the same g-level partition set
Aj-.

Because 3_ >, 279 /log(INg) V1 < 400, it follows from the nth term test that 279, /log(Ng) V1 —
0 as ¢ — oo. This, together with the fact that log(/Ny) V1 — 400 as ¢ — oo, implies that a; — 0
as ¢ — oo. By definition,

2—q0

\/(og(kigy 1) +10g(kgy)) V1

Qqq

Since kg1 = Np(27°~1, F,L*(P)) > Ny(2~%, F,L*(P)) = ky,, and similarly, k¢, 11 < Nj (6, F, L*(P))
because 2791 > 2§ > §, it follows that

46 o

> >2
\/2 (logNH(é,}',LQ(P)) v 1) \/logNH(é,]-",LQ(P)) V1

Qqy =

= 2a(0).

Since |f| < a(0)y/n for any f € G-, it follows that [Aq (f)](z) =1 for any f € G- and z €
E. Morever, for any f € G< and x € E, either [By, (f)](x) =1 for exactly one g;(z) > qo, or
[Bq(f)](x) =0 for any g > qo. For brevity, we say that there exists a possibly infinite ¢1(x) > qo
such that [Bg, (f)](z) =1 and [By(f)](z) =0 for any ¢ # ¢i(x). Then, [A,(f)](z) =1 for any
¢ < qu(x) and [A,(f))(z) = 0 for any ¢ > q1(2)

For any f € G- and x € E, we can consider two cases. First, suppose that ¢;(z) < +oo. In

this case,

o (z)
F(@) = [rgo (D) = f(@) = [Ty ) (DN @)+ D ([mg(N)](&) = [mg-1(H)](2))

q=qo+1
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Meanwhile, if ¢;(z) = 400, then for any ¢ > qo,

|/ (@) = [ra(N(@)] < [Aq(N]() < agv/n,

and taking ¢ — oo on both sides shows us that [7,(f)](z) = f(z) as ¢ = oo. It follows that
(0.9]

F@) = [mao(N@) = > ([mq(N)](x) = [mg-1(f)](x))

q=qo+1

Therefore, in any case,

F=ma(N)= D (f=m(NBe(S)+ D (m(f) =mg-1(f)) Ag1(f)
q=qo+1 q=qo+1

pointwise on F.

Now applying the linear operator Gy, () on both sides yields

Gn(f) —Gn [qu(f)] =Gn(f _qu(f))

= Y Gul(f =m(N)Be(N+ Do Gallmg(f) =mg-1(f)) Ag—1(f)].
q=qo+1 q=qo+1

It follows then from countable subadditivity that the outer expectation of ||Gy||g_ is bounded
above by

E*[Gallg. oo < E*l|Gn(mg(-))

lg- 0

LB [sup | Y Gn[(f—ﬂq(f))Bq(f)]‘

| /€9< |g=qo+1

+E | sup | Y Gn[(m(f)—wq_1<f>>Aq_1<f>1u.

| /€9< |g=qo+1

The proof will be complete if we can show that each of the three terms on the right hand side

are bounded above by some multiple of the entropy integral Jy(6, F,L*(P)).
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By construction, Ag(f)Bq(f) < Ag—1(f)By(f) < ag—1v/n and ||Ag(f)By(f)llpy <277 for any
q > qo. For any f € G- and a non-negative E-measurable function g such that |f| <g,

sfi I+ VAPl
< \jﬁ;n:lg(Xi) +vnPg

1 n
= 3" (9(X;) — Pg)+2/nPg = Gu(g) +2/nPg.
i=1
As such, since | f —7q(f)|By(f) < Aq(f)Bg(f) < ag—14/n for any q > qp, we can see that

|G [(f =74 (f)) Bo(N] < G (Ag () By (f) +2VnP (Ag () By(f))

for any q > qo, which implies

Y Gul(f—mg(N) BN S D Ga(Ag(H)By(f)+2vn Y. P(Ag(f)By(f))
g=qo+1 g=qo+1 q=qo+1
< 3 G (Ag()Bi(Nlg. so+2V D 1P (A()By()llg. o
q=qo+1 g=qo+1
Therefore,
E* | su Gn s
[fe?:q%:ﬂ = f))Bq(f)]‘

< Y EGH(Aq)Bi( g o +2V Y0 1P (2g()Ba())llg..

q=qo+1 q=qo+1

by the countable subadditivity of outer measures. For each g > qo, because Ay(f)B,(f) =
Ay(g9)By(g) for any f,g contained in the same level g-set A, |G, (Ag()Bg()llg. o is the
maximum over exactly N, functions bounded above by a,—11/n. As such, the preceding lemma

implies that

E*||Grn (Ag() Bo()) g o0 < 24{aq_110g<1+Nq) +2WM}-

Since log(1+m) <log(2m) = log(2) +1log(m) < 2log(m) for any m € N, it follows now that

E[Gi (8()Ba())g. . < 18 {ay-1108(N)) V1) 4270 flog(N) V1.

On the other hand, since Ay(f) > agv/n if By(f) =1, it follows that

1
aq\f
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and we have

WAP(A(HBy(F) < —P (8,(H?By(f) < —

for any f € G<. Thus,

2
M[sup PANBA() | < 2272
feb< Qq
and we have
E* |sup Z Gn[(f—mq(f)) Bg()]]| <48 Z {aq 1logN)v1)+2_q\/log(Nq)\/1+32_2q
J€F |q=qo+1 q=qo+1 a

By the definition of aq,

g1 (log(N;) v 1) =270 flog(N,
— =21*! \ log(Ng+1)

so that

[e.o]

Z {aq_l(log )V 1)+27%/log(N, }
q=qo+1
o)
<4 ( log(N, \/1) +4 ( 2_(q+1)1/10g(]\7q+1) V1

We have obtained out first bound:

E* [JS[UE): i Gn [(f_ﬂq(f))Bq(f)}| <384 Z 2_q\/ log(Ng) V 1.
&7 lg=qo+1 =q
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The next step is to bound

E* | sup

feG«

i G [(mq(f) — ﬂql(f))Aql(f)]u .

q=qo+1

For any g > qo and f € G, since m,(f) and my_1(f) belong to the same (g — 1)-level partition of
g<7

|74 (f) = 71 () Ag1(f) < Bg1(f)Ag-1(f),

so that, by countable subadditivity,

E* | sup Gn[(wq(f)—ﬁq—l(f))Aq—l(f)]u < D EG A1 () A1 (g, oo
FE9< |g=qo+1 9=qo0+1

Since Aq(f)Aq(f) < agy/n for any g > qo by definition, and [|Gy [Ag—1(-)Ag-1(")][lg_ is a supre-
mum taken over a finite collection of IV,_; functions in G, we apply the preceding lemma to
see that

E*||Gn [Aq—l(')Aq—l(')]Hg<,oo <48 {aq—1<10g(Nq—l) V1) +2iq+1\/ log(Ng-1)V 1}

for each ¢ > qg. Using the fact that
aq(10g(N,) V1) < ag(log(Nyi1) V1) =2 x 27+ flog(N, 1) V1,

we can see that

E* [fsugp G [(mq(f) —ﬂ'q_l(f))Aq_l(f)]u <48 Z {2 w 9~ (a+1), [log(Ng+1) V1+27%/log(Ny) V 1}
€Y< |g=qo+1 9=q
<384 i 279 /log(Ng) V 1.
q=q0
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Now notice how |7y, (f)| < a(d)y/n < agy/n and ||7g,(f)| py < 6 for any f € G- (this is the

only place where we use this assumption). As such,

G g (.o < 48 { a0 l0B(Nop) V1) + 61 loB (V) v L}

by a final application of the preceding lemma. Since
92— —qo

2 8§
q — < < )
\/lOg(NtIoJrl\/l) \/IOg(Nqo)\/1 \/IOg(NQO)\/1

Q,

it follows that

E*(|Gr [mg0 ()]l g, o0 < 43264/10g(Ngo) V1 < 108 x 279 /log(Ng,) V1
<384 277 /log(N,) V1.

4=40

Putting everything together, we can see that

E*Gnllg. oo = E|Gn 74 ()]

lg. 0

+E* |sup
fer

Z G [(f = mq(f)) Bq(f)]l

q=qo+1

o0
+E* | sup
fed«

G [(mq(f) = 7g-1(f)) Ag—1(f)] u

g=qo+1

< (384 x3) i 279 /log(N,) V1

4=40

< (384 x 3 x 32) (JH (6,F,L*(P)) + 5) .
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10.3.3 Donsker’s Theorem

Now we can proceed to prove Donsker’s theorem. It relies on an application of theorem 10.2.1

where the preceding maximal inequality will be used to establish condition ii).

Theorem 10.3.2 (Donsker’s Theorem). Let (2,H,P) be the underlying probability space and
{Xutnen, a random sample drawn from a distribution P on the measurable space (E,E). Sup-
pose F is a collection of £-measurable real-valued functions with J[](l,]-", L?(P)) < +00. Then,
F is P-Donsker.

Proof. We start by establishing a couple of preliminary facts. Since Jyj(1,F, L?(P)) < 400,
it must be the case that Npj(e, F,L*(P)) < +oo for any € < +oo. To see why, note that, if
Ny(e, F,L*(P)) = 400 for some € > 0, then Njj(n,F,L*(P)) = +oo for any 0 <7 < € as well, so
that

HLFLAP) > [\ flogNj (0. FL2(P))dn =+,
0

a contradiction. By implication, F C L2(P) and G, : Q — (2 (F).

Thus, to prove the theorem it suffices to show that:

o There exists a random function G : Q — ¢°°(F) such that, for any (fi,---, fx) € F
(Galf1).+,Gnlfi) 5 (G(f1). - C(fi)).

o For any m € N, there exists a partition {F;}i<i<x of F such that

limsupP* | sup sup |Gn(f)—Gn(g)|>2""| <27™.
n—00 1<i<k f.g€F;

Then, by theorem 10.2.1, we will be able to claim that there exists some semimetric p on
F and some random function G : Q — UC(F,p) such that G, L\ G, which would prove that F
is P-Donsker. Condition i) follows easily for the Lindberg-Levy CLT for iid square integrable
random variables, where the target random function G is the random function corresponding to

the Gaussian process on F. It remains to show that condition ii) holds.
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Define the collection G of £-measurable real valued functions as

We can immediately see that G C L?(P) because L?(P) is a vector space. Choose any € > 0 and
let [€1,u1],--,[l),ug] be the minimal collection of §-brackets in L?(P) that covers F. For any
f—g €@, suppose that f € [{;,u;] and g € [¢;,u;] for some 1 <i,j < k. Then,

li—uj < f—g<ui—{;
and
[(ui = €5) = (6 =) poy < llwi = Ll po + [[uj — 4l pp S €.

We have shown that the collection {[¢; —uj, u;—¥;] |1 <1i,j <k} is a collection of e-brackets in

L?(P) that covers G; since this collection consists of (g) elements, we can see that

N[](E/Q,.F,IP(P))

Nyj(e,G,L*(P)) < ( )

) < Ny(e/2,F,L*(P))*.

In other words, the e-bracketing number of G is bounded above by the square of the §-bracketing

number of F. By implication, for any § € (0,1),

é
J3(8,6,L2(P)) = /0 Jog Ny (6,6 L2(P)) de

§
g/o /2108 Ny (/2. F, L2(P))de

s
= 2/2 \/QIOgNH(n,.F,L2(P))d17 <2v2 % Jy(6,F, L*(P)) < +oo.
0

Choose any ¢ € (0,1). Since N (4, F, L%(P)) < 400, we can choose a finite collection [¢§,ul],--- , [/

of 6-brackets in L2(P) that covers F. Now we construct the partition {F?}1<;<y; of F as

F =65, ui)

j—1
Ff=[€§,u§]\<U[€?,u?]> V2 < j < ks.

=1

It follows then that each .7-}‘5 has L?-diameter smaller than §, so that, if we define
G ={f-glfgeF], 1<j<ks},

each f—g € G° has L?norm bounded above by 6. G? is therefore a collection of £-measurable
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real valued functions with envelope function

V|6

F% = max (uf

1<i<ks

) e L2(P)
such that [|h||py <6 for any h € G%. Furthermore, since G C G, it follows that
Ny(e,¢°, L*(P)) < Ny(e,d, L*(P)) < Ny(¢/2,F, L*(P))* < 400

for any € > 0. We can now apply the preceding theorem to see that there exists some a(d) > 0
such that

E*|Gnllgs oo < C{J[}(5,967L2(P)) +5+\/5[E <F5'I{F5>a(5)\/ﬁ}> dP}

for any n € N4, where C' > 0 is a universal constant. Note how

1
5 5y2
F 'I{F5>a(6)\/ﬁ}§\/ﬁa(5)(F) T pssa(s)ymys

so that

5 1 512
\/E/E (F 'I{F5>a(6)\/ﬁ}) dp < a(d)/E[(F ) 'I{F5>a(6)\/ﬁ}] dPp.

Since F9 is P-square integrable, the DCT now implies that the right hand side goes to 0 as

n — 0o. As such,
limsup E*[|Gllgs o, < C{Jy(6,0°, L2(P) +6} < C{2v2 x Jy(8,F, LA(P)) +4} .
n—oo

By the definition of G and Markov’s inequality, we can see that, for any m € N, ,

* — ]' *
P [ sup  sup |Gn(f—g)|>2 m] < —E [ sup  sup |Gn(f—9g)l| =E|Gnllgs o
1<i<ks f,geF? 2 1<i<ks f,geF?

for any n € N4, so that

< 7{2\/§X J[]((S,}—,LQ(P))—F(S}.

lim sup P* [ sup sup |Gn(f—g)|>2"" 5=

n—oo 1<i<ks fgeF?

By the DCT,

1
Jy(0,F, L2(P)) = /0 JIog Ny (€. F.L2(P)) - I 5 (€)de — 0

as d — 0, so that the right hand side of the above inequality goes to 0 as § — 0. Choosing
0 € (0,1) small enough so that the right hand side is bounded above by 27™ gives us a partition
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{fg}lgigké of F such that
limsupP* | sup sup [Ga(f —g)] > 27| <27,

n—r00 1<i<ks f,g€.7:f

and since we can find such a partition for any m € N, condition ii) is satisfied.
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